A TEST OF SIGNIFICANCE OF A DIFFERENCE BETWEEN TWO
SAMPLE PROPORTIONS WHEN THE PROPORTIONS
ARE VERY SMALL

By P. B. PATNAIK
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1. IxTRODUCTION

Various methods have been proposed for testing the significance in a 2x2
tablo. The problem is that if there is a random sample of .V, individuals from a popu-
Intion, of which x, have a character 4, and a random sample of .V, from a second
population, of which z, have A, then it is desired to test whether tho chance of possessing
A is tho same in the two populations, i.e. whether p,(A)=py(d).

In their discussion of this and similar problems, Barnard (1047), Pearson
(1947) and Patnaik (1948) have described tho differenco in tho two mothods of regarding
this

{(a) as a two dimensional problem in which tho observational result (z,, z,)
referred to an experimental probability sct consiating of all possible points for which
0 N, and 02y € N,

(b} as a ono dimensional problem in which the probability set consists of all
points for which x,+z;=observed n.

In the present paper we shall be concerned with the case where (i) N, and N,
are very large (but of known values), (i} p{4) and p(4) aro very small and
(iii) m;=p, N, my=p,N, oro finite. Thus the eampling distributions of z, and x, may
be taken as following the Poisson limit to tho binomial and the null hypothesis p,=p,
becomes oquivalent to the hypothesis that the expectations m, and my are proportional
to the saraplo sizes N; and .V, In the special case of Ny=XN,, the problem reduces
to that considered by Przyborowski and Wilenski (1039), namely that of testing
whether the two samples are drawn from a common Poisson population,

The probability of an observed pair (z,, ;) is

z,!(n—z,)l(,/ltl)'l' (%‘)-J,

where po=mytmy, } a
N =247
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This is tho product of two probabilitics, the probability of n and the relative probabi-
lity of z, given n. Thus

ujp) =24,
l - @
n s,
plzdn, p) = nl—zl Pi(l—pf,
i L WL . (3
in which == 3)

Denoting N,/(N,4N,) by po, we sce that tho hypothesis to be tested is that p=p,.

Tho problem can be illustrated in o diagram. Fig. 1 represents the sample
space in two dimensious and taking N, =3.N,(i.e. p,=0.75), the line OK contains points
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SNOWING CRITICAL CONTOURS, n,:.\u,(f-o-u){-w:

for which 2,/.¥,=x,/V,. If tho obsorvations are such that z,42,=n=12, say, then,
regarded as a one-dimensional problom, we shall only be concerned with the 13 points
lying along the diagonal lino PQ shown. The probabilities associated with these
pointa aro terma in tho binomial, (0.2540.76)!? and significanco will bo judged by tho
appropriato sum of tho tail terms of thnt binomial.
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TEST OF SIGNIFICANCE OF TWO SAMPLE PROI'ORTIONS

On the other hand, if wo regard the problem na a tw one, wo

must

(a) provide some method of dotermining significance contours of the type
illustrated running across the whole diagram, one above and ono below the lino z,=3x,,

(b) nssociate with ench of theso tho chance or an upper limit of tho chanco
that the samaplo point (x,, x,) will fall on or beyond a contour when the null hypothesis
is true,

Przyborowski and Wilenski (1939), for the cake N, =N, and Barnard
{Unpublished paper, 1944), in the more general caso have determined the contours for
a nominal significance level @ by cutting off on each dingonal n the points correspon-
ding to the terms in the tail of the binomial [(1—p)+ )" such that their aum iy less
than a/2, but 0s nearly equal to it as possible. If we denote these tail sums by ¢, and
1, and w, their sum and tho critical region formed by combining the w, for all 5 by w,
then we have tho size of tho critical region

PLE € | py) =§°mn|,.).(z,+1;)] <a . (9

It will bo seen that the actual or true significance level, namely P{E ¢ w| p,) associated
with a pair of contours will depend on (i) the tail sums ¢, and ¢, which are considcrably
less than a2, when » is small, and (ii) the unknown ga(=m,+m,).

To illustrate, consider the case p, = 0.6(i.0.N, = 3N,/2), a = 0.05. As
described above, the tail eums are calculated for different valucs of n and shown in
Table 1.

