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ingnmplote 2-out-of-& twn-rail code 12]; and 2) & comventional TSC
two-ral checker, which 13 inside tve rectanske in Fig, 1. Nowe that
the swek-at fauls at the inpur lines 4. 8, and O are equivalent to
the noncodewornds at the inputs, ie O, 011, 100, 110, and 111,

Lemma: The proposed Lout-of-3 code checker is a 3 FT
PEFS/PRCD checker,

Frogt The lemmy can be proved by considering four cises.

Case I- The checker is funlt-free. Table 1 shows that the checker
maps codewaord inputs into codeword outputs, and noncodeword
inparts intn noncodewond onipuots.

Cave 2 A single shuck-at fundl is present in the checker. From
Table 10{a), it can be seen there are five stuck-at fanlts in the checker
in the presence nf which the checker produces eomect codeword ot the
ompul, 1.e., the Taulls are undetectable. The five Faulls are nodes 9 and

2 stuck-at-1. nodes 15, |6, and 20 shick-at-0, Note that the fankt at
nude 15 o nole 16 stuck-at-0 is eqquivalent o node 20 stuck-ai-0. In
ather words, the checker is TSC for alk faults except the three Fals:
node 9 stuck-at-1, node 12 stuek-uat-1. and node 15018720 stuck-wt-0,
Table IKE) shows the checker keeps CDF properly, and Tabes Dia)
and IIib} show thar the checker satisfics the SFS and SCD properics
respertively.

Case 3: The checker has an undetectable fault (shirwn in Table
THaYy wnd another stuck-ot-foult, Since an undeteclable fault may
pravent a faulé from being detected, it is necessaty o verify che
chewker's behavior in the presence of such o fuult combinaton. Table
I records the checker's respoise in e presence of node 9 siuck-
at-1 and another single fault. It can he seen that node 2 stock-at-0
is undetectuble in this situation. It can be also shown thel node 4
stuck-at-0 becomes oodetectable io the presence of node 12 smck:
at-1. 'lable Ih) shows that the checker keeps ity 1 property
the presesce of a sequence of two Taults, 1L is easy W vesily thal the
checker keeps its SFS/SCD properties under any other combination
of twa faalts,

Care 4: Any combinarion af twa urdefecrable faults and another
sinple stuck-at fault are present in the checker, Table IV reconds the
checker’s respanse in the presence of the fault sequence {nnde 9
stuck-at-1, node 2 stuck-at-k, and dny other single stuck-at-tault). As
can be seen from the table, four more faults (nodes 3, 4, 7, and 14
stuck-ar-1) remain andetectable in the presence of the faule saqueence.
It can he showen that four moee: faults (nodes 1, 2, 6, and 13 steck-at-
1} remain undetzctable in the presence of the fault sequence (node 12
stuck-ar-1 and node 4 sock-at-0), However, the checker still keeps
its 3D and SFS properties in the presence of these fault sequendces,
i, the checker is io sale slates. Oa the oter hand. the checker is
in an nnsafe state, as shown in Table 1¥{b}, in the presence af fault
seguence of node 9 stuck-at-1, node 2 stuck-at-ll, and node M stuck-
at-}. It cari be easily verified that there ure oniy owo unsale stetes m
this case. Another unsale state oocurs for the Taull sequence ol node
12 stuck-at-1, node 4 sqock-at-0, and node 20 stuck-at-0,

From the preceding, it is clear thet the checker is the 3-IT
PSTS/PSCD checker. O

I¥. CUNLLUSHIN
A l-ou-ol-3 code checker that sutisfies the PSFS/PSCD propeny
naz heen presented. The proposed checker can tolerate three fanles
(& — 1 compured to two fukts in | 5). The probakdility of the checker
being i an unsaie stale 15 extrensely low. It has been claimed that
the checker proposad in [2] is the mwost etficient in terms of numhber
of pates (= 2010, However, it uses six lovels of gates, and has more
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imput lines thas the required three inpue lines. The checker proposed
in this paper uses only eipht gatex in three levels, and the number
of input lines is three,

EEFERERCES

11] P Clodun, “Design ol wtally sclf-checking checker for L-owt-ef=3 code™
TEEE Trey, Cempal, vol, ©-33, ppo 283285, Mar. 1984,

[2] A M. Pascholis, O Lilslatinow, and O Halatais, “An officicne TSC 1-
our-0f-3 cisde chevker,” TREFR Trow, e, vol. 39 po 40741 1L Mar.
10,

[3]1 R. David, A tuudly seli~cbecking i-nuiaal3 checke" [EEE Truns.
Carpeet., vob, C-27, ne, &, pp. 570 572, June 1978

[4] Dr. Tac, P. K. Lala, aod €. K. P, Harimamn, “A MOS nplementation for
totally self-checking checker for T-out-ol-3 cxbe” PREE L Solid-Siaie
Circwsd, vol. 23, po. 3, pp. B57-877, June 195E,

[3] 1. Lo and 5. Thanawostien, "“Om the design of combimations] aally self-
checking |-cur-of-3 ode checkers,” IEEE Trugy, Crmypat, vol. 5349, 1m0,
3 pp. 387-193, Mur. 1980,

[6] 5. M. Reddy, “A note on self-chesking checkers,” SoRE Trany, Compsd.,
wol C-23 pp. L100-11002, (. 1974,

[7] W. (2 Corter ood P R, Scheider, “Tasign of dynamically checked
computers.” in FFTE &S vol. L, Bdinbargh, Seatland, pp. 8T8-283, Ace.
Ly

[8] T A Andesson. “Design of selt-checkiog digital peiworks usang cisling

technigques,” Univ. of Ilioois, Urbana L., Coordinate: Science Lab. Bep.

RoA27, Sepl 1971,

S E, St ad G Metze, "Strongly faule secare logic networks.” TEEE

trums, Cempad., wolo C-27, no. & June 1978,

[16] K. Trwid and 1% Theverod-Fosse, "Diesign of totully seli<hecking
asynchmimmnes moduler circait,” £ Des. Awromal. & Fault-Toleran: Com-
muting, vl, 2, i, 4, ppe 271-27, Ger 1978

F11] M. Wicobsidis, 1. Jamach, and B, Comtois, *Swonghy code disjoint
checkers,” in {Me FOSd fne Svmp. Foade-Tederaad Compui., Tune 1784,

14

A New Family of Bridged and Twisted Hypercobes
Rajih K. Das, Krishaendu Mukhopadhyava, and Bhabani P. Sinhu

Adbsiract— We show {hat by addiog elght extra edges, referred to s
bridmes, W o mecobe (2 4} ils diameter can be reduced by 2, and
by adding sixteen bridpes e an w=cube (v = 6] s diameter can be
reduced by 3. We also show thal by adding [ '™ 1= 1 (e = 2} bridges
i wn veembe (v > A oand & = 8) s diameter can be reduced by
2 und by adding (') 1. (0 = 23 to an n-cube [n = 4m 2
and & = 10; its diameter can be reduced by 2 — 1. We also consdder
the reductlon of dianeier of an n-cube by exchunpiog some imlependent
edges (witing), where two edges are called independent i they are nol
inckdent o a comamon node, We have shawn thul by cxchanging faur pairs
of Independent cdges in & d-cube (d = 51, we cun reduce itz diameter
by 2. By exchanpging sixteen pairs of independent edpes, the diameter
of a d-cobe (F = 7] can be redoved by 30 By exchangiog 57 paics of
independent edges. the diamcter can be redoeed by 4 for of = 0. To
rotuce the diameter by [4/2].14 = 107 we need to exchunpe (7] pairs
of independent edpes, where 7+ = |d/4] ~ 1,

Index Termys— Hridge, diameter, hypercohe, pouting, wist.

