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VIRTUAL IMPLEMENTATION IN NASTHI EQUILIGRIUM
By DNLIF ABREL AND ARLINAVA SN

Reformulate the classical implementaton problem 4 ln Maskin (1977 as follows,
Think of a social choice correspandence s a mapping from preference profiles to levieriss
aver some finile sel of allernatives. Say 1bal a social chocs lunclicon 0 15 cfrtweally
implermeniahle in Wash cquilibrinm if for all & = 0 there exists 2 pame form 7 such that
Tor all preference profiles &, & has 2 unique equilibrium outcome x(8). and ¥(8) is
s-close Lo ({00 (This definilion may be directly extended to social choice conregpondences)
Then (under mild domain restrictions) the [ollowing resull s true: Inosocielies witls at
lease thres individuals 2l social choice corrgspondences are virtually implementable in
Mash equilibrium. This proposition should be contrasfed with Maskin's (14770 classic
characlercation, according W which the nonterial cequirement of sowevonicidy is a
necessary condition for exacl implementation in Mash equilibriwm.

The two-persan case necds to be considersd separately. We prwide s eomplets
characterization of virtually implementable two-person social choioe functions, While not
gl two-persm sescisl choice funclions are virlually implementable, our necessary and
sufficient condition 05 simple. This contrasts with Lhe tather complex necessary and
sulfficient conditions for exact implementation,

We show how our results can be extended 10 jmplementation in sfricf INash equilib-
rium and cealirion-proaf Wash equilibricm, o social choice conespondences which mrap
from cardinal preference profiles to lotleres, and W environments wilh 2 cortieercm of
pure alternatives,

Krywrirns: Virtwal implementation, social chodee functions, lolkeres, Nash equilit-
rinm. coalition-proot, 8 2 2 players.

. INTRODUCTION

A SOCIAL CHOICD CORRCSPONDENCE i% o mapping which assoctales with overy
nrofile of individual preferences over some set of available alkernatives, a subset
of wowially desirable aflernatives. The terminology is derived from the interpre-
tation of the correspondence as roprosenting the preferences of 2 sochul
planmer. More generally we may think of a social choice correspondence as
representing the preferences of a “principal” s 4 lunction of the preferences of
his “agents.” The theory of implementation i3 concerned with the design of
game forms or mechanistns whose equilibrivm outcomes arc consistent with the
social choice correspondence for every profile of individual preferences, It is
motivated by the assumption that the planner s wninformed abool what
individual preferences are. Fach individual however knows, or. in a Bavesian

Y Thiy prigect was concerved and the basic wdeas developed when boll authocs were visiting the
Departmeont of Economics at the Universidasd Autdnomg de Barceloms in Summer, 1987, We would
like to thank the department, and especially Salvador Barbera, for their hospitality, We wonld also
like to thank Taruk Gul, Andreo Mas-Colell, Lric Maskio, David Peavee. Motty Peerv, Aciel
Kuhinstein, Hugo Sonnenschein, Michacl ¥Whinswom, and a referee for helplal comments. This paper
was revised while Abreu waz a Mational Fellow at the Hoover Institurion, We thank the latter, tho
Mationa] Science Foundaliom, and the Sloan Foundatien [0 their suppott,

After this paper was submitted to Foonemerrice we hecame aware of prioe work by Matsushima
(1988} which takes the same basic approach, Though cur point of departure is similar we focus om
dierent jssues See the nreduction [on a comparison, Nevertheless, in tcrms of the precoding
literature. the similaritics between our work arg morg jmportant then the differences, and the
present paper showld be read as a companion o his,

b
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Incomplete information setting, has prioms aboud, the entire preference profile.
This abstract tformulilion cmbraces s variety of specific applications, These
include problems of optimal taxation, choice of public projects, procurement
schemes between a buver and many scllers, oplimal apctions, and so on,
Another mnportant class of applications concerns the design of constitutions.
Indeed a mechanism may be viewed as a generalived voling procedure, imple-
mentition theory being conccrned with the performance of alternate proce-
dures, in the context of strategic agent behavior, The {extreme) asymmetry
assumed between the information of the principal and that of the apeniy iy
porhaps most natural in this setling: the mechanism may be in place before
individual preferences are actually realized. Recent coniributions to the theory
of incomplete conteacts (sce, lor instance, Harl and Moore (1988)) provide
novel applications in this mode. When some futusre contingencies are noncon-
tractible {for example, they may not be verifiable) a contract may specify a
mechanism mvelving messages which are verifiable, Such mechanisms may be
structured to induce revelation of contingencies which arise ex-post but could
e be dircetly contracted upom cx-ante. This paper belongs to the literature on
implementation with compfere informarion. For more by way of general back-
ground sce, Tor instance, Ciibhard (19733, Maskin (1985), and Moubin (1983).

A fimsl issuc s whal 13 meani by the reguirement that the equilibrivm
outcomecs of 4 game form be consistert with the social choice correspondence in
guestion. Following Maskin (1977} the notiom of consislency we nse 75 siringent;
for cvery preforence profile the set of cquilibrivm outcomes must cefncide with
the outcomes chosen by the social choice correspondence. What is critical about
this roguirement is thal for every profile aff couilibrium owtcomes must be
clements of the set of socially desirable alternatives.

The problem just described s well posed only after the specification of a
solution concepl. A large varicly have been eomsidered in the Herature: domi-
nant strateey cquilibrium (Gibhurd (1973), Satterthwaite (19730), Nash equilib-
rivm {Maskin (1977}, sophisticated equilibriom (Farquharson {1957 /1969),
Maouldin 19791, subgame perfeet cquilibrium (Moore and Repullo; (1988), Abreu
and Sen (1991)), and “undominated Nash equilibrivm’ (Palfrey and Srivastava
{19913, Our resulis are for Nash cquilibrium, though they have implications Tor
implementation uwsing various rofinements of this classical concept, We com-
ment later on this point, and the relationship between the present paper and
those cited earlier.

The definitive work on Nash implementation is Maskin (1977). He showed
that a condition on social choice correspondences called monctonicity is neces-
sary for Mash implementatiom. Furthermore, inosocictics with at least threc
individuals any social choice correspondence which satisfies monotonicity and
the weak requircment of no vete power 15 Nash mplementable.