TABLE 1. TAIL SUMS (l"-l-l;) OF THE BINONIAL (0.440.6)

n tnti'n n gty n ntt'a
4 0 1t 0.0005 18 0.0285

0.0102 12 0.0340 19 0.0340
L] 0.0041 13 0.0204 20 0.0370
7 0.0188 i 0.0268 2t 0.0233
8 0.0253 15 0.0145 22 0.0201
o 0.013v 16 0.0374 23 0.0318
10 0.0183 17 0.0220 4 0.0351

This tablo shows that the tail sums fall much below 0.05 when # has low values,
duo to the fact that the corresponding binomial has fow terms.  Tho probability mass
of w for different values of y Is given in Table 2.
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TABLE 2, VALUES OF I'(£tw|p,=0.0)

a=003

a  prob, s prob.
2 0.0005 8 0.0151
3 0.0010 1 0.0172
4 0.0042 10 0.0137
5 0.0071 15

[] 0.0001 20

1 0.0128

i 5l 1

Theso figires which are the truo sig o levels aro ably below the
level.  Although tho two levels tend to como closer as s increases, it is only the range
of j¢ that is rclevant in the problem wo aro considering.  llenco by applying the test
of Przyborowski and Wilenski. we shall bo rejecting tho hypothesis of equality of
proportions actually at one or two percent level although, nominally, at five percent.

Wo will obtain in tho next scction a method of forming significance contours
which (a) will bring the true P{E cw)py} nearer to the nominal lovel than is possible
by the L. W, (Przyborowski and Wilenski) method, (b) will make this valuo less
dependent on the unknown z and (c) will be associated with a simple rule that could
casily bo applied for testing significance, using existing tables.

The question of bias in thig test for cqual proportions will bo considered in
scction 3 and a general method of constructing unbiased tests of a special type when
the distributions involved aro discrete will bo developed.

2. A TEST FOR EQUALITY OF PROPORTIONS WITII PROPER CONTROL OF TUE
FINST KIND OF ERROR
2.1.  Formation of Significance Contours

In the two dimensional lattico of points (2}, x,), consider the diagonal lino
2,+x,=n. We shall find two suitablo points on it with z, co-ordinates equal to k
and &'(k> ), through which the two significance contours pass. Tho sum of the condi-
tional probabilities, p(x,1n,p) at the points x,=%, k+-1,..., n, is from (2), the tail sum
of a binomial expansion,

to=E, oWz lin=2,)!). pH(1—pP4]

‘which can bo expressed ns o Beta-Funetion ratio
ty =1, (k,n—k+1). e (9
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Similarly the total probability at the points x,=0, 1,..., k" on the samodingonalisgiven
by
ty =TI n=k', k' +1).

e ()
Now suppose we choose k 80 ns to satisfy tho conditions
Lk+pn—k4d) < T
v (D
and Lik—=}, n—k+3) > ; .
and the integoer & to satisfy the conditions
LK+ K4+ < §
. (8)

and I_(n=k—§, F+1) > ;.

By this procedure, the tail sums (5) and (6) will, for some values of n, exceed af2
and the total {f,4¢,) may then excced a. However, the probability mass of the
critieal region beyond the contours will bo close to a. Tables 3 and 4 illustrato this
{or the case considered before, viz. p, = 0.6 and @ = 0.05.

TABLE 3, TAIL SUMS {1, +#» ) OF THE BINOMIAL {0.440.0)» BY TUE NEW METHOD

(a = 0.05)

"o et n Gty n ety
4 0.0236 11 0.0303 18 0.0531
5 0.0880 12 0.0M0 19 0.0082
] 0.0877 13 0.0447 20 0.0370
7 0.0408 14 0.0513 21 0.0722
3 0.0060 13 0.0000 22 0.0433
0 0.0351 10 0.0374 23 0.0530

10 0.0587 n 0.0471 24 0.0617

TABLE 4. P[E wipo=0.0) BY THE NEW METHOD

{a=0.03)

a prob. 3 prob,
2 0.0183 8 0.0559
3 0.0338 o 0.0555
4 0.0501 10 0.05633
13 0.0540 15 0.0307
[ 0.0578 20 0.0524
7 0.0083
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Comparison of Tablo 4 with Tablo 2 shows the considerable improvement
effected by the new method of choosing the significanco contours. The sizes of tho
critical regions obtained by the present and the P.AV. method are compared for
Po = 0.0 and @ = 0.10, 0.01 and for p, = 0,5, 0,76 and a = 0.10, 0.01 in Table 5.