[ INTRODUCTION

The hypereube interconnection scheme 5 a very popular petwark
wpology. An n-dimensiona hypercube O, consizes of ¥ = 2° nodes
intercannected as follows: 1) cach node is labeled by an «-bit bioacy

Manuscriph received Augnst 30, 19492 revised May 3, 1993, This work was
presented in purt al the Inemsiional Confecence on Paralle] Precessing, St
Churles, 11, Aupgua 17-21, 1992,
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nutedber (ropery - - -0 3y 20 1wo oodes are connected by an edpe if
snd oaly if their binary labels differ in exactly ane bit position. The
socube has become an intecesting topic of tesearch 0 recent years
piven s versatile applications in parallel and distributed processing.
Many interesting properties of the n-cube have heen reparted in the
literature [1] [3].

Exfuhanian et af. |4] have shown that by adding twa new cdges,
the diatmeter of an ncube fe > 21, can be redoced by 1. In [5], 10 ias
hoon shown that by adding [*™) exmra edges to a dm-dimensional
cube (o > 2, it diameter can be reduced by 2 - 1L In [6], the
etfect of adding xome cxtra cdges on the performance measuecs, such
a5 duateler, mean inter-node distunce, raffic density, ete. bave been
dizcnssed.

Two edees of a hypercube are cabled independent i they are
nat incident on a common aode, The idea of reducing diamercy
by twisting was first introduced by Hilberts ef al. [7]. They have
shown that by cxchanging fd — 132971 Tink pairs in & d-cobe
(el = 2+ L), its diameeter can be reduced o {d + 1372, In [4].
it fay been shown that by cxchanging a pair of indgependent cdges of
an n-cube (v > 30, known as twisting, its dieeler can be redoced
hy 1. In IR], performance measures of such rwisted cubes have been
studied.

In thiz bncf contribotion, we have proposed a new famiky of
network topologies, by modifving the onginal hyperube structune,
which will have diamerces lesser than that of a hypercube bul still
retaining the other desicuble fouures of the hypercohe, e, case of
rontimg wnder fault-free and Taulty sitwations, high coaneclivity, Le.,
high degnee of fault-tlenznee, and snoon, Twin possible approaches
have bean considered for this, ooe involving addition of a few exra
edaes called bridges, and the wher myvolving exchange of pairs of
independent links or twists withour the noed of extra edges. We first
show that by adding {7, ] + 1 extra edges, termed as bridger.
W a d-cube (d > 40, s diameter can be reduced by [d72]. Then
we generalize this scheme to add 270+ 1 (m > 2] bridges w
an n-cube (> dm.n > 8] o oreduce its diameter by 2 To
reduce the diameter by 2m — 1, we add f{"':“' 4 lim =2
bridyress 61 am n-cube (7 > 4m — 2% = 1k, We have also given an
algorighm tar routing in the bridged hypeccubse (.. [Tere, the routing
ensures puth length less than or sguel to the digmeter in the hridged
hypercube &)y, Here, the routing ensures path length less than or
egual o the digmeter without much overhead. Roating in other cascs
can he similarly dealt with.

Mexl, we have shown that by exchanging four pairs of independent
edges in a d-cohe (@ = 30, we can reduce its diameter by 2, By
exchanging 16 pairs of independent edges, the diameter of o d-cubse
{d 2 71 vun be reduced by 3. By exchanging 57 pairs of independent
edees, the diameter can be reduced by [our for d 2> 9. To reduce the
diameter by [4/2], where d = 10, we aeed o exchanpe f"l_l] +1
pairs of independent edges where 7 = |[4/4] + 1 In |[7], one type of
rwisted hypercube with lower diameter has been developed, Bul thers
e number of link pairs exchunged is mech more. Starting with a
d-cupe, where f = fa — 1.0d — 13277 link pairs ace cxchanged to
el a geaph of dameter (d 4+ 1172, Aceordingly, in an 11-cube. onc
neods to exchange 10,27 = T250 link pairs o reduce its diameter to
& by (he method given in [7]. In our scheme we need only 121 link
piirts 10 he exchanged in an 11-cobe to got a graph of diameter 6,

We introduce a few definitions and notagons in Section [1. In
Section 111 we show how the extra cdges, reterred o as bridaes, can
be connected to 8 d-dimenzional hypercube for reducing the diamatar
o [ 2], Section 1V deals with a generalization of (he idea of adding
bridzes for reducing e diameter of a hypercube by any given value.
We discuss twisted hypercubes o Section Vound rowting in bridged
and twisted hypercubes in Seclion V1
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1. NOTATIONS ANT) TERMINOLOGLES

A node in a hyperenbe is reprosented by & stoing of binary digits.
A subcube is represented by o sting over the alphabet {01, +}
For gxample, 01** seprosents the subcube formed by the oodes
GLOLE, OEQ3L, GLIL0, 01111, In order to make the representation
mon: compact we woulld replace g conseculive oocurrences of 4 given
symbol by that symbol raized ro the power of p. For example, G001
will be writeen as 1717 Loy £z} be the number of ones in the binary
representation of @ oode £, We now define the fallowing sets:

W. = |2[f{xri=71]
Ae= {zlr £ W, and + £ 2770
Br = {ulr £ W and » € 5% "1}

Also Iet HIXMx, 9} deaote the Hurmaniog distance belvsesn two nodas
o oand y.

IT 2 mude o 15 represented by o = wqee - oaang £ 40,11 8 node
diametrically nppogitc to e b5 denoted by T = @182 &

For w source destination pair (s, 81 where & = opay---a and
T = Dyl by we define four scts of bit positons Sac, Sai, S0,
anl 5.y as fillows:

Son = e — 0.0y = U} S o= {hlay =1hby =1} S =
{.I‘.'il?.,l, =1, = H] 5= {hl\‘Ij,. = 1.k =1}

Exemple: Let # = 0100101 and # = 1001071, Then S =
{46k 5, =114, 7L 50 = {2} and 54 = {3, 8}

Wi denote the cardinalities of the sots Sag. Sp1. Spe. and 5 hy
Sy, &1, Ag. and my Tespoctively. Hence, the number of seoos in s =
Tan g ) and the pumber of ones = sy +55. Also HEN =2 £) = & +ea.