Unfortupately monotonicity is not a trivial condition. A resslt due to Muller
and Satterthwaite {1977} and Roberts {19707 {see also Dasgupta, Harmmond,
and Maskin (1979) makes this point rather Torectully. The result s “Tet f bea
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social choice function which satisficy citizen sovercignty (that is, every ouleome
is chosen by the social choice function for some prefercnee profile), whose
domain consists of all sirict preferences and whose range containg at least three
elements. Then £ s monotomic iF and only 6f i is dictatorial ™ See also Sago
(1987 who shows that if the domain of f includes weak orderings and, in
particular, containg a profile in which all agents are indifferent amongst all
altermatives, then f s monotonie if and only it § is constant, While admitting
correspondences and introducing domain restrictions on preferences allows one
o escape the full nihilism of the preceding result {for cxample, the Pareto
correspondence. and in econmmic envirowments, the correspondendc which
selects core allocations, i3 monotonic) a variety of interesting functions and
correspondences are nol implemenlable, BExamples in “wvoling” environments
include both scoring correspondences such as the plarality rule and the Borda
count, and majority rule type correspondences such as the Copeland rule (see
Moulin (1983) for details). In “ceonomic™ covironments the Pareto cficient and
egalitarian equivalent correspondence is, for instanceé, not monotonic. Other
interesting ceonomic examples are provided by Moore and Hepuallo (1938). The
recent literaturc on implementation wsing scfinentents of Nash cquilibrium
{Moore and Repullo (1988), Palfrev and Srivastava (1991), Abreu and Sen
{191} has had as its primary objective enlarging the class of implementable
spgigl choice corrospondences, This paper achicvey the sume poul via a guite
different rowte.

The startimg point of our work s 4 restatement of the implemenLation
problem. In our formulation, the set of social alterpatives is the set of lorreries
over some finite sei of social states. The social choice correspondence maps to
this space of [otlerics, which @ also the space on which individual preferenees
are defined. Thus, the planner is able to randomize, and his ability to do so
plays an important rofe in the game forms we present. In this seiting there s a
natural wiy (o talk about the distance botween social alleroatives, cach social
alternative, or lottery, being associated with a point in the simplex of appropri-
ale dimension, Analogously, there is 2 natral notion of distance between social
choice correspondences: we regard two correspondences & and [ as being
within £ of one another il for all preference profiles # there exists 2 bijeetion
between f{#) and A(#) such that for each element x of f(#} the corresponding
element x' of A{#) is e-close w x. This definition of closeness is atlractive in
that for small =, desived social outoomes ate nearly the same under A as vnder
. We define a social choice correspondence f to be virtafly inplementalle in
Nash cquilibriom il for aff e > 0 there cxists a social cholce correspondence
which is Nash implementable and s-close to f. Our principal departure from
the standard formulation is to require of social choice correspondences only
that they be virtually {as opposed to cxactly) implementabie (in Nash equilib-
rivm).? Matsushima (1988) proposes the same basic formulation. Our work was

“+Social doslsion schomes™ (Ciihhard (L77), which depend on chanee, have a long Distory and
date back to the eacly work of Zeckhawser (1969 and Gibbard (1977), These papers focus on
nommenipulabilily, or woplementation m dominant stralegies, i comlrmast to Lhe Nash perspective of
the present paper. We simess, in addition, our decisive break with the traditicnal preoccuparion with
crgc! unplementarion,
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independent. He used the term e-fmplarmentarion, We prefer virtual implemen-
tation in that it is suggestive and avoids confusion with s-equilibrinem, a quite
distinet idea, Inorecent papers Malsushima has graciously adopled the “virtual®
terminology.

15 virtual implemencation gond enowgh? In our view it emphatically is, in that
desired social goals ¢an be attained with arbittarily lnigh probability, For
simplicity, think of a social choice functfon which maps to degenerade lotteries.
If it is virtually mplementable. then for any £ = U there existy a game form, the
Mash equilibria of which vield, for any preference profile, the desired social
slate with probability at feast {1 - £). Notee that players’ choices are fully
optimal. That is, our definition of Nash cquilibriom 14 the standard one--no
notions of e-rationality are involved, We conclude that virtual implementation
is, in terms of ity substanbive comscquences, indistinguishable from the tradi-
tional requirement of {exact) implementation,

What is the clasy of virtwally implementable social choice correspondenecs?
Fresumptions of “continuity’ would suggest that this class is identical to the
class of social choice correspondences which can be implemented exactly. This
intuition is quite misleading. Indecd we show (under 8 mild domaim resiriction)
that in socicties with at least three individuals, ff social choice correspondences
are virtually implementable, This is true for social choice correspondences
which map from ordinal proference profiles to lotterics, as well as those which
map from cardinal preference profiles to lotteries. Thus, our reformulation
dramatically broadens the scope of Nush implementation, Apain, it iy instroctive
to think abhout social choice functions which map to degenerate lotteries, and
COMPArG OUl pormmissive tesull o the one presenied carlicr for monowonic social
choice functions. There is a “discontinuous™ jomp from only trivial functions
being cxactly implementable {given citizen soversignty, at least three alterna-
tives anod universal domain of stricl preferences) to all funciions being wirtually
s0 {when there are at least throe players)

What 15 the source of this discontinuity? Since monotonicity is, by MMaskin's
{1977} characterization, a necessary condition for cxacl implementation, it
immediately follows that any neighborhood (o terms of the metric defined
carlicr) of an arbitrary social choice correspondence [ must contain a mono-
tonic social choice corrcspondence A, IF proferences over lolterics wore come
pletely unrestricted, there s no reason why this must be so. OF course, it is
naturial 1o reguire thatl these preferences obey cerlain axioms: we assume thag
individual preforences over lotlerics are monotone 0 the sense thit any shilt of
probabilicy weight Mrom a less preferred to a more preferred pure alternative
yiclds a lotiery which 15 preferred. The axiom that preferenees are monotone is,
of course, moch weaker than the independence axiom, and is implied by the
cxpected uolity hypothesis. Given this assumption, any social choice correspon-
dence (defined on strict preference profiles) whose range lies in the imrerfor of
the simplex, must be monotonic; see the discossion following the proof of
Theorem 1. (On the other hand, such a yocial choice correspondence will med
satisty ne rero power, the additional assumption wsed by Maskin in his sutfi-
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ciency proof.) Thus, our results exploit the [reedom permitted by virtnal, as
opposed to cxact, implementation, im comjunclion with the domain restriclions
implicd by the weak axiom that preferonces over lotteries are monotone.”

