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1. IsTRODUCTION

In a preceding publication Basu and Mitra (1952) havo applied a useful techniquo
due to Bhattacharyya (1947), Hammersley (1950), and Robbina and Chapman (1951)
in finding the minimum attainable variance for unbiased estimators for tho
binomial population, A similar techniquo is applied here to investigate the lower
limits of variance in two broad classes of problems :

(A) non-regular estimation of the continuoua type for which tho Cramer-
Roo limit ig not calculable, and

(B) cases of regular estimation of the continuous type, where the Cramér-
Rao limit can be computed but the lower limit is not attained for tho best unbiased
estimate,

For the latter case a sufficient condition is stated, under which Hammersley's
technique is expected toimprove the situation. In case (A), however, though the actual
limit determined is not very satisfactory, it is important inasmuch as it gives a valu-
able indication of the order of variances attainable in large samples by unbinsed esti-
mators in such cases.

2. NON-REGULAR ESTIMATION OF THE CONTINUOUS TYPE

We shall consider two situations under caso (A) as defined above,
(i) Consider firat a distribution of the continuous type with the frequency
function f(2,0) where

12,0) = fix)f5l0) for 0 <z < 6,

= 0 otherwise.

Suppose (2,,2,,...,%,) are n indopendent observations on tho chance variable
z and that I(z), 2,...,2,) == {(z) is an unbiased estimato for 0.

Let 4 stand for the n-dimonsional Euclidean region defined by
0<% 04 (i=12..,n)
and 4+ B for the region:
0gx<0 (1=1,2.,n)
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Wo have [ur) N f(z;, 0)dv = 0,
asp !

(2.1)
J ) 0 firis 0-8) do = 03,
A =1

whero dv = dxdx,...dx,

Or, subtracting

n i 1 F(
{Bfe) || An-20)

() —0) | =L O _g0=-91 3 dv=238 .. (22
‘L 70) [‘ﬁ 1 F I iz dv )
=1

70

where F(z) is the characteristic function of the set A i.e. F(z)=1 whenever zed,
and = 0 otherwiso,

Using Cauchy-Schwartz's inequality wo get

6!
Var,t > : T (23
. (1)
[0 (5005~ o) 0

Tho denominator of (2.3) can bo written. as

;'/(lx)d" “ f(‘r)d" oy _
=t dv. e (24
Lt Liomm + [ gocer 1w

]
Since [ /() = g(0), (24) simplifies to
o

[ 9 T . (2.8)
9(0—3)

‘Thoreforo, (2.9)

Let us substituto $h(0) = %+o(7ll) in {2.8), whore k{0) = ¢'(0)/e(0)-
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1 a?
Vo get V. Sup e %
We gef art > Gzp ] [ - (l)]_._l . 12.7)
2t
For largo valucs of n tho r.h.s. of (2.7) reduces to
1 at
Sup 5. . .. (2.8
ol WD) e1 28
Differentiating tho logarithm of {2.8) w.r.t. a we get tho equation
2 _
a
or, pla) =a—2l—ee) =0 if a 3 0. . (29)

Let @, bo tho solution of e2 = 2. Then it can be shown that p(x) diminishes
uniformly from & = 0 (at which however a?/(¢es—1) = 0) to @ = a, and then increases
uniformly for all positive values of &. Thus p(xp) < 0 which indicates that (2.9)
admits & uniquo non-zero solution which is incidentally > a,.

Solving (2.0) by iteration we get tho solution a = 1.5936.

0.6476 1 .
Threfore, Vargt » ) asymptotically. e (210)
(i) Next let us consider the following problom:

Suppose tho chance variable x has a uniform distribution over the rango ¢
to 20. As beforo let (r,, =, ...,x,) constituto a random samplo from tho abovo
population.

Let A4-C bo the n-dimensional Euclidean region defined by
046 € 2 < 20+9), (i=1,2,..,n)

and B4C the region
0-8 2, < 2A0-%), 1i=1,2,..,n)
and similarly €: 048 € 20-8), (8=1,2,...,n)
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Let #(z,, 24, ..., 2,) = {(z) bo an unbiased estimator for 8. Wo have

[ (z) = 0438,

(0+6)'
Il(z)(o oy =08

_ (x) _ Fyz) _
or, [ tan) 0){(0-‘&6)' m,} dv = 28,

448+0

whore Fyr) and Fylz) aro the characteristio functions of the regions 4+C and H3+C
respectively; that is, in symbols,

Fs) _ Fi2)

[ a0y FR T {(oia,- )
44340 Orar ™ =3 Fiz) 4 Fila):
w+or + 0-a”

By Cauchy-Schwartz's inequality we get

By, (t—0) —op I, |
o+ ({=OP+Ep s (1—0)* > T PRI — =T 2 (212)
o T 0= ey

Tho denominator of (2.12) is given by

(Fr) o Fa) v, Fo)Fyfn)
I.{c {0+er (0—6)'} ”{ Fere- 8y + FzxoF oy ¢

4
2~ @=srForm)