I, BrMGES d-CURE WITH DTAMETTR [df2 |

The extra edges that we propnac to add oo a2 cube are always o
the form of (z. %), We refer 1o these exln edges as bridges, Tn a -
dimensional cube [ > 41, we ke a fixed value of w0 - r < df2
and then comnect bridpes fom all e nodes in W U Wy The
cardinglity of the set W, s [fj Hener, the number of such bradpes
what will be adided 10 the hypercube is [f] — 1. To find an cxpeessicn
for the diamerer af the bridged hypercube, we fitst iy e unfisld the
prsible paths between two oodes s and £ theiough a bridge,

Ler .r be & node ar which a bridge is connected. To reach ¢ from
a, we oun teach x by chunging sume bits in v, Bet 55 C 5,00 &
{0, L}, be the sets of bit positions where these changes ars macdke. Ley
afy. &7, o6, und &y be the vardinalities of he sets 5. 55,5, 5. and
&), respectively. Then we have the fillowing benma.

Lemine 1: The shortest path hotween twn points & and ¢, via the
bridge (>, ) is of length p = 1~ 2{s] + 1) F #2 -+ s,

Proo From =, we reach o in (s, + ) =+ &%+ 5% steps. Another
single step via the hridge leads to the node 7.7 differs from £ moall
bits of 5iq. 5, Sor — 5oy and Sy, — 87, and nothing olsc. Hence
po=ish4 A Far i+ TH 08 sy b - an bz sy —
1+ :I-fa"] } -!1-'1 1+ so + %,

Remeark: To get a shorter path length betwesn 2 and §, we would
change s few bils 0 5o and Sip as possible.

Temmia 20 Thero exists o path of length g = £+ 1 4 52 — 53
between & and ¢, via the bridag connected to the nods in ¥,

Praof* Stzrting from &, we neach the node 1 W by chaoging
alt bits 1 5 and 50, By leovmima 1, g = 1 4+ & — a3 + Zaz.
Pulling & + 82 = o — (51 + #2) we wed py = A 4+ |+ 5y — 7.

fammmar 30 Far & =  — # thero cxists a path of lemmh g =
—if 4 2r = 1| # — 2z, between s amd !, via a bridge connected
o some node in e

Praots s > o — v implies = o — s, 17 we winol 1o reach a
nowde ity By from =, whera v = d—s; = #p 452+ 55, we must change
all bits in Seq to | anch alse some more bils m S . The number of



1342
W, W, W, W,
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1 |
i | H,
I I
I I
b ¥, R—
Wa ¥, Wy L
Fig. |. Hight.cube,

hits in Sa1 10 be changed {5 equal 1o 5] = #—(d—5 ) = & —{d—r].
Mg that if the dth hit iz in 5y, these s bite must inclede the dth
bit 1o reqch 4 node i A, The path length p) = 14 28] —s0 45 (hy
Lenuna B). Putting #5 + 53 = d — {& + 50) and &) = s = (d - rl.
we gel gy o= 143 — o + 55~ #9.

Lewwma & For a0 = o — v and #2 < v, there exisis o path of
length jr'—= L 4+ &1 + 53 between s and t, vig a bridge connected o
a nuede in T

Proaf:

Caye fr 8y + &y < 1, L, the nuntber of ones 10 s is less than or
cqual o r, The oumber of zemes in 2 node in W is preater than or
ejual ta 4., since 4, € — v, by the given comlition. Hence starting
from £, we can reach o node in W by changing all (for s = d— 7
o some (for &) < o —+ ) bils ih Spy, By Lemma 1, p = 1+ ap + &4,

Cuset ;w0 = 52 > r. By the given condition &, < », Le, the
nuriber af ones in e node in W s greater than or equal to a2, Henee
starting, from s, we cin rewch a node in W by changing some bits
in Sy only. By Lemma 1, path dongth p = 1 + 50 + &2,

Lemig 50 For se = o — ¢ and e; < r, thore oxists @ path of
length p — 1 + a0 + &y, between 5 ad ¢, via o bridge connected
to a node in Fi.

Froof: Similar to Lemma 4. except that we start from .

Lewma 6 Forr < a4 < d— v oand v < g < o — r, (here exisls
4 path of length ji = @ — 3r + 1 + 52 — &) via 4 bridge conngctad
o a oode in W

Frogf; 5iace sy > r, lhe number of omes in 2 node in W s
less than that i 2 Thus o reach a node o W, [rom & we have
o change some 17 bits W “0" We can change all bits 30 &5, and
same s; = sz - v bils’in Sy to reach a4 node 0 HY. By Lemma
Lp =144+ &+ 25 Putting e + 53 = d — {#, + &) and
gh=sp—rwepely = 14d— P+ 5, — 5.

Fheorem 1: A bridged hypercube of dimension £ {4 > &), where
bridges are connected o all the nodes in W5 U W, has diameter
cqual w [d/2], where r = [4/4] + 1.

Proof: We can sssne w,lo.g (withoul loss of penerulity) that
gr % xp, Also we peed to consider only those =, ¢ for which
HDis, £) = [4/2], g, 55 + # < [d/2] L There can he three
possible cases.

Cive I2 & = 4 — 1,

Cise 2: r < 1 < d—r.

Case 3: & = 1.

Case 2 can, however, be divided intn baa suheascs:

whos o=od = v 8 o

Bior < ox =g =T,

Mote that the case 51 = d—+ and 82 > v cannol arise, since in that
casg & +85p = d— v+ = d, bul the tntal numher of bits is only .

Case {: By Lemma 2, py = d + | + 52 — 57 sund by Lemma 3,
i1 =1+ 2r — d+ 51 — sz, Hence, min (e ) < {po + 0/ 2 =
r4+ 1= [47E]

Case 20 :

a) By bemma 4, the path length p = 1+ 50+ #3 < [2/2]. When

sg+#3 = [df2] — 1, the path length p = [4/2] = HD{s. ).
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TAKLE [
MUMBERS OF BRIDOES ADDER
a (Ha @) +1cd. 29!
& 14 E L]
B 53 05
io 121 a2

bl By Lemma bop=o —2r + 14 8 — s < d — 2 4 1. For

r= [+ Lp < [df2).

Caze 3: By lemma 5, the path length 3 = 14 &g + 55 < [d/2].

Hence the proof,

Erample: An ifustrative example is given in Fig. 1 with o — 5,
where the solid Tines represent the alveady existing lines and the
dotted lines represeot e bridees,

The number of ¢xire edges that we add is small compared o the
uital number of edges i the d-cobe and as we increass 4, the ratio
(M) +1: d.2% ° becomes smaller. where + = |d/4] + 1. The values
ot this ratie for 4 few vales of o are piven m Tahle 1

IV, REMACTION OF INAMETTR OF & 4-CTRE
BY ANY Wallp ko< |."':.""'3J
In the previous seclion, we have considered a bridged hypercube
whaose digmeter is reduced 1o half of its dimension, Mow we wdill
consider how o reduce the diatneter of a S-cube by some © < d/2],

A, Reduction By gn Fven Walug

Firse we conzider the case when & 35 cven, Assuming thar there
are bridges connected o all the nodes in W, for a given valie of
r o e o AF2 we state some more properties (withoot prosaly
regarding paths hetween & and £