Wash equilibriom precludes profitable frdividual deviations bat s silent on
the issue of profitable ceaftfonaf devistions. 1t i not obvious how best to
acldress this question, Bernheim, Peleg, and Whinston (1987 argue that the
concept of strong Nash cqutlibriom {Aumann {1959) s in fact too sirong and
oller instead their definition of coalition-proof Nash equilibrivm. An attractive
featwre of our canonical game lorm is that iU virtually mplements any social
chodee funetion (when no pair of plavers has the same ordering over all purc
altermatives) in coalitional-proof Nash equilibrivm also. This is encouraging in
that the coalition-proof requirement is freguently hard Lo salisly. An analogous
resull 14 established for evacr implementation by Bernheim and Whinston
{1987),

Thi general theory of cxact implementation in Nash cquilibrivm as developed
by Maskin, is heavily dependent on sufti-vafved social choice rules or corre-
spondences (recall the resull by Muller and Satterthwaite (1977, cited carlier),
The associated implementing pme forms therefore have medtiple Nash cguilib-
rig for certain preference profiles. This is a source of unease in the context of
the view that Nash equilibrivm as a solution concept loses much of its plausibil-
ity in games with multiple couilibrin.® This issuc hay 4 nice resolution in our
wiork, Under the interpretation that multiple values express a planner’s indif-
ference or “neuvtrality.” a social choice correspondence may be formulated
naturally m our framework as a social choice function which for some profiles
maps to noedegenerare lotteries. TFurthermore, under a weak additional assump-
tion, the canonical implementing game form which we construet has o amigoe
Nayh eguilibrivm for every preference protile when the virtvally implementable
social choice correspondence is actually a flinction.

The results deseribed above apply when there arc many (at least threc)
plavers. Section 4 addresses the problem of virtwal implementation when there
are two-pluyers, This special case is actually rather central; a wide range of
coonomic phenomena are essentially hilateral. From the point of view of Nash
implementation it has been knpwn sinee Maskin®s work that the two-plaver case
is vory different from the many-player case. Maskin-tvpe mechanisms depend
critically on heing able o view a conflicting anoooneement by an imdiviglual
plaver as o devialion fTom a majority snnovncement, This is, of course. not
pussible when there are only two players. Recently Dutta and Sen (1991) and
Moore and Repulla (19H) have provided o complete characterization of cxact
MNash mplementation in the two-person case. We provide a similar result for
virtual implementation. Unlike the many-plaver case, not all iwo-person social

Twe arc ztateful to Auiel Bubinstem who pointed oul thal aur constructioms only used the
assumplion thal preferences aver lotteres were monotone. We did not nse the independence axiom
and expected ndlity. Thanks also to Andreu Mas-Colell and Mike Whinston whose conunents
clarificd the connection betwesn MMaskin's resulls and our own.

We are pratelul @ Tlupe Sonnenschein lor emphasizing this issue.
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chnice funclions arc virtpally implementable. But 45 in the many-player case the
conditions for virtwal implementation are much weaker than those for cxaer
implementation, which are complex and cumbersome. We are aware of no
rosults for wo person mplementation in refinements of Nash cquilibrivm,

Our permissive results for the three or more player case mirror those
oblaingd for implementation wsing refinementy of MNash cguilibrium, They go
bevond the characterizations for subgame perfect implementation of Moore and
Repulle (1988), and following on their work, Abrea and Sen (1990). The
(tighter) necessary conditions of the Iatter, while weak In o cortain cnyvironments,
are certainly nontrivial, In terms of the class of “implementable’™ social choice
correspondences our tesults are closest to those of Palfroy and Srivastava (1991)
for implementation in “undominated Nash eguilibrimn’ A drawback of the
pame forms which Pulfrey and Srivastava constroct is thal for certain stralegy
combinations of other plavers, the remaining plaver may be whable to play an
undominated best response, because any best response x, i5 dominated by
another best response x, _,; tin his infinite strategy sct). We feel that such
mechod of eliminating equilibria {*rail chasing"”) is unatiractive in that the game
torm is Tundamentally incompatible with the solution concept being advocated.
This is akin to insisting that an indixidual fully optimize and then confronting
him with a noncompact and /or discontinuoos choice problem. See Jackson
{1989 for, among other things, an claboration of this point of view

Our analvsis may be viewed as being preferable to the contributions discussed
abive in the following sense also. The perfection approach relies heavily on
players behaving with the ergct degree of “perfection™ reguired under the
solution concepl in guestion, 50 that game forms which fully implement a social
cholee correspondence for o partewlar refimement, need not de so Tor amother.
An attractive feature of our work, in this respect, is that the mechanism may be
adupted s0 that in all equilibria a player's equilibrium strategy is a siricd best
response. Such Nash cguilibria are “perfeet™ by all the definitions suppested to
date, including the various definitions of “stability™ proposed by Kohlberg and
Mertens (19860 Thus our game forms work for nalve Nash plavers and equally
for very “perfect”™ ones.

We remark that oo constractions are rather simple, and m this dimension
compare favorably with the quite involved canomical mechanisms of Moore and
Repulle {1988), and the even more elaborate general constructions of Palfrey
angd Srivastava (19910

The overlap of our work with Matsushima (1988 is primarily in part of
Section 3. He does not discuss issues of perfection or coalitional deviations.

4 Palfrey and Srivastava, however, show that their general constroction can be greatly simplified
and “tail-chasing’ avoided if there is @ “holocaust™ ourcome, that is, an outcome which is "bad™ tor
all players simullaneously, This cesolulion is problematic io that it violates the credesy notions of
remegoeiation-proafress that one might impese. While most af the iterature on implementation does
oot address the rencgotiation issue ditectly, construcons which rely crucislly on s uniformly worst
culerne wauld appear to be puticularly fragile. Sce Maskin and Moore (1984) for the tirst gongrai
Lreatoenl of mplementation with renegotiation.
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MNeither does he address the two-plaver case, cardinal social choice correspon-
dences or a continuum of allernatives. On the other hand, his mechanisms are
informalionally “cficicnt™ in that each player announces only his own profer-
ences and that of his two “neighbors.” In this respect his work is similar to that
of Baifo (1988) who develops such sparse mechanisms [or exacl Nush implemen-
tation. Saijo credits Hurwicz (1979) and Walker (1981) with first using “cyclic”
announcements of the sort that he docs.