TADLE 8. VALUES OF TRUE SIGNIFCANCE LEVELS CORRESPONDING TO NOMINAL LEVELS
e UNDER TIIE NEW AND P.W. METIODS

{a) Pom0.8 (Nym1.5 N;)

a=0.10 am0.0t
» »
now P, now rAv,
2 0.0214 0.0040 0.0004 0.0000 2
3 L0460 L0116 L0016 0003 3
4 .nsa 0214 L0032 0000 4
5 1210 ,0328 0052 0010 B
¢ .1218 ,0305 .0073 0015 ¢
7 1198 L0451 .0002 0020 7
[ 1162 L0484 o107 0022 8
® RHITY 0501 .on7 0020 9
10 .1079 .0301 0102 0027 10
16 L0070 .0338 L0115 0037 15
20 L0077 0558 L0108 o0 20
(b) Pom0.5 AND 0.76, (¥, = N3 AND 3¥3)
Pom=0.5 Pe=0.75
a=0.05 a=0.01 «=0.05 «=0.01 "
»
now  P.W. now  P.W. now P.W. now DY,
2 0.0140 0.0004 0.0004 0.0000 0.0250 0.0033 0.0038 0.0003 2
3 L0200 .0020 L0020 0001 L0305 .0003 L0063 001l 3
¢ 043 L0051 0040 .0003 0323 0059 0079 L0021 4
5 .0463 0088 L0074 L0007 L0346 .0088 L0072 L0024 6
6 .41 L0124 L0008 0013 L0385 L0096 L0086 L0023 6
7 .70 0N7 .01 L0019 L0428 L0105 L0088 L0025 7
8 .0408 0182 L0110 0024 0105 018 0083 L0025 &
8 .0413 0202 0124 L0028 L0330 .0138 0883 L0025 O
10 L0480 0218 L0127 .0031 .0564 0156 L0087 .002¢4 10
16 L0332 L0272 L0133 0042 L0537 045 L0121 L0020 15
20 .03 0203 0lI0 0048 0303 0200 0N7 L0041 20

These tables indicate tho following :
{a) Tho true chanco associated with tho present critical region is nearer to
tho nominal significanco lovel a than in the I.W. test.
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(b) This chance is fairly stable for al} valucs of the unknown g, except when
it is na small as 2 or 3.

{c} The discrepancy between the truo and nominal levels ialess when a is high.

(d) For somo values of i the truo chance slightly excceds . Thus, the ecriti-
cal boundaries passing through the points z,=£, and &', on cach diagonal n, which were
choson in the manner described, would enable us to form a satisfactory test of the
composite hypothesis that the two sample proportions are equal. The critical boun-
darics for the cnse Ny=3¥, aro shown in Fig, 1.

When we are concerned with the ono-sided teat of whether one proportion js
greater than the other, we take only the Jower or the upper part of the eritical region
of the above two-sided test and nssociato with it tho appropriate level. The true
chanco of a sample point falling in either of the two parts will bo close to the nominal
chance, except when p, is very different from 0.5 and 1 is emall,

2.2. Formulation of the Test

If the point (z,, ,) falls on or below the lower contour {sce Fig. 1), then z, > &
and hence

Lizyth 1y+-D) < Lik+], n—k+ 1) < a2, from (7).

Similarly, if tho point falls above the upper contour

Lozt b o+ < D=+ 4 K +1) < 2/2, from (8)

that is, (x4, 23 +3) » 1—af2.

Hence to test the hypothesis of equal proportions find p = N_I:-llv, and read tho
1
value of I,(z,+}, zy,+}) from the Incomplete Bela Function Tables (1934). If it is

af2 or », 1—af2, reject tho hypothesis.

An alternative procedure using tables of percentago points of the Beta dis-
tribution (Thompson, 1941), is to find r satisfying I(z,+3}, z,+1) = &, when f\:l > %'.

and reject the hypothesis if p<r. Whon ;‘l<;," interchango z,, z; and N,, N, and
apply the above rulo. 1In the notation of Thompson's tables v, =2r4+1, vy=2r,+1
and z=r, These tables cover vy=1(1) 30, 40, 60, 120, c0 and v,=1(1) 10,12, 15, 20,
24, 30, 40, 60, 120,00, We can read r directly for observed z, and z, values up to
14 and 4 respectively, For higher valuea it is, in general, possible to get a decision
by inspection of tho tables.
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In the one-sided caso, wiicro admissiblo alternatives are that p; > p,, we take
I(r,+], 7,+}) and seo if it is  a.  Allernatively, we compare p with the 100z
point of the Beta distribution with parameters 2,4} and z,+3.