Lemma 70 For sy 2= r oand the dth bil i Snp there i 2 path of
length iy = o — 2¢ — 1 4+ £y — 51, hetween & and ¢ via & bridge
connectad o a node m A,

fammz 8 For 5 = @ and the drh bit in &0 there is a path of
lenpth pp = o — 2r + 1 + 571 — 8z, between 5 and ¢ via o brdge
comnected too g pode v A-

Lewmme 90 Fur x9 2 v and the dih bit in 50 or Sag there is a
path of lemgth v = d - 2% 4 1 4+ a2 — 8, between 8 und # via a
bridge connceted @ & node in A,

Lemme i For 5 2 v ound the dth bit in S0 there s a path of
length pyp = o — 2 + 1 + 5. — s, between s and f via a bridge
comnected o & node in O,

Lemma I1: Fuor sz 2> v aod the Jth bit in S0y there 1= o path of
length g1 = o — 2 — 1 4+ 83 — #v, hetween & and £ vig a hridge
connected fo A wode in B,

Lemma f2: For & 2 r—1 and the #th hit in Sap or 5. thore is a
patly of lepgth py = d—2r+3-4 5, — &y via a bndee conoecred w0 B,

Theorem 2: By adding cighe extra cdges to an w-cabe (n = 1),
its dimmeter can be reduced by 2.

Froat:

Case I n = 4. Letl us conoect all diwmetrically opposile pairs by
hridges. Far this cight cxtra cdges will be added o the cube. Let us
take any two puints 8 and £, Lel p be e length of the shorest puth
hetwoen a and ¢ To shovr chat diagmeter of this bridged d-cahe iz 2 we
comsider only those {5, ¢) fur which HDis, F] » 2. 1€ HD{s, ) = L,
then HIYM&s #) = 1 and henee p = 2, If HIMs, 0} = 4, then L = F
und hence ¢ — 1.

Case [l; rw > 4. We 1ake a [our-dimensional subcube O =
0%~ ! . We conneer bridges within this subcube as io Case L Le.

the bridees are of the form 07 ~*c w 0" *F, where ¢ is o hinary
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Tig 2, Connecting bridges in a {4m + 2)-cube.

sinng of ength & Take two nndes 5 = we and ¢ = b, where o amd
poare bingry stongs of length 4, and @ and B are hinary suings of
fength o — 4. Lot f be the number of kit positions at which = and ¢
are same, To show that diameter of this bridged m-cube is w - 2, we
consider only those [g,#) for which HD{ e #) = 0 — 2 0e, f < L.
It f =10, then v = . The shortest path betwesn © and y i theowah
Copoand is5 of length » — 4~ 1 = =3 [f f = 1, therc can be
[wi possibla cases:

ap If the hit position at which s and / are having the same value
15 within the last four bits, then shortest path between 073 and
™y is of longth 2 (hy case 1), 50 the shomest path betwiesn &
and f is throvgh O aod is of length o - 44 2 = 5 = 2,

By If the bit position at which » and § are having the same value 15
within the first n — 4 bits, & = ¥. The shotest path between &
and t iz through Oy and is of length » — 4 or n — 2 depending
on whether the bat value is 0 or 1.

We peneralize this idea to reduce the diamerer of a hypercube
by some even number 2ol > 21 as follows, We lake an -
cube in' = @ L 4m]. We take twn suboubes O = 0% and
o= 1% ", In 7y, we add bridges of the form (07 z, ™ T), where
x is w bit string of length 4, and in O the bridges are of the
form (1™ 5 1%F). For Cn, O we define the sets W, 4., O ax for
u dm-dimensional cube by ignoring the leftmost n bits of the node
representation. In Oy, we connect bridpes from all che nodes in Ao
and Wy, In ), we conpect bridges from all the nodes in By, 42, For
example see Fip 2 when » = 2.

Theorgm 30 In an n'-cube (' = p + dweome > 20, by adding

] 41 estra edges in the abnve-mentioned way, we can reduce
its diameter by 2m.

Procf: We can represenl any two nodes s and ¢ in this »' cube as
A= @103 Andasl s dapam A0 = Byl Debagr o g
We define two strings » and ¥ 28 & = 0 @aog 0 dn o amd
# = Buoilfags o Buogu. 12t pe be the length of a path berween
0% and 0%y in Yy and 1, be that hetween 17 and 17y in ).

Amang the first = bits from lefi, let p be the number of bits thar
are 0 in both & und £, and g be the number of bits that are 1 in hoth
& and ¥ We defing 2. %1, 82, and s for the two steings @ and y as
before, We coosider only those (4. £ for whick HD 2 ) = 04 2,
ILE., P+ &p+ 23 % 2m— 1. We now consider 1wo paths betoean
% and ¢, vne wsing a bridge in 5 and the other wsing a bridge in ).
Let the path throwgh 0 be of tength #. ¢ € §0,11,

Wi can easily verify that the total numbes of bits to be changed 1o
get 0™z from 5 and  from 07y iz equal to (i —p—gi+ 2y = n—p4ag.
Hemce, Py =0 —pa4 g < pn. Similady P, = v+ p— g + 1. Now,
mn{PL. A< R-AVE=n+im+ml 2

In finding . p we apply the lemmas where d = 4m and
r = + 1. These can be four pozsible cases as i Theorem 1.

Cave {2 8. > d~—v =3m -1

Casedu: s Sd—r=dm—].ay Lr=m+1

Lase2h, mLtiz=rs sy <d-r=dm-=1sm=>r=m=+l

Cave 3: my =7 =m+1

Case 1; By Lemmma 2, pp = 4m =+ 1 = 8: — & and by Lemma 3,
= —2im+3+s —a,. Henop min {4, A ) £ v—m-+2 2 n+2m
since e = 2,

C'ate 20 By Lemma 4, 2t least one of e, is egqual v 14+ sa-Fax.
Heoce, ab least ooe of Py, A ois less than or equal (0 v 4+ p + ¢ —
spt s+l o+ dm (s + g+ a0 +es 2w -1

When ¢ = g = O oand 57 4 53 = 2 = 1, ather K oo
F=u+4+s+s =1 =1n+2w < HM=E)

Case 20 I the (2 — A th bit is i Spe ot 51 po = 2m— 1
sz — &1 by Lemma 9) and gy = 2 + 14 & — 5 (hy Lemma 120
Henee, min (P Plo< ono-= 2m

If the 17 + donith Bit &5 00 Sy, e = 2m — 1 4 20 — & (hy
lemma 73 and 5 = 2m — 1 + 4. — 2= (by Lemma 0. Hence,
man (8%, Py o= o+ e - 1,

If the in 4- 4mith bit & in Sia,p0 = 2o = L b 57 — 53 (by
Lamma 8y and o, = 21 — 1 + 50 — 2, {(by Lemma 11). Hence,
min (5, Y < a4 2 - L

Cepse 30 I s < dm — 1, by Lemmma 5, one of po. g is equal w
1+ #n + 22, Henee, ot least one of D, 05 15 less thao or equal o
ttptghsotazrlSeddmasptotsa<m -1

If 2, = 3m — 1, the case is similur tn case 1 iF we interchenge
& und ¢, hence e prool.