This paper v organized s follows, Afler developing some basle notation in
Section 2, we present our analysis of the many-player case In Section 3.
Subscetions 3.2 amd 3.3 diseuss how owr rosules can be extended 1o stmicl MNash
equilibrivm and coalition-proof Nash equilibrium respectively, Section 4 covers
the two-plaver case. Sections 3 and 4 assume that the social choiee correspon-
dence is ordinal, Scclion 5 provides analogous results for cardimal social choice
correspondences. The preceding sections assume that the set of alterpatives is
fmile. Scetion & cxtends the analysis 1o the case where this sel is an arbitrary
subset of a scparable metric space. Scction 7 concludes.,

2 PRELIMIN ALRIES

Tet A denote the set of social states which for convenience we take to be a
finite, K-element set. Let 27 be the set of lotteries over elements of 4. We
identify  with the (K — 1) dimensional simplex 4%, x={x,,.... xplEL
representing the lottery in which the social state o, occurs with probability x.
Lee f=141,..., N} denole the set of mdividuals, The sel of admissible® prefer-
ence profiles over 4 and 2 are denoted & and I, respectively. For every
# =& and j=J4, RUH) represents individual j's preference ordering over A.
The corresponding strict preference and indifference relations are £(8) and
Ij(ﬁ'}. For any preference profile y over elements of .+ and j €7, the relations
RiAy), PUy), and F{y) are simiturly defined,

The preference profile y €' over elements of =7 is said to be consistent with
the profile # € @ over clements of A if for all j €7 the restriction of R0y) W
elements of A is R(#). For given # € @ the set of all such consistent profiles is
denoted X(8). Comversely, for any ¥ = there cxists a unigue element of &
with which I’ is consistent, Denote this element a(y) In the preceding
definitions and bclow, we frecly identily clements of A with 4 degenerate
lottery which vields that element with probability 1.

1. ORDINAL INFORMATION

This seelion considers social choice correspondences (SCC's) which map from
the set of preference profiles over 4. An alternative is o regard the domain as
being the sl of preference profiles over 27, the space of lotteries. This is
explored in the next section. We start with the ordinal model ecause this is the

A ; ; 3
"MWote thal @ and T oare mil necessarily the set of ull possihle prodifes and in general may
embunly domain restrictions,
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casc most freguently considered in the litcrature, oven In scttings such as
Gibbard {1977} in which the SCC maps to lotteries. Apart from tradition, the
ordinal model has special claims to our attention in that the informational
roquircments of the cardingl sctting may be judeged to be too demanding. We
proceed to details.

First somue dehinitions, An (ordinal) SCC § associates & nonempty set f(8) 2
with every # € 0, A game form G is an (N + 1-tuple (5, ..., 8™ g) where 57 is
the strategy st (or message space) of individual jand g is the owteome Tunetion
g: Stw .. %5 = A pame form 7 together with a prefercnce profile y €1
on [otteries defines the game (G, ¥\

While the standard definition of a game cntails players’ cordimel preferences
being conumnon knowlcdge, the planoer’s objectives as formulated in this section
{Lthat is, as a mapping from ordinal preferences 10 owlcomes) make most scnse
when players have access only to ording? information ahowt other players. The
implementation problem is then to design game forms which players can analyze
completely vsing ordinal information alone. The next definition tormalizes this
requirement. Let §=8'x ... x §%

Demvirion: The game form & 18 ording? if for all 88, s =85 and
v, SEX(A), 5 is a Nash equilibrium of (7, ) il and only il it is a Nash
equilibrivm of {7, 8,

For the remainder of this section, we confine attention to ordinal game forms G,

We denote by NE(G,#3={g{s)ls is a Nash equilibrium of (v} for all
¥ 2(60 the sct of Mash cquilibria of the ordinal game form ¢ under the
ordinal prefercnce profile # = @, The qualification “ordinal’” when applying to
garme forms will typically be suppressed for the remainder of this section.

Toy simplily the cxposition we assume that individual preferences over alierna-
tives in A arc sticr. This Is 4 domain restriction on €. Its simplidying role is
explained briefly following the proof of Theorem 1. We will also assume that
preferences over lotterics are moncotone in the sense that shifts in probability
mass from less preferred to strictly preferred alternatives in 4 wield z lottery
which is sirictly preferred. More precisely, for any y< 7T let 8 =
er{¥). Forany j £J let p: M — M be g permutation of M ={1,..., K} such that
@iy P01 for all k=1,...,K—1. Then for any lotteries x=
(o oagd =y . pg) =y such that EP e, = EF vp. m=
1, ..., K, xPiy )y, OF course, iF individual preferences over lotteries are repre-
sentable by von Neumann-Morgenstern utility functions they will satisfy the
rather weak requirernent of monotomicity. To avold trivia] gualificationy we will
also assume that for all preference profiles there exists sowne pair of individuals
who differ in their ranking over serse pair of pure alternatives, These domain
restrictions should be understood below, They arc made only for convenience;
see Abren and Sen (1987) for a more general treatment which allows indiffer-
ence and the very strong form of unanimity excloded here.
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We remark that there is no reguirement that f omap o nondegenerate
lotteries. Such truly mixcd outcomes may be vicwed as having fittle basiy in a
setting in which a planner’s choices depend only on ordinal information. We
note, thowgh, that lotlerics may be guite natural in silwations of, for instance,
perfect symmuetry of preferences over some sct of alternatives, or, as remarked
in the introduction, when the planner is indifferent amongst a number of
altcrnatives, which s prosumably the motivatiom for multi-valued socal choice
rules.

DermnTion: The social choice cortespondence | is (exactly) implementahble
in Nash equilibrium if there exists a game form G such that NE((G, 8) = (&) for
ll 9= @,

Let plx, ¥ denote the Euclidean distanee between any pair ol lotteries.

Deears: The social choice correspondences § and #f are e-close if for all
# =& there exists a bijection v, f{#) — A& such that plx, 7 (x)} <& for all
r=f{d)

DerixiTion: The social choice correspondence s virtually implementable
in Wash eguilibrium if for all # = 0 there exists a social choice correspondence &
which is {exactly) implementable in Nash equilibrium and s-close wn [

3.1. The Theorene

The prood of Theorem 1 bears a family resemblance to that of Maskin (1977),
clements of which have since become guite standard in the (Mash and its
refinements} implementation literature. There are two basic ideas. The first is
that players announce proference prafifes, a profile announced by any N~ 1 of
themt being taken to be a “reference™ profile. The second s to trigger an
“unwinnable” competition to be dictator when nonunanimous anmouncements
are made.

Treores 1. Let N =3 Then any social choice correspondence fis pirtually
implementable in Nash equilibrivem.