Ilustration 1: Two samples of 150 and 100 machine parts produced on two
types of automatic machines contain respectively 12 and 2 defectives, Is there any
significant difference Letween tho two machines?

Here, py=0.8, v,=0, v4=25, Choosing a/2=0.025, we find from Thompson’s
tables that the 2.5 per cent point is 0.615.  This being greater than 0.6, we establish
significance at the & per cent level,

Illusiration 2:  The following data relate to the numberof first cousin marriages
amongst the parents of mentally defective patients at tho National Hospital, London
and of the normal inpaticnts of University College Hospital, London. (Julia Bell,
Annals of Eugenics, 10, 1940),

Grat porcentage
no. of couning of
sourco of data parents amongat Brt
paronts cousina
National Houpital {mental dofoctive) .. 1280 (Ny) 24 (z3) 1.875
University Collego Hospital (normel) .. 1257 (N,) 11 (r} 0.875

Is the proportion of first cousin marringes amongst parents of mental defee-
tives higher than that amongst parents of normal persons?

Here p,=0.605. Entering Thompson’s tables with v,=23, v,=49, wo scc
by inspection that the 5 per cent point is greater than 0.505 and 5o the result is signi-
ficant at that level.

3, CONSTRUCTION OF AN ‘UNBIASED’ TEST FOR EQUALITY OF PROPORTIONS

3.1. Bias in Tests with Discrete Criteria

We shall first consider the general ense of tests based on discrete distributions
and then derivo an unbinsed test for the equality of two proportions when they aro
small. Suppose p(z|0) is the probability function of x, where z is a discreto variate
taking values 0, 1, 2,...,k and 0 is a continuous parameter. If it is desired to test
the hypothesis 0=0, on the basis of a sample of obscrvations X x,, Zy...., %, controlling
tho first kind of error at a level a, then we have to find a region in tho lattice of points
X such that

Zp(X|00) < a,

Ip(X10) > a,
w4
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TEST OF SIGNIFICANCE OF TWO SAMPLE PROPORTIONS

where Aw is tho smallest possiblo addition to w. Tho region w will be unbinsed in the
Neyman-Pearson senso if for any 0#0,,

= p§X10) > I p(X10,). .. (10)

Owing to the discreto character of X, tho condition () and (10) aro rarcly satis-
fied together; that is, it is not genernlly possible to construct an unbinsed test, A
different approach is suggested here giving an extension of the idea of unbiasedness,
W shall also extend tho concept of a locally most powerful test.

3.2. Locally Powerful Unbiased Teals

First suppose it is possiblo to have unbinscd tests satisfying {9) and (10).
Although tho first kind of error is generally less than & (the nominal level), and is equal
to a, sny, tho power with respect to any ealternative ¢ > G, or < 0, is greater than
a,. Amongst tho class of such tests wo can choose tho ono that has, in tho closo
neighbourhood of G, the greatest poweor relativo to the first kind of error, that is, the

smallest ratio of tho socond and first kindy of errors.

Suppose w is a region in the X-spaco for which wo have, using an obvious
notation,

Epp<a,say=a =cx{cgl) W (1)
9
— = o= o (12
and [00:3?"]:-1. E:Po o a2

assuming that tho boundary of « is independent of 0. Let w, bo any other region
satisfying (12) whoso sizo is greater than that of w when 0 = 0, that is,

Spy=ca, where I >¢ pe e (13)
w

and Ep0=0. e (14)
“

Wo shall comparo » with w,, Wo do not hero consider regions whoso eizes aro amaller
than that of «, for then the trua significanco lovels aro moro divergent from « than
tho lovol associated with w.
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Wo will defino the region « as locally bettor than w, if

:-:I’o' "

) e (16)

X7 X 2o
. «
Thie condition can bo writtcn as

» 1 N
P L) N PAT-Y %) N

whero f{w) and f(w,) denote the power functions of the tests based on w and w,.
This means that if the two power curves I' and T, (sco Fig. 2) are moved up by expand-

IEEN\V %

0s 0o —
Fig. 2
ing the fscalo by 1fc and 1fc, respectively, so that thoy touch tho lino f=a at
0=0,, tho tangent to I'" turns faster than the tangent to Iy at tho point of contaet.
This condition thereforo is a generalisation of tho Neyman and Pearson condition of
maximum local power in the caso ¢ = ¢,.