R, Reduction by an Odd Vlue

To reduce the diamerer by an odd nwmber, say 2m — 1im 2> ),
wa tuke a0 n’ = n - 4m — 2-timensional cubs, We add bridpes o
the subenbes £ = 0732 and 7y = 1™ 72 ay before. Now
we will see thal this construction Joes sl sive a graph of diameter
n—42m —1 for m = 2. Buf for s = 2 this consbruction gives a praph
of diameter n + 2rm — 1. To do that, in Theorem 3 we substitte 4
by 4 — T and » by @, We note that path length between two points
7 and ¢ is a2l most &t =+ 2 — Lo all cases except in Case 2b when
the (# + 4m — 2¥th bit is in Sy or 513,

In Case 2b), when the last bit is i Sap or 5o

F=un—p+g+2m-—-14s8:—m
H=n+p—-—g+dm+1+48 —ag

Ep—g<se—smy—1,then B < n+dmandif p—yg >
ag—si—Lthen T < n+2m N =M =+ 2m only if
Py = s —w —L---inh

Faor HDiz vy > a4+ 2m—1=n+ 3. p+g+sn+5 = 2. Also
Ay + &4 2 1, since the {n + 4m — 2]th bit is in Son or 550 Hence,
r+y= 1l Thenp+-geanbe lorzero. T p+ ¢ = 1,pp — ¢ is an
odd number, But s + 53 is cqual to 1, Henee, s — sy is an odd
numther, $o condition {a) does net hold. W p+g =0, ie. s =g=10
we ol take either of the paths thiough . which are of lengths
n42m—l4sp—s wmdn+2m-— 145 — 5z

To reduce the diameter of a hypercube by an odd number 2m —
T0m > 2% we make a slight modification w var previous scheme, We
descrite this scheme as follows, We take »'(n' = »# +4m — 2} cuhe,
We take twn subcuhes Cp o= 0777~ and 0 = 174%™ % I O,
we add ridges of the form 410" 2, 073), where = is a hit sfring ot




fength 4~ &, und in ) the bridges are of dwe form 17«2, 1%F), For
Cr, &) we deting the set TV, Ar, and B, as for a 4m — 2-dunensional
cube by ignonng the lefimwst » bits of the node representation, In
Cn, we connect bridges from 211 the nodes in A, and W5, In ).
we connect bridges from all the nodes in B 4.

Theorent 4 In an n'cube, where 7' = n4dm = 2 (m > 1),
by akding 2 [”"I‘“ “]- + 1 bridges in dee above-mentioned way we can
reduce its diameter by 2ve — 1,

Progf: The proof iv similar to that of Theorem 3.

Y. TWEISTED HYPERCIIMES

We consider teduction of diamerer of 2 d-cube, by exchamming o
fow pairi of independent links. Consider lwo independent links {u, )
amd [, ) of the cube. IF tee links (u, 2] and (&, 1) are nof present in
the cube, then to exchange two independent links (w, 1) and {x, p).
we delete these links and connect (w, 2] and (1, %), In this way, the
degree of each node remaing the same. We call such an exchange of a
pair of links a twist. In [4] only 4-cycle owists are considered, where
the nesdes w, i, x, and p form a [owue-cycle in the hypercube. Theee,
it i shown that o single four-cycle twise can reduce the diameler
of 2n r-cubc (= > 2} by ! We consider, in generl. mduction in
digmeter by any piven value &, 1 < & < wv. where m depends on the
dimension of the cube. First, we show that. by making four twists in
o d-cube {d > 3), its diameter can be reduced by 2,

Definition: A twist of fype r applied on a d-cube consists of the
foblowing operation. Let y be a bit swring of lenpeh (@ — 1), For all
il £ A, we delets the link pair (y(L ol and (70, 71) amd connect
[k %1) and (g1, 70]. We denote the twist of type » by Tr. The ratal
number uf link pairs exchanged by such twist is equal to I:t‘]

Lemma 13: I6we delete hinks of the ype (90, 11 where p0 € A,
for yome given », then the path lenpth between any two points 8 and
tis HD(x, {], provided HD (a.2] > 1.

Froct! Suppose there is a path in the omginagd cube from & o f
A5 ¥ — g = idp = o — oy, — Foof leaglh
RDs,t).

Suppose the link {e,.=,] is deleted. For HD s, £ > 1.8 = o, and
£ = ay i not possible, We can assume w.log. that » # o;, We can
rake an alterative path by changing the nghtmost bic In & firsl, and
then chenging the required bits.

Remark: IF we delete links of type (p0p1) 000 & A fw » =
ria7ccc e e where

= T =y — -

rp—r =1
o —ra =1
e =T = 1,

then for dwo points & and £, where HD(s, 1} = 1, we have a path
hetween 5 and ¢ of length HD{ e, ¢). When HD( s 1) = 1 and the link
(8.1 i deleted, Iet & = p0) and £ = g1, Thete exists a1 node ¥4 such
that HD s, 9103 = 1 und the limk (k9017 is intact, Now we can
get o path & — 300 — b — &, which is of length 3.

Femmiz 14 I we apply u type O twisl on a four-cube its digmeter
becomes equal o 3

Froaf: Fig 3 shows a [oue-cube with twist of type (1, where

new edpges are shown by dotted lines, Lot 2 and ¢ be any fwo nodes
in the above cube. If HD(s, 4} > 1, there always cxists a path of
length HOM o, ) wfter the twist. To show that the diameter of this
hridged cube in equal (o 3, we need o consider onby the cases where
HD s, 1} = 1 or 4. We cen agsume w.Lo.g, that » isin A, 0 < & < 3.

Caze 1 HD s, 11 = 1,

The link {s.¢t) ts deleted oRly tor s £ Ag ot s £ Ay, 5 € 4o =
{010} then ¢ is equal to 000E for [ID{s, ) = 1 and the link {+.1) is
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Fig, 3. Tour-Cube with i twist of type O 10 )

Fig. 4. Four-Cube with a twiat of type 10720,

deletcd, We take the path (s — (10— (11 — QGO = ) which
i5 of lenpth 3. The proof is sioalar For the case s € Ag.

Caze 2 HD(a,#] = 4.

Wo asserme s o be i A, 0 2 & 24

If 5 € Ay or 8 £ Az, # and ¢ are direetly connected by a link
added as a result of che twist,

Irse 4, themt © B The puth {8 — (1" — 1% — £} 15 of length
3, The proof is similar for the case when s € A,

femma 150 [Fwe apply a gpe b tawdst on a four-cubse its diameter
bBecomes equal 10 3.

Frogf: Rcfeming to Fig, 4, let & and ¢ be any 9o poings in the
Tour-cube. Path lepgth between s and ¢ can be preater thao HD0s, 1}
only if & and t differ in the last bit. 'We can assume wlog, that
58 A0 £ k= 3

a) 8 £ Aj.

If £ £ By, there can be two cases, If HDH s, 20 = [, we luke the
path & — 1" — 071 —+ +, which is of length 3. 0f HD{a. £} = 3, we
take the path 5 — & — , which iz of length 2.

If ¢ £ B, there catt be two cases, IF D s,t) = 4. pieth length =
1 pwing fo a direct link | movided by the rwist, If HID (2.4} = 2, we
take the path # — ¥ — 17 — ¢, which is of length 3.