Proor: For all #, ¢ €@ such that & # ¢ define &, ¢)=J, and
oA, o), blé_ m)e A such that (@, ) PARIBH, ) and BB, @) P{edal#, @), where
F=##, ). Abusing notation, we will not distinguish between a pure alternative
and the lottery which yields that alternative with probability 1. Denote by & the
completely mixed lottery which gives equal weight to all alternatives in 1, We
now describe the canonical game form ¢ used to virtually implement f

Fach player simultancously announces a triplet (8, x,, n ) (@ x A* 1w Z )
consisting of a preference profile #', a lottery x, and a nonnegative integer #,.
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Consider arbitrary >0, and let 1 =min{{e/2),1}. The outcome function
{corresponding to &) is defined below.
If (& — 1) plavers announce the same ¢ and x € {8} the oulcome s

L{x,0) = (] - 2n)x + 29k

unless the remaining agent § announces @ = 8 and 1 =708, &) In this case the
outcome is

L(x.8,9) = (1= 2n)x+2n%+ 2 [6(8,6) —a(6,0)].

In all other cases the owteome is

: s :
LA™ = (1—20)a,,,+ nx + = (01, — Gpeiy) + 1 E“k"’pm
%

where
K+1-k
Elrk = —T
1+2+...+K
pM—Misa pt,rmuLalmn of M «{1,..., K} such that a . . P"(6")a,, . for
all k=1,..., LK -1, and it =miniiln, =5, for all j <.} That is, the game fprm

chooses the most preferred permutation functlun {according to his announced
preferences and subjeet Lo the form of the lottery above} of the plaver (with the
lowest index) who announces the highest intcger.

Motice that the game form is well defined in the sense that for all strategy
profiles alternatives are assigned nonnegative probabilities which sum @ onc.
NMomhegative probabilities are guaranteed by the torm 7%, and this s preciscly
the point at which the notion of piruel implementation is being uscd.

We now arguc that the game form 7 desctibed above implements a social
choice correspondence which is s-close 1o f. Let the true preference profile be
&, and consider x €f(¢). Then all players announcing (i, x, 0} is a Nash
equilibrivm of 7, since a deviating player either does not affect the outcome or
obtains the lottery L{x, o, @) which 15, given monotone preferences, dominated
for him (given that ¢ is true} by the nondeviation outcome L{x, ). Hence for
any x € f{yr) there exists z={1 —2n)x + 2nx & NE({, w) such that

' K 5 i A2
plx,2) 5_211[ - } se,
whete p denotes Euclidean distance. To complete the proof we show that in all
ciuilibria players must announce « and the same x = f(). We need to
consider three kinds of candidate equilibria.

Case I: All players annovnce the same & = and x=f#) (and some
nonnegative integers). These anmouncements are not consistent with equilib-
rium in that player j(#,4) may profitably deviale by anmouncing (f, x,00,
therchy obtaining the lottery L0x, #, 4} which is preferred to L{x, 8}

Case 2: {N — 1) players armounce the same &, & = f(#) and the remaining
player i announces (o, ¥} (7, x). But any A »{ can now deviate by announcing
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G, z7 &, ¥, and A, - Zonp 11, thereby obtaining LR, his strictly most pre-
ferred outcorme in Lhe r.mgl_ of the vuteome function.

Case 3: A candidate equilibrium with outcome of the form £, wilh some
plaver f winning the integer game. But by our domain restriction there exists at
least one player j = & who would strictly prefer LAw) 1o L") and can obtain
the former by announcing 7, =1, + 1.

It 15 now clear that €7 is an ordinal zame form. Since & was athitrary the
prool is therelore complete, [ )

The assumption of strict preferences is the only substantial restriction we
make. It guarantees that if 0 2 ¢ there exist a plaver and a pair of altcrmatives
ower which his prelerences wrictly switch. When indifference is permitted it is
possible thut 8 = ¢ and «R(8)5 implics aRelh for all a b A and fo ot The
only change involves strict preference being weakenad to indifference. In such a
sitnation our proof dogs nol work. Indeed a necessary condition for virtual
implementation is that [ satisfy the reversad properry according to which
fle) < i when 8 and ¢ are as described above. See Abreu and Sen (1987) for
turther details and also a diseossion of the extremely Lrivial unanimity condition
mposed here.

We indicated in the introduction that any socinl choice correspordence A
which maps o the inferior of the simplex, must be monotonic, given the domain
restrictions faplied by owr aesumption thet indicidualy haoe monotone preferences
over lofieries.” Any neighborhood of an arbitrary social choice correspondence f
containg such a social choice correspondence A This is the essential connection
botween Muskin's results and our own, Note, however, that Muskin's sulliciency
theorem for exact implementation in Nash equilibrivm conmor be mvoked to
csliblish an analogous result for virtual implementation in Nash equilibriom.
The reazon is that his prool uses the o oere power condition, which cannot be
satisfied by a social choice correspondence A which maps only to completely
mixcel lotterics, In the setting of the presenl paper, no veto power is 4 much
stronger condition than needed. It is replaced by the trivial domeain restriction
gecording e which not gl individuals bgve the same tanking over alf alterna-
tives,

32, Perfect Epulibrinm

The game form may be easily adapted so that all equilibria are stvict i Lhe
sense that each player’s equilibrinm strategy is a strict best response to the
strategics of other playvers, Strict Nush cquilibria are, of course, robust to all

Tl soe this congidor &, el A S oand xCAA)L Since # =@ there exisls an individoal foand
altcrnatives oo b such that P8 and &P9e)s. Since v is complotely mived y=x Fa&lE gk is
imndeed a kilery {3 =M [or smull enough &, By (he assumption of monotonc preferenses over
futteries, xM'CH)w and wb tcp}r and 2 satisiies the monclosicity cowdition, Recall (hat a social
choios cormespondenes i is nuwmotonice iF for all A, pC & and e e ) there exisls an
individual [ and a lettery (owteoma) ¥ such thar A (diy and yPiade.
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manner of “irembles,” and are therefore ““perlfect” in a very strong sensc. Our
busic game form thus implements in Nash cguilibrium, as well as in any of a
ranges of refinements of Nash equilibrivm.

The proof of Theorem 1 establishes that all cquilibrig of () involve
unanimous announcements of & and x € fF). We may alter the mechanisin so
that when all players announce (i, x, 0} the announcement (b, x (0} is a4 strict
best response, To do so we necd only punish o deviating plaver who announces
(.2, i, #= {0 by increasing the weight of his least preferred alternative and
reducing the weight of his best alternative (according o #(ar)) by a correspond-
ing amount, ¥ more than one player announces n, = 0. the playver to be
punished may be picked at random. We leave the details, which are straightfor-
ward, to the reader.