It can bo scen that a region w satisfying (12) and (15) is such that within it,
Pa—hpo—lpo > 0 }

and outsido it, Po—lpo—1p, < 0,

. (16)
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TEST OF SIGNIFICANCE OF TWO SAMPLE PROPORTIONS
where {, and {; are suitably chosen. For, if s, is tho region commoa to w and ey,
1, . , 1, . .
>, & Pimhp—he) = 57 - (o—hpi—hp) 2 0,
ey wi—vey

from (16). Adding to both aides
1 1y, - ,
(-4 Jei-tpi—tmn

and transferring the terms in po and p’, to the right side, we get
Sin-S L m>u[S a3k ]+
+4 [Z :PO_Z:‘Pu]+

1 1 - .
+Z(; - E,)(Po_ll Po—ll.Po')_
wor
The first and second bracketed expressions on the right vanish in virtue of conditions
(11) to (14). Since é - zl > 0and po—I,p, —l,py > 0in ww,, the last expression is > 0.
1
Thus (15} is satisfied.

The constanta I, and !, should satisfly the condition {12} of unbiasedness and
the requirement that a, in (11) should be a subject to tho condition @, < a.
maximum. It may be remarked here that a region satisfying (16) and having a
small value of a; would be locally better in tho senso of inequality (15) than another
region also eatisfying (18) Lut having a larger «;,, Wo would, however, prefer
tho latter as the true lovel is closor to a. Thus we take as our locally best critical
region that member of this class for which a; is closcst to a.

Let us apply the above method to construct the best test of the hypothesis of
equality of proportions, considered in section 1 when the samples aro equal, ie.
N,=N, or p=}. Tho conditional distribution p(z,n) in (2) is now & symmetric bino-
mial and we may construct unbiased critical regions of sizo < a by taking groups of
terms in tho expansion of (}+41})* symmetrically placed about its centre. Amongst
tho class of such regions, the beat ono is that for which the requirements of (16) are
satisfied.

. __.nl —pn

Now P=z (n—:z'.)lph(l (i

It can bo easily seen that the condition [p*—I,p'—1;p),=, > 0is equivalent to
1620 — 4z, (4n 1)+ 403 —20(2— 1) =1y > 0
which yields x, >k and <4’. This shows that tho best region consists of the tails of
tho binomial distribution _n (1)., The condition of unbiasednecss (14) roquire
z H{n—x,) \3
that the tails should bo equal, i.e. k'=n—k. Then tho integer % has to bo chosen
such that the size of ench tail is as near to «/2 as possiblo.
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3.3. Uniformly More Powerful Unbiased Tests

As in the Type 4, region in the continuous case, we can conceive of a critical
region w satisfying conditions (11) and (12) and in addition, o third condition,

= p(6) = = pl0)

for all & where v, is any other region satisfying (12) and Z Pld) =ca, ¢ £ e 1

This ensures that the power curve associated with w lieg alwn,ys above that forw,. It
can be seen easily that such a region is defined by

p—Iip,’ > 0 within it,
and p—Ipy’ < 0 outside it,

The conatant { must satisfy the requirement that X p, is as close to o as possible.

Applying this to the present test for p=4, within o we should bave

i )n_:._zm(g] (42,—2n) 2 0

x,'(‘n—
that is, (2p)1(2—2p)— 7 —2l(z, +%,—7n) = O.
This will yield x, > k and < n—¥k. The integer & is found by making P{x, > 4} as near

to g as possible.

This is the same region as derived eurlier from consideration of maximum
power in the neighbourhood of p = 4. Thus we see that the unbiased test which is
locally most powerful is uniformly more powerful than any other test in the whole
range of p.