The prood i3 similar for the cose when s £ Ag.

by s £ Ag

It # 7, there is always a path between s and ¢ of lepgth HD s 1 ).
Ht=%=1111, we take the pach 0! — 0*1 — 1°0 — £, which is
of lengih 3. The proof is sindlar for the coase when » £ Ay,

Theorem 5: By exchanging foor link pairg in Glngs. (0 = 0] we
can reduce its diametes by 2.

Fragt: We apply Ty within a four-dimensional subcube () =
0! This involves exchange of | link pair. We apply T3 within
another one-dimensional subcube (7 = 1% «* . This involves
cxchange of 3 link pairs,

Take wny {wo nodes s and £ 30 Oy e, Let 8 = ao and ¢ = by
where oand & are swings of ength n. Lee the path length berween
s and # he represeoted by pla, ) ;

Case [ o =Fh=0"%p(s ) <3 by Lemina 143,

Coge i Mo =b =17 pls,th < 3 (hy Lomma 15).

Case [ff; 1EADa.E) < v+ 2, then s, ) < e+ 2,

Cowe IV: HIMe£) = n 4+ 4, then © = § and there exisrs 4 path
af length o + 1 from = to £ via one of O and (77,
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Case ¥o HLe b)) — » 4+ % In this case 5 and £ must agree in
ooe bil position.

11 Supposc the bit convmon o & and ¢ is within the loftnwst n
bil positions, Le. @ = T Either 0™ 15 conoected 1o O°F or 1" 15
connected tn 17F. Hence the path length is st most s +141 = n4 2

2) The bit commeon 10 » and ¢ i within the rightmest four hic
positions, ie. 2 = B

Swbcase ap It » and y do nat differ in che righimnst bit, then let
z £ {iL L} and the path 5 = e — "¢ 2 "% — "y — by = ¢
s of length » + 2.

Subcuse by If 7 and y differ in the rghtmaose hie, then thers may
b the follwing cases,

10 Uh £ 07 ar 1™, then the path 8 — 23 — 2"F — bF — by
is of length » + 2.

2) b= 1" then forr € AaJAUB LD, 9 & AplldsUb u
Hy and the path & — 0" — 0% — 10" '8 — 207 Yy — 17y
15 of lempth = + 2.

O the arher haod, for e & Ay UAs L BalUHy, 0 & AL Au i sl
B and the pati s = 0" — 0"F — 1"F — 1%y is of leogth n + 2,
33 e = 1%, it can be similady proved that pls th = o + 2.

Belure invesligating Lhe effect of a twist of type © on a d-cube we
give another lemma rogarding the path berween two poines s and t
when bridges ane conmected to all the nodes in 4.

Lepema I For sy = o — e — 1 aod the doh Bil in s is O, there
eaists & path of length 2y < 2r 4+ 2, betwesn 8 and *, via o badee
connected o some node in A

Proof: Tor sy > f -7 — 1 v > - 2. If the dth hit i in
Sar, we can reach a node in Ac from &, by changing 81 bits in S
W | oand alse some 8] = &1 — {4 — 7] hits in S, The path loogth
1= 125 s+ an {by Lemma b), Putting so—+5; = o — ':a’] + gl
ad 53 —x —fd—rhowepelp — 152 -d+ 5 ap Ninoe
&) — &0 £ @ e = e+ 10 IF the dth it is in Soy, we change all
but the «fth bit in Spo and s} + L bits in Sop o reech a node in A
Thus py = 2r — 4 4+ 3 4 5y = g5 In this case &) — s < o = 1.
Hence pp < 2v + 4.

fepene 172 In @ d-cube (d heing an cven nwmber), it we apply
twists of type r, where r 15 an inleger belween 1 ound 472 - 2,
path length between any two poings = and ¢ is less than or equal m
toax (2r + 2.0d — 2r + 1,472, 40

Fragf: Firt consider that only bridges are added, hut no links
are deleted. We can assume w.lop thal & < sz, Because of
wymmetry of che rwisted cube we assume 5 o be i some A, 0 <
b < d — | (peoof for the other case 15 similary.

We dctine 8, 51, #2, and sy 85 befare, There can be four possthle
cases 45 in Theorem 1

Cae i: & >=d—y—1.

Cose ZJar &1 Sd—r- loss = r
Croge 2 v <5 <d—v— 1.5 » 1
Case 3: & =T

Caye f: By Lemmu 16, the path length p < 2+ + 2

Case 20 By Lemma L3, the path length p = 1 + #0 + 52 = d/2,
iR is 4y = 42,

Case 26 If the rghtmost bif in » & in Spy, by Lemmas 7 and
I3, we can shiw thit the path length p < o — 2+, If the rightmaost
hit in = j5 in Sy, by wsing Lemma @ amd 12, we can show that the
path leogth p < 4 - 20 4+ 1.

Case 30 If 5y = o — ¢ — |, we interchange » and ¢ 30 thal Tase
I becomes applicable, If sz < o — r — 1, we interchange » und ¢ 50
thal Case 2a bevomes applicable.

Now it follows fhat the path lepgth is less then or equal to
max (2r + 2,d = e o 1,d 2}

Regarding the deletion of links we make (he following vhserva-
o
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Observation 7. For HD{s. t) > 1, theto is always a path of lenmb
IID s, ) berween & and ¢ Chy Lemma 133

Observation 2: For HD s, 1) = 1, and the ofth bit of » and 2 are
same. the lnk (s, 00 is not deleted.

Observation 30 For HD s, #) = 1, and the liok {#,t) is debered,
there exists o path of length 3, belween s aod £ In this case & is
connecied 1o ¥ and ¢ is connected o T

Mow, congider a path between o and ¢ via a bridge (o, ¥} which is
of bength H13 s, 2] 4 L4+ HD(E, ¢ ) before deletion. It HDa, 2} = 1
und HLNE, £] = |, the path lengrh does change ufter delotion (hy obs.
1. I HIM s, 2 = 1 and the ok (s, ) ik deteted then s is connected
to 8. If HIXH, ¢} = 1, then thens is a path of length 1| + HIs, £}
between » and # (by obs. 1), which s less than or cqual w 472 for
HDM =, 8} = a2 If HTHE ) = 1, the puth belween & and & is of
Ionpth st mast 4 (by ohs. 3

Lemma [8: In a d-cube O being an even nomhor), if we apply
Iwists of type O and fype v, where ¢ i an inleger betwezn 1 and
df2 = 1, puth lenpth between any two points  and ¢ is less than ar
gyval 0 max (e 4+ 2o — Er 4 1 a2 3

Pranf:  First consider thal only aew links are added but na link is
deleted. We can assume w.lo.g, that 51 < s, Pecawse of symmetry
af the mwistad cube we assame 2 o be i some A, < k< d =1
{peoot for fhe other case is similark.

We define sa, 8, 82, and sz as before, There can be four possible
cases a5 in Thearem L

Case Ir 5 > d—1 - L.
Caxe 2a: s) o d—r—lysg < r,
Coge 2B; v < owp < — 0 — logs = 1.
Coge 30 8 =1
Coxe 1o By using Lemunas 2 and 3 we can show that the path
lepgth ¢ = v 4 2.