33 Coalitional-Proof Nash Fouilibrinm

Nash cquililirium guarantees that behavior is self-enflorcing in the scnsc that
1o individual has an incentive to deviate from proposed behavior given that all
the remaining individuals conform with the proposed equilibrium. 1t leaves open
the possibility that coalitions of individuals might [ind it profitable to deviate
holding fixed the behavior of the complementary coalition. It is not obvious
what coalitional deviations should be viewed as being admissible. The concept
of strong Nashe equilibrium (Auamanmm (1939)) admits any coalitiona] deviation
which makes all members of the coalition strictly better off than in the proposed
eyuilibrium {holding fived the behavior of all players oulside the coalition).
Bernheim, Peleg, and Whinston (1987) arguc persuasively that permitting all
such coalitional deviations is far too perinissive. They propose that allowable
coalitional deviations must themselves be sell-enlorcing in the sense of being
immune to sclf-enforving deviations by subeoalitions of the original deviating
coalition. They formalize these requircments in a concept called coafition-proof
Nesh eqeifibrivm, the reader is relerred to their paper for further details and
miotivitiom.

A coalition-proof Nash equilibrium (CPNE)} is recursively defined. In a
two-player game a CPNU is any {weakly) Pareto efficient Nash cquilibriunt.® In
a threc-plaver game a Nash cguilibrivm iy coulition-proof if it is 1 Parcto
efficient WNash equilibrivm and if no pair of plavers can deviate profitably to a
CPNE of the two-player game obtained by fixing the action of the remaining
plaver at its cguilibriom level Inoan Neplayer pame o Parcto clficient Nash
equilibrivm 18 coalition-proof it no strict subset of plavers 8§ can profitably
deviate to a CPNE of the 18] player game obtained by holding fixed the actions
of the remaining players at their eguilibrium level,

The definitions of “implementation in CPNE" and “virtwal implementation
in CPNE™ arc obwious analogs of the corresponding definitions for Mash
equilibrium. They arc left to the reader, It turns out that the pame form used in

¥ Thar is a Nash cquilibrivm which is not Pareto dominared by another Nash equilibrivm.



Y¥IRITAL IMPLEMENTATRIN 1000

the proof of Theorem | virtwally implemrents any social choice  function in
{PNE when we make the mild domain restriction that no two playvers have
identical strong orderings over all pure alternatives. Let @* ={8| for all 7/, j = 1.
1, PUgy=PIeN.

Tiworem 20 fet W2 3 and @ C &7 Then any social choice function 1 8 — 2
is vireually inplementable in coaliion-proof Nash equilibrive.

Proor: Consider the game [orm deseribed in the proof of Theaorem 1, and let
the true profile be . As argued in the carlier proot all Nash equilibria imvolve
unanimous announcements (f, o B {and possibly varying integers n;). Thus for
all we& the game form yields & wnigue Nash cguilibriom  outcome
{1 — 29 flh) + 25X, Since any CI'NE must be a Nash equilibrium, to complete
the proof it suffices w exhibit a CPNE. We show that all players anmouncing
Ui, FLe ) 0 is indeed a CPNE. First note that the latter is trivially a Parcto
efficient Mash equilibrivm. Since it is a Nash equilibrium, single player devia-
tions are nnt profitable either. Let us now consider deviations by coalitions §
whete & — 1 = 18] 2= 2 Such a deviation will vicld o lottery of the form L0 f{8), 8)
(we abstract from the case of a trivial deviation which viclds L4 f{g) &) or
ECfCo 0, Y or L), &, 0) for some 0 = o, or L¥0") for some & and £%, In
all these cases any moember of the coalition § £ 5 (we also regquire £ 4 in the
last case) can deviate by announcing «, some z and A where A° exceeds all
other integer announcements, thereby obtaining his strictly most preferred
lottery (in the ramee of the outcome function) 23¢), Thus there exists ne
coalitional deviation which is a CPNE of the “remainder game,” and the proof
is complete.” 0Q.£.D.

Bernheim and Whinston (1987) provide an analogous theorem for exact
implementation. Their result requires that § be monotonic and Parcto cfficient.
These assumptions on § may be dispenscd with for virtual implementation. In
addition they make the domain restriction that no pair of players has the same
top-ranked altcrnative, whercas we only need o assume that players differ in
their ranking over some pair of alternatives, Their result iy for social choice
correcspondences, ours for social choice [unctions. Since we allow arbitrary
tunctions, this does not seem an important dillerence. ‘The reader may confirm
that our result may be extended to correspondences which are "neutral™ in the
sense that for any 8 © & no two distinct elements in f{#) are Pareto compara-
ble in terms of the preference profile x. Neulrality in this scnse s, of course,
weaker than Pareto efficiency. Given the variety of principal-agent problems
implementation theory embraces, the assumplion of Pareto efficiency (relative
only o agend preferences) is ot iNDOCUOWS.

a a . =
The reader may have aoticed that we could have players simphy announce (F'n ) S@ = £
mslend of (9, x 0 1= o7 Z L This simplification is possible sinee s assuned here to he &
function. We thought it hest o carmy a Hiele extra bapgase, rather Chass 1o delioe & siesw gams fonm.
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4. TWIE PLAYEIRS

This section provides a complete characterization of fwe-person social cholee
functions which gre virtually implementable im Nash equilibrium. A separate
treatment is necessary because the constructions of the previous sectinns
depend in oun essential way on the assumplion that the number of players s at
least three, In such an environment if (& — 1) plavers announce the same
profile @, then # can be taken to be a “reference™ profile, and the mechanism
cunl treat o confliching announcement by the remaining pluyer as o devistion
from the reference profile 8. In 4 two-person setting, of course, either plaver is
the remaining player, and conllicting announcements are synmetric. The Lreal-
ment of the twoeperson problem is therefore rather different and, in fact,
soinewhat more complicated.

The two-person implementation problem & importanl. A varety of ceonomic
phenomena are basically bilateral, and this is even more true of economic
mordels. Moreover, 48 Moore and Repullo (1990) have emphasized the two-per-
o case 5 central in a contractusl setting: in the context of contractual
imoompleteness, optimal eontracts may well embody mechanisms which depend
OT messurey sent by symmetrically informed partics.

We shall restrict attention to ordinal social cholce correspondences and retain
the motation and assumptions {individuals have strict preforences over pure
alternitives, monotone proferenees over lotterics, and Tor no profile do all
individuals have the same ranking over all alternatives) of the previous section.
W will continue o require that the mplementing pame form be ordinal. Some
additional notation is useful. For any j €/, x s und A= @, let Wij, x, 8=
Iy = xRy )y for all y = Z(0)) be the set of lotteries which, giver monotone
preferences, are weakly dominated by x, for individual j, under preferences 4.