10—33"
T A=y

&6

e (2.13)
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1
Y I+V - =
Therelore, argead+Vargat > S:;p 26‘{ — _2(0__3.5).,‘_ '1 }
T 0=y +(0+6)r

1850 —38)

= S(;‘P O F{0Foy—20=38 " - (2.14)
As before if wo put g = E-}- o(’—i). wo get a8 10
2Vart > i:xp Z—: ﬁ:ﬁ , asymptotically. o (2.15)
Wo get, on differentiating logarithmically, tho equation
2 dbtgdee v (2.18)

& efefen—2
Solving this cquation by iteration wo get @ = 0.446 {correct to 3 decimal places),
Henco we get for sufliciently large values of » the limit

2Vargt > 0.12440%nt,

or, Vargt 3> 0.06220/n?, asymptotically, o (207)

3. REQGULAR ESTIMATION OF TIE CONTINUODS TYPE: THE Cl’lA)lf’?[l-R.\O
LIMIT XOT ATTAINED

Let the density function of tho chance variablo z bo given by

J(z,0) dz = I% e dr, (0 € % < oo

whero p is a given positive constant, whilo 0 is the unknown scalo paramotor.

In such a caso it has been shown by Rao (1948) that the minimum variance
unbiascd estimate for ¢ exists and its variance is greatee than tho lower limit of
Cramir-Rao.

Applying Hammersloy's techniquo we get

Vargt > Sup —06’—"— we (30)
T [T

whero {(z) i8 any unbinsed estimator for 2 based on a random samplo (£y,7s,...,7,) of
sizo n from tho above population.

57



VoL 1} SANKHYA : THE INDIAN JOURNAL OF STATISTICS [Pamis1&2

Now E:{L(;('gz,ﬁ }‘ = ('0-}1 ” ('u.fz,s )"

Therefore, (3.1) reduces to

8t "
Vargd > Sgp {(:%T"»/(l—*—-%?),.}—_—l . e (32
Let us chooso & = 0 % where « is b constant not depending on a,
Then (3.2) reduces to
at 3.3

M vy
n n

ol 2T
= 2pnlog (14 Z) —pn log{ 1+ )
)

Henco the r.h.s. of (3.3) simplifies to

Sup — a
= B o))

Now we always havo, pla?—4px 2> 4, the sign of equality holding only when a = 2/p.
Henco choosing « to our advantago wo got

Vargd » ——M—— (3.4)

I3 1
-np—2+0(;)
The minimum variance of the best unbiased cstimato is 0%/(np—2) whilo tho Cramér-
Rao limit is 03/np.
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4. Comearsox witit TUE CRAMER-RAO INEQUALITY

It will bo shown that undor certain genoral regularity conditions on the fre-
quency function f(z,0) Hammersley’s technique will Jead to a botter lower limit
to tho varianco of unbinsod estimators than the Cramér-Rao Limit.

Let us assume that tho range of tho chanco variable z is independent of 4,
and that, except on o sct of points of measuro zero

&
J(2,048) = f(z, 0)+-8f(z, 0)+ 21 [(z, O)+ :_: L@ 00) . (40)

where 0 < 0(8) < 048

Under certain further regularity conditions on f(z, 0) regarding the permissibility of
differentiation under the sign of integration and tho existence of certain integrals,
it is possible to write

E LotV 1 stk 80,4 00 - D)
FACAINY [z, 0)](=, 0)
where Iy =E, {f(.t, 0)} , Iy =E, [ 0) [z, 0)} .

We also assumo J,,70.
Now Hammemley’s limit is given by

Vargt > Sup [E,(J19, &)1 e (13)
)

whero EW10,8) =5[] Ea(/_(;(-f‘;;s) T o]

= gl: [(l+6’J,,+'Y’J“+O(5‘))'—I]

= [t +on)]

= 1y +08J 55+ 0(). we (4.4)
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’ 1 5
Wo thus get Varg > S;pm e ($.5)
wherena the Cramér-Rao limit is

1
Varyg — e (4.6
o5 2> (4.8)

Now let Jy3>>0; then from (4.5) it appears that foc any fixed 5, choosing n sufficicatly
small $<0 the donominator in (4.5) can be made <aJ,,. Similarly for J,,<0 by
assigning & an arbitrarily small vulue>>0 the denominator in (4.5) can be made <nJ,,,

which proves the result.
i 1 It
Notothat — — ., where J,, = E,{£ 7207}, gives a better lower
: ﬂ('.’u—J’n/Jn)' u g{j(z,O)} &

limit (Bhattacharyya, 1946) for tho varinnces of tho unbiased estimators for ¢
1

than T when Jy,0.

In tho examplo wo wero considoring J,3=—2p/0°,

My thanks aro due to Shri D. Basu for his constant encouragement and helpful
critici during tho p tion of this paper.
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