Onher casts are teated as in Lemoma 17

Mow it follows that the path lemgth i Iess than or egqual 1o
max(r 4+ 2.4 — 3r + 1.4725.

Reparding deletion of links we have the following obsgrvations.

Observation 1 For HDV s, 4] > 2, there is always & path of length
HI¥ =, ] berween a2 and t

Mhcervation 2; For HD(s.t) < 2, and il ong of » and * iz nod
connected 1o a ridge, there cxists a path, of length HIY 9, £). between
s and 1.

servation 3; For HDY sty = 1, aod if both of ¢ and + have
bridaes conoected (o them, there exists a path, of length at most 3,
betwoen 2 and 1.

Observation 4; For A« ) — & and if both of ¢ and ¢ have
bridges connevted to them, there cxists a path, of length at most 4,
botween & amd 1,

Mow, consides a path Detween two pointe » and t via a bridge
fw, %] which is of length HM &, @) + 1+ HINE ¢ hefore deletion.
If HIX e, ) > 2 and HIE, ¢ = 2, che peth fenpth does not change
after deletion (by obs, 11 Consider HD x, £] = 2 and » is connected
lo & If HINE #) = 2, then there is 2 path of length 1 + HDJE, 4
hetween 2 and 7 {by obs, 15, which is tess than or egual w ;72 for
HDs, t) = Jf2, ICHD (58] = 2, the path between = and ¢ s of
lengrth i most 5 (by obs. 40

Femma (9 I we apply a twist of epe |, on @ d-cobe (o Deing
un even nuiber > G, itz diameter i redoced by 2.

Froaf: By Lemma 17, the path length iy less thao o egqual w
max (d — 2r + L,d/ 2,2 + 2, 4%, Puwing v = 1 we gel maxinmm
pach length of 4 — 1 comesponding to d — %r 4 1. But the path length
is less tham f - 2r 4 1 4F the dib bit of & and ¢ ace difllerent. IF the
dth bit 15 in Spa or 5y the path leapth is po = & — 2r + 145 — 55
by Lemma 93 end gy = o — %+ 1+ 51 — &y (by Lemma 12 In this
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casc e path length hecomes equal o d — 2r 4+ 1 only if 51 = #,
1e., when HDY (s, 8) = J — 2,

Lamim 20 In a six-cube, if we apply twists of types O and vpe 2,
maaimum path length between any Lwo poites (s less than or equal
w4,

Frogl: According 1o Lemuna 1E, the maximuem path length is
Fford — 6 and r = 2. But the path length can be 5 only if
HIN%.#) = 2. In that case HDM 4.1} = 4. Hence, path length 1-
at most 4.

Wetakc ad = n 4+ 6 cube {n = 1) [n this d-cube we tuke two
subcubes, Cn = 0% and & = 1%+, We apply twist of tvpe O
and 2 in Cy and twdst of tvpe 1 in ;. The total number of link pains
cxchanged in the process is 16, Now we have the follewing (heorem,

Theorem & By applying rwists on a d-cube 25 above (d = 7). we
can reduce its dianeter by 3.

Proof; Take twa points (&, ¢] in the shove cube. When bath «
and t are iIn Cp oor O, there 15 a path of length o most 4 berween
them, We can asswme wlog thar i i ooside O, . From dhe
discwssion i Section [I-B, o fdlows that if oo links wete deleted
in €. {7, the d-cube would have had diameter 4 - 30 Now alzo
(hiz resull holds, as whatever links arc delered are of the type which
change the d-th bit. If reguired, we can change the dib bil ouside
T

Lemma 21 Inogn eight-cube, i we apply twists of type O and 3
its diameeler becomes equad 1o 3,

Frionf: Foliows from Lemma 18,

Lenwna 22 I0 we apply o twist of ype 2, in an eight-cube ity
diameter hoecomes equal o 6.

Preof- Follows [rom Lenuna 17,

Lemma 25 0f we apply twists of type fF and 3 in @ nine-cube, is
diameler becomws equal w 5 ;

Pranj: Follows from Lemma 18 if we replace o2 by [4/72].

Inad— w+38cube (n > 2 we exchange 37 link pairs in the
following way. We apply twists of typs 0 and 3 within coe eight-
dimensicnal subcube 07+, We apply twist of type 2 within another
suhcube 17 4%, Mow we have the fullowing theorem.

Theorem 7: The above Jd-cube has diameter equal to o — 1.

Procg 'The proaf iy similar to that of Theorem 6.

Theorem & In a d-<cube {4 beinz an even bumber = 107 if we
apply twists of type O and v, where r = |d/4] + 1, its diameter
becarmes equal o /32,

Praatt Follows from Lemma 18,

A, Reducrion iy diaveter by $f2, d an Ever Number and d 2 10

If we want 10 reduce the diameter by /2 in an [» + o)-cube
i > Land d = 10) we apply some tedsts in o d-dimensional
subcube Oy = 0+ s that any tan points within this subcube have
a puth belwesn them of length av most df 2, In another d=Jimensional
subeube € = 1%=? we apply some twists so that any twa nodes
within thizs subcube have s puth between themn of leongth ot most
472 + 1. Now we state the following theorem,

Thearem W The {n <44 cube teisted as ahove will have dismeter
equal o r + 42,

Pronf: We define 2, 3. pr. 9. p, und g us in Theorem 3. [ence,
pr % odf2and g < a2+ LI p = g, the path berween s and ¢
via O isof length » —p+ g4+ o0 < v+ a2 f p < g, the path

between ¢ oand £ via ©) isof length w+p— o+ < n+ed /241

B Reduciion in Digmeter by 2ie(m 2 41 in o pane (i = 11

We like two dee-dimensional sebeubes €y = 0%+ and &) =
1" +M W apply Th and Ty within ©n 5o that amy tes nudes
in € are apurt by a distance of af most 2, We apply some twists
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Fig- 5. Tag used for routing

wilhin €. s thar any twn modes in O wre apart by a distance of at
most T+ 20 We call the resultant graph £, | 4., and claim (b Lbe
diameger aof 4 o 15 6+ 2,

Theorem 10: The {n 4+ 4mjcobe twisied as above will have
diameger squal w5 + 2w,

Prowy- We represent two nodes a and £ as s = oo and L = by
where # and ¢ are stnngs of length dee. and # and & are strings
of lemgth n We defme p, g, po. po- S. 8.8z, a5, T3, and 2 oas in
Theorem 3. Hemee o £ 2m ouod g £ Zeee + 20 We consider only
those (s.1] for which HIa,23 > n + 2m, e, p g+ 50 + 5
2mo— 1.

When po 7 | — oy + appe < maxom 2 2m — L) = T — 1.
Henoe, it g —p < 1 then Fo — n+{y— b+ o < » = 2 IM
geopxl P =n—{g—pi+m <nd2m+1 e, P < w+Im
When prn = L b sa+ 0. F = v —n+ g+ 145 | 5 =
w+p—g+1+an sz =0+ 2m.