The follwing nontrivial eondition is ceotral 1o the theory of twosperson
implementution. It is one of maeny necessary conditions for exact implementa-
Lon {see Dutta and Sen (1991) and Moore and Repullo (19903 it is both
neccssary and suficient for vireal implementation.

Depvrreon; The (mwo-persom) social choice correspondence f osatislies the
{lower contour set) intersecrion property if for all 8, =8, and », v = such
that x e fl8) amd ¥ = fle), WL y.ehr W2 2, 0+ &

Lot exact two person implementation the necessity of this condition is
abwious. Fix the implementing game form € and consider the maltix represen-
tation below where player 1 is row and player 2 column:

50 8) w4 v @)
-5'||:.3';[].:! & z

sy, o) z ¥ ¢ . : . {7
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Suppuose the strategy combination s(x, #) is a Nash equilibrium of (G,#) and
s{y, ¢} an equilibrivm of {G. e} Let g be the opteome functiom. Then =
ele e, 0), 5,0y, ¢ € W2, &, #) since column may deviate to 5.{ v, ¢} when row
plays ,(x, #). Converscly, since s{y, p) s an equilibrium, and row may deviate
to sx, 83 it follows that z.= W01, v @) By considering a sequence of imple-
menting game forms we show that this property is a nmecessary condition for
virtusl implementation also,

Tovores 3 ff the two-person 5CC [ iv viruadly dwmpdementable in Nuash
equilibrinem, then it satisfies the Difersection property.

Prow: Fix A, e @ and let x, vy = be such ithat x = f{#) and v =f{wk
Since f iz virtually implementable there exists a game form 7" and {:utu]mm
"y e o with plx®, x) <{1/r), p{3", v}=(1/n} x"=NE(G", 8) and ¥
NECG® ) for all positive integers a0 Let «%(x". 8) and s™(»", o} denme,
tespectively, the Nash equilibrivm profiles under @ and ¢ such  that
g 80 =" and gz y", 0N =1" Let " e_# denote the outcome
g {sHxm 8), 55(%" ). Observe that player 1 can obtain z® by deviating
unilaterally from «®(p* @) and that player 2 can obtain z" by dewvialing
unilaterally from s"{x" &) It follows from the defnition of s*(x™ &) and
s @) and the assumption that % is ordinal, that "= Wil " @in
W2, x®, 8). We now prove the result by tuking appropriate Emils.

let p.g be permutations of {1 ... K} such that a,P'(e)a,, 5 and

&y P {H}“-ﬂk cp lorall k=1, -1 Sinee 27 e WL, v wdm W2, " 0)it
follows that L7 ¥, = Hk-]zﬂm and X3 a0, B ERo zhe for all m=<
1,.... K. Assume w.Lo.g. that =7 converges to some 2z .27 Of course, ¥ —x
und _v" vy But then TPy, 2 Do 2,0, and LY x 0= BV 2,0, That
5, 2= WL, ¥, o} W02, x,8), 5o that WL, ¥, @) 0 W02, x, #8)+ 67, as required.

QED

Forany # =@, e A, and j 7, let W(j, a,0)={b £A| = bP/()a) be the set
of (purc) altcrnatives which ate not strictly better than o, according o PA#). If
x and ¥ are degenerate lotteries which vield the pure altermatives & and £
respectively, then it may be directly checked that WL, v, @) W2, 6,0 = &
implies that there exists an alternative ¢ €A such that APYe)e and ab?(8)c.
That is, B, b, &) (2, a8+ @. Thus we have the following corollary to
Theorem 2.

CoroLLary: Ler [ be g mo-person SCC witich maps oy to subsers of
degenerate loveries veer A, If [0 virtually implementable, then for all 8, =0,
a = flAY, and b= fle), WL bog)n W2 a 8)=

Fexark: Let [ be a selection from a social cholce correspondence /. That is
AR RR) und FlA) =T Jor a1l # 2@ I is obviouy that il & osatisfics the
intersection property, then so does f. Theorem 4 establishes that if a social
choice funecifon [ satisfies the intersection property, then it is virtually imple-
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mentable. We da not have a sufliciency result Tor social choice correspondences,
This is not 3 drawback given the standard intorpretation of a social choice
correspondence as a mapping to outcomes which are egually desirable for the
moechunism designer, and the Tacl that the necessary condition for wirtual
implementation is inherited by subcorrespondences. It is instructive to compare
this foature of the inlersecuon property with monolonicity. Sclections tom o
monotonic correspondence are not necessarily monotonic; this in part explains
why correspondences have appeared so prominently in the theory of MNash
implementation.

Toomkna 42 Lef [ he a ivo-person social choive function witich satisfies the
intersection property, Then Fiv virtually implementable in Nash equilibrivm.

Proos: For any ordered paic of profiles (#187) ler {8', 8%) {la b)e
A|al (8, i #j1. Notice that Q(8', 0"} =2 implies that the preferences of
plaver 1 under 87 are cxactly opposed Lo those of player 2 ander 84 1 follows
that #' =6 and (0,8 =008%,8% =2, together imply 68', 9% = @,
(A%, 8') = (8%, 8% — G0, 8%y =& together imply PYe')}=PY#%) and
PY'y=P2$2). That is, 81 =80 It Q8. 89)=@, let (@l 87). 687, 67
denote some element of CHa', 82).

The proof is constructive. In the canonical game form, each player simultane-
ously announces # quintuplet (8% a. alf), M) n e (@ < (L1} X 442 Z Y con-
sisting of 2 preference profile ¢, nonnegative integers ee;. f, and altermatives
al i), (7} drygwn from the indicaled sets. For arbitrury £ > 0O let

. J‘h |
= Thn it
K 122
The ouleome Tuncliiomn s defined below.
If o, =, =0and #'=0-=#8:

{1 —2m)f(8) + 293 + %;(a{a__a} - b(8,8))

if Q(0.0) = 2,
(1-29)/(8) +29%  otherwise;

L(ft#?) =

if 0, =w.=0and d'=#%

(1= 20)w + 205 + = (b(8',6%) - a( 8, 62))
L2y =
L{H !H :I_ Tt Q{ﬂl,ﬁ]}=Q[ﬁ'z,ﬂz}=@,
| (1-27)w+2nE  otherwise,

where w e WL, £(05062) 7 W2, £18'),#") which iy nonempty by assumption,
and we use the facts noted above, that (9", 87} = @ if §' == ¢7 and XK', 00 =
LR, 07 = 2.
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Thus_L{ﬁ‘,ﬂ:} as specificd shove 1y the ouleome when ) =, in the 1o
cases ' =487 and ' = #°,
I &, =1 and w, =10, the outcome is L{#', §7) unless a(1), (1) satisfy

(i} a VP BB or

(ii) a1y =066, Bl =a(8%0%). when @' =g
and a5, 0%+ 2, or

{ iii) a(1) ~b(8',8%),  P(1)=a(e'0?), when 0'=@’
ahd 8.8 =Q(8%.8%) =,

in which case the owtcome is

:_[31,92}+;E(h(1} #{1}).