3.4. Tests with Minimal Bius

Next let us consider the general case where an unbiased test in the Neyman
and Pearson sense is not possible. The power curve while passing through a point
B = a; € aat 0 = 0; dips below a;, when 0 < 0, or>6,. In such a situation we shall
replace the condition #'(0,)=0 by another which requires the interval (0,,0,) between
which the power curve dips below the a-line to be the shortest. Since ¢, and 0, lie on-
either side of 6, we can interpret this interval as the range of alternative hypotheses
which cannot be detected with a power exceeding a, the level at which the first kind of
error is nominally controlled. It may also be noted that the same critical region for
testing for ¢ = 0, at the level « will serve for testing any one of the hypotheses,
0y < 6 < 0, 2t the same level. It appears thereforo reasonable to minimiso the range

—0; by a proper choice of the oritical region. A test with this property will be
said to have minimal bias.
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TEST OF SIGNIFICANCE OF TWO SAMPLE PROPORTIONS
Lot w bo auch that
}Ep,,<a.ny=a,=ca(c<l) e U7
and «, be any other region for which

Spo=¢ca when 1>¢ >e .. (18)

As in the case of unbiased regions discussed earlier, wo do not consider hero alternative
regions whero size is <« for they would mako tho true level even smaller. Wo require
that
£ Et
-l e (19)
2P I
v “

Amongst the class of regions w aatisfying (18) and (19), we define that ono as tho best
for which (0,—8,) is a minimum, 8,, 0, being the values of @ satisfying

Zp(0) = . e (20)

Tho condition (19) which is the same as
N 2?1
[0?}"-2 ﬂ(m)]‘_” > [—67‘ E‘ﬂ(u,)]'_"

means that if the two power curves associated with w and w, are respectively moved
up by increasing the f-sealo so as to interseet the line f=« at 0,, then the tangent
to tho first curvo turns faster than that to thoe sccond at the point 4,

It can bo shown as before that the best region w is that within which

Po—1pa > 0 E
and P o—Ipo < 0 without.

. (21)

The constant ! ia to be determined from the third condition that the Jength (0,—0,)
is the shortest subject to (17). That is, amongst the regions defined by (21), wo chonso
that ono whoso size is <a and which minimiscs (0,—8,).

It may be noticed that when best unbiased regions satisfying (12) and (15)
exist and tho power curve is symmetrical about §=0,, tho region which ks the largest
sizo <a is also the region for which §,—0, or 0,—0,=}(0,—0,) is the emnllest. Hence
this comes as a special case of tho general type of best regions discussed above, when
the additional condition (12) is fulfilled.

Returning to the test for equality of proportions when N,#XN,, i.0. p#{,
the best region belonga to tho class defined by {21).  So, within @

1]
s plin, pa=lptzln, o) > 0

which simplifies to
21 —2(2npo—2po+ ) Hnin—1)p'—1 > ©
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ic. 7, >k and &', Henco tho best region is provided by tho taila of the binomial

serics (1—py+p,)". Tho integers & and k aro determined from the conditions that tho
tail sum <x and that (p,—p,) should bo a minimum, p,, p, being the values of p satis-
fying

v - al
This equation can be written in terms of the Incomplete Beta Functions,

Lik, n—k+1)+1, in—k, F'4+1) = a. . (22)
We also have Lk, n—k+1)+1,, (n—K, F+]) € a. . (23)

So, to find tho best & and &' for a given n, we tako several pairs of & and &’ for which
(23) is not violated and find from (22) corresponding sets of p, and p, and take tho best
pair for which p,—p, is least, In practice, this procedure is not laborious. For, we
need take a few pairs (4, %) which make each tail nearly /2 and obtain approximately
P1» Py by inspection of (22) with the help of Incomplete Beta Function Tables.

Below are given values of ¥, kand p,, p, for a few values of n when
po= 0.8, @ = 0.10. The best critical limits are indicated by an asterisk.

Po = U.U; @ = 0.10
[3

n & [ [ Pr—Ps a,
8 1 8 750 407 233 0253
8 2e 8* 2745 5468 L1099 .0606
12 3¢ 10° .601 489 e 0087
12 3 n .1 477 L2348 08
12 4 1 .708 569 137 L0709
18 &° 13 .619 814 103 0843
16 h 15} .099 605 194 L0373
18 6 N .004 679 118 .0767

In tho above table, &, the actual size of the critical region, z, < ¥ and > k is
also given. It will be secn that when (p,—p,) is least, tho difference between . the
nominal and true levels, i.e{x—a,) is also smallest. This property is not likely to be
goneral for all discrete distributions,

The test obtained now differs from that formulated in section 2. Our object
there was to sccure a practically constant sizo for the critical region in the z,,z, space.
For some values of sz (unknown) it might even exceed a slightly.