Let X% denote the mamber of link puim e be eachanged o
reduce the diameter by & oin G pzeln = (1)

Then, we Cin wrile

fork — 2, andm = 2,

g, (Im -1 ) 4 51’{)[[4] N :I'TI'

Akl = e

]

fork — 2+ Loand e > 2,

Kk = Xizm)+ (4::1‘) +1

VI ROUTING ALGORITHM

A. Reuting in Bridged (0 of fiameter [di2]

In this section. we describe the rowting strategy in a bridged
hvpercube of dimension (@ > 4. The routing dgedithm merely
consists of 1) deciding whether 10 use a bridge, and 2) if o brdge
‘x, T} is o be used, then finding thut node o [rem which a bridge
will he wsed

A packet 1o be routed from source node s 1o the destination node
7 is gransmitted alomy with a tag as shown in Fig. 5. b 15 o fag biy, O
is a o it vector and ¢ is the destination nede. b = 1 indicares that a
bridge is to he wsed wnd b = 0 indicates that we can Toute the packet
without using any bridge. £ s culled the routing vector, Each bit of
{7 is assuciated with a specific dimension of the hypercube so that
if a bit of € 35 ™17, then we tansmit the packet along an edge of
the hypereube in that dimension, Thes, given a Touling vector O, we
scan Lthe bits of © feom one end, say, the lell end, and whenever we
ancounter 3 1%, the packel is wansmitted along the commespunding
dimemsion.

When & = ae = [d/2] weset b= D and £ is ser to 251 When
gy =k gy = [df2] we sot b= 1. In this cuse we have wo find the node
# from which a bridge will be used, For this, we first enumersle
#n, 8, a2, wnd sy, For different values nf &) and s2 we enumerate
. P and p as done in Theorem 1. Thea we find the minimum path
|=marth. MNow, 10 find the node & to achicve this minimem path Jength,
wi have ta suitably chanpe certai bits in « in 3 way as described in
the Jenzna that corresponds to this minimum path length, The roating
vector O 15 then set 10 s 0, Roating from 2 o > s done by scanning
lhe bils of £ feom the lett. The bridee (o, 7 is then used. Then we
sor b — () and set & = T2 and rewne according o this (2
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B Routing in o Twisted Hypercube

We now describe the roeting sirelepy tor tedsted hypencube v
on which we appty Ty and T.(r = [d/d] + 1), We discuss here
the routing for hypereubes of even dimension (d 2 0], The cases
for twisted hypercubes of amaller dimeasion can be deale with in a
similar way. The schemis for rouling 2 inessage frorn e satree mode
& Lo the descination node ¢ i5 described below.,

Cave £2 HD{g, ) = a2,

In this case, we define the couwting wector 0 — & L. Let
O =wyegecaog, Fartwonodesn = a e - -0, andh = b by --- by,
il er amd & differ only in the $th bit then ransmilting [rom @ e b s
aquivalent tn transmitfing atomg the dimension £

IMHM =, L) = | und link [s, 8] 15 present, Ussn teansimin (o f,

Tt HMH & t) = 1 and link [a,%] is deloted, rowting will be via &
nucde s* adjacent Ly 4. From 5* send along the dth dimension to §0F
will he adjacent to £} and then from ¢ ta £

ITTID o ) > 1 then lel g e, - 0 d < j = -
hitz in ¢ that are 1. There czn be the following cases.

Swbease a): s and ¢ do not diffor in the righomest hit

In this cane the deleted links do o atfect the path between & aml
f. The routing is as in the copinal (untwisted) cubs L,

Suhiease B): & and ¢ differ in some bits, inctuding the ightmaose

< & be the

biL.

It & i not conngcied fo &, then oanamic the packet from = along
the dimensions &,---, .7 o Uil ocder.

If a is connected to 4, them first transmir the packet along the
ditnension 7 and then along e dimension o, Alerwards, trensmil
10

Cave 2); HD{a, 4} = 2 In this cuse, we use the edge (&, 7
and route from # o ¢, then from x te T and finally from 7 tn ¢ Our
aim iz to tind & from =

If ¢ is swch a node tha ©f, ) 15 conmected twen @ =1,

(herwise, x ix found as follows, depending on the valoes of
and sz,

Als £ Al £ & -1

Subcase if » >4 —1r =1

Subgase Bf & S —v — 1,5 < T,
Subrage (i} ¢ 6 S d -1 — 1Ay o
Jubcase ivi & = 7

In cach case we find the minimum path length 5 as done in the
prool of Letoma 17, To find the node = 10 achieve this mdninwim
path length, we have to suitably change certwin bits in s in a way oy
described in the lemma thal correspondds to this minimum path length.

Ble € Byl = & = A,

Berause nf the symmety of the structare, tooting can be done as
Follows:

For a source destination pair (s, 1) define a now pair (5", #] where
& differs frum s in the Jth bit and +' differs from ¢ in the dth bic
Then find a bridge (v, 7) tr be vsed for this new pair (5,41 a5 in
case A. MNow fur a the comesponding bridage w be used @5 (.7}
wherg ¢ ditfers from p in the Jth At

Routing from & tn ¢ and from T o t, to both the cases o1 and
i above, will be done following the method described above for
HDs, 1) = d72,
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VI CONCLOSKIN

Hypercubes have various applications in paralle! processing. This
hriet contribmcion describes different methods for ceducing the di
ameler of a hypercube by adding some cxtra edges, called bridees,
and afso by exchanging some paics of independent edges (without
adding extra edges). The addition of brdges will aot only redoce
the diameter but will also eeduce the average inremode disrance. In
this briel contribuiion, we bave aimed at reducing the dismeter by
adding as few edgos as possiblo. Alio, wee have given an alporithm
for routing i swch bridged hypercabes, We add [7] — 1 bridges
{fwhere + = |d/1] + 17 o a deobe {d > 4] w reduce s
dismeter by |d/2]. The exira edges constitnte a small fraction of
the total number of edges and this frection is (0] 4+ 1 ¢ 347
which decresses wilh increase i . One imporeant result iy that
(e number of bridges to he added to reduce the dismeter by k&
remains comstant for all hvpercubes of dimension grearce than 2k
Twisting of hypercubes has san estrw sdvantape of redocing the
diameter without changing the degree of nodes. Though the routing
in this case hecomes a lille more complicated we have developed
u suitable algeaithen for rovsing in a rwisted hyperoube. Also. Lhe
number of link pairs exchanged tn reduce the diameer by a given
vulue 15 much smatler compared v thal given in |T], For example,
we apply twists of 1ype ¢ and type 3 inoan eleven-cube Lo pel a
graph ol diameter 6. The oomber of link paics exchanged in the
pracess is 121, which is much smaller than thal reguired by the
method given o |7, which is egual o 10.2° = 1280 [t may
also be noted that the twists that we have proposed o this briel
contribution are differenl e tature feom those givea in [7]. It will
be interesting (o smdy the improvement of some uther perlonnnce
measures such @y average rouling distance, rrafhe density, and =0
on of the arehitccture proposed in this briel contribution cver the
wrigingl hyperenbe,
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