Following tho method described above, values of &' and k are given for
p=0.5, 0.8, 0.6007, 0.75 (i.e. %.‘ =1, %, 2, 3),a=0.05, 0.10 and n =1 to 25 in Tables
1

6(o) and 6(b). By interchanging N,, N, and z,, z, these table can also be used for
p = 0.4, 0.3333, 0.2.
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TEST OF SIGNIFICANCE OF TWO SAMPLE PROPORTIONS

3.5. The Over-all Teat

We have defined tho best critical region for testing p=p, assuming tho marginal
tolal n to be fixed. In the notation of rection 1, this region is w,. The aggregato of
W, OVer n gives w, tho critical region for the test when the snmple space s in two dimen-
sions, This region « will have tho following properties :

(i) Epelx), n) =-;-:| [E Pn(:|n)] ) < a, from (7),

» I 2%z n)
(i) Z{ m. pln) is & maximum, from (19)

(i) E(pu—p,)p(ll) is a minimum, 8ince {Pj,—pr.) 18 & minimum for w,.
L)

In tho particular casc of testing for p = §, if the conditional test is based on
@, which satisfies (11), (12) and (15) then the over-all teat is also unbiased and locally
most powerful in the samo senso.

The significance contours for the over-all test pass through the points &’ and
kon each diagonal n. Tho procedure for applying the test with minimal bias consists

in comparing x, (tho number in the larger sample) with &' and & for observed
n{==2,+z,) from tables 6(a) and 6(b) with the appropriate p(: IT‘I’-‘N_.)

TABLE 6{n). VALUES OF &’ AND L, THE CRITICAL POINTS OF x, IN THE MINIMAI
BIAS TEST FOR EQUALITY OF PROPORTIONS

(a = 0.10)
P05 p=0.6 p=0.0007 Pm0.93
(Ny=¥Ny) (¥1=1.8 Nz) (¥, =2N1) (¥y=3¥y)

n ok x I3 ¥ 1 & k
6 0 [ ] 1 ] 1 ] 2 -
7 0 1 1 7 1 ki 3 -
3 1 7 2 8 2 B8 3 -
L2 ) 8 2 f 3 0 3 o
10 1 0 2 0 4 10 4 10
n 2 ° 3 10 3 10 13 n
12 2 10 3 10 4 1l [} 12
13 3 10 4 1 8 12 [ 13
14 3 11 4 12 [] 13 1 N
15 3 12 8 13 [} n 7 It
8 ¢ 12 3 13 ] " A 16
17 4 13 [ 14 7 15 o 15
18 & 13 1 15 B 10 10 17
10 o 14 7 18 8 17 10 18
2 5 16 ki 18 9 17 1 19
21 o 113 8 17 e 18 1 19
22 0 16 8 17 10 19 12 20
23 7 10 L] 18 10 19 13 21
4 7 17 10 19 11 4 22
23 7 18 10 20 12 21 16 23
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TABLE 0{b). VALUES OF &' AND X, THE CRITICAL POINTS OF z, IN THE MINDMAL
BIAS TEST FOR EQUALITY OF PROPORTIONS

{a = 0.05)

0.08 =0.6007 P=0.75

18 8) (¥1=2¥3) (¥, =3¥5)

¥ 3 3 3 ¥ E

[ 1 - z -

1 7 2 - 2 -

1 8 1 8 3 -

2 b z 0 4 -

2 10 3 10 4 -

n i 1o 2 10 3 n 4 1
12 1 1n 3 n 4 12 8 12
132 1 4 2 + 12 ] 13
N2 12 4 13 5 13 6 N
133 12 L3 13 & n 7 15
13 13 b 4 L] 15 8 10
17 4 13 ] 13 7 18 2 17
174 N [] 16 7 18 14 13
w4 15 ¢ 18 8 17 ] 18
0 5 13 7 17 B 18 10 19
25 10 7 17 2 1] 1 20
2 3 ” 8 8 9 1z 12 21
23 4 17 8 19 10 20 12 3
% 0 1] o 20 3] 21 13 23
23 7 (1] 1 20 u 22 13 23
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