The case a =0, a, - 1 is defined symmetrically.

If w, =w,=1we arc in the “integer game,” the outcome being £4(8") where
#=1,if n, =n, and & =2 otherwise, and L*(8") is as defined in the proof of
Theorem 1. The rest of the argument follows the same pattern as the latter
prowd; amed wae leave detasls to the reader.

Let the true preference profile be . Then inspection of the game form
clarifics that any strategy profile in which players’ announcements satisfy §' = ¢°
= oand a'=a?={, {s an cquilibriuvm profile with assoctated outeome
{1 — 29 f{y + 29, which is, of course, =-close to f(i).

It is also casy to see that there is no equilibrium with o, =, =0 and
8' = 8% = & In this case either P'(¢) = PUA Y or P2E) = PAAY). In the Tarmer
case player 1 can profitably deviate by announcing (@', 1, a¥1), 6120
where @(DPNADL' (D) and B{DPWa(1). This deviation adds the term
{,/2KXb%1) — a'{1)) to the lotrery he would otherwise obtain {see (i) n the
deseription of the quteome function above) and 18 therefore profitable. A similar
deviation is available to player 2 if P3(y) = P27,

Ag hefore there is no cyguilthriom with e, = @, — 1, sinee either player can
win the integer game, given the other player’s x,. and has a strict incentive to do
so. If &y =1 and a,=1{}, player 2 will be strictly better off bv playing
(g, 1, @y @, m; + 10, and symmoetrically for the case o, = tand @, = 1.

The only remaining possibility is o, =, =0 and 6' = 0% If P'(y}= P},
then player 1 can deviate profitably as in the earlier discussion of the case
w,=a, =0 and #'=02= . Similatly for player 2 if P = FA8'). Now
suppose P = PIB%Y and PLEY = PHaY). If (A%, 6%) # &, then plaver 1
cun profitably deviate by announcing (81,1, 5(82, 8%}, a(#2, 82), 00, therehy adding
the term (% /2 K Xa(67, 6%} — (8", 7)) to the lottery he would otherwise obtain
(see (i) in the deseription of the outcome function abovel. A symmetric
argument applies to player 2 when (8',8') + &, Finally suppose ((8',8')=
(82, 8%) = . Then since #' # #%, it follows that Q{6 #%) = &, Now player 1
can profitably deviate by announcing (81,1, A(8", 821, a(#*, §2), () which adds the
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term {5 /2K Xal0', 07)— (0", #7)) to the lottery he would otherwise obtain (see
{iiil in the deseription of the game-Torm ahove).
Hence in all equilibria 8' =87 =4 and o, =a, =10, (.ED,

The intersection property is much weaker than the sufficient conditions for
cxact implementation in two-person environments. Necessary and  sofficient
conditions for cxact implementation in the two-person case were discovered
independently by Dutta and Sen (1991} and Moore and Repullo {1994, We
state this condition below (called Condition 2 in Dutla-Sen and Condition p2
in Moore-Repulle) and compare it with the intersection property, These papers
work within the traditional deterministic framework and the definition below
gpplics Lo social chodee correspondences which map to sews of pure allernatives.

Dernrtion: The social choice correspondence F osatishies Condigen 3 (o1
Condition 211l for all profiles 8 & 8. o € f(#), and j & {1, 2}, there cxists a sct
Clj, e, 0) C W, 4,8 with the following properties:

i. For all ¢ =@ and b = fe)k {a) O, a, N CUL b, @) = & (i = 1) (b) there
exists e =€(j, a, AN A @) (i) such that for ull @, (1 a.81C
Wi, e, 0 and CG, B, &)} C W, e, d)] implies that e = Fli),

ii. Kor all @@, o & (@) implies that there exists an individual ; and an
alternative f =4 such that A e (o 8and b & W, a &) .

iil, For all ¢ €®, if e € Clf, g.8) 15 such thut C{f. a,8) 2 Wi e o) and
AW e ) li#i) then e & flg) .

. For all ¢ =8, if ¢ is such that A CW{j e, ¢), j= 1.2, then e = flg).

The mtersection property is implied by (1Xa) of Condition 3. Virtual imple-
mentation therefore allows us to do without parts (0¢b), (if), (iii}, and (iv), Of
these, part {11} s Maskin monotonicity and it is perhaps not surprising that it is
now no longer necessary, in view of our resulty in the many-person {8 2 3 cuse.
An attractive aspect of virtual implementation is that it drops monotonicity {of
F1 und alse dispenses with the cumbersome and less easily interpretable parts
{i¥b) and (i)

The intersection property has another significant advantage over Condition f.
A major practical dilficulty in verifying whether a social choice correspondence
satisfies Condition 3 15 that the (- ) sets may be strict subsets of the appropri-
ate (- ) sets. For any given (/, . #} the set Wi j, 7, #) is unigue; however, there
may be several candidate O(j, o, 8) sets. Since the C0-) sets have to be
constructed for all {4, 2, #) checking for Condition £ is often a tedious and
complicated exercise. On the other hand, the nonemptiness condition, lw
focusing only on the W{-J sets, avoids this difficulty completely,

We noted in the Intreduction a result due to Muller and Satterthwaite (1977)
and Roberts {1979) according to which a social choice function defined over a
universs]l domain of strict preferences was monotonic if and only i it was
dictatorial. This result s Independent of the number of plavers and has
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damaging implications for two-person settings since monotoniclty IS a NCCossary
condition for cxuct implementation in Nash equilibeivm also. In fact, in this
sctting, o negative rosult is wvadllable for feo-person social choice correspon-
dences also. This result was proved by Hurwiczr and Schineidler (1978} and
Maskin (19777 {see also Moore and Repullo {19007,

erisiion: A social choice correspondence [0 89 — 4 5 Pareto gfficient if
for all @ € @ there does not cxist =1 such that APAIFE) tor all j= /.

TaeoreM (Hurwicz-Schmeidler (1978), Maskin (19770 A two-person Pareto
efficient sociaf choice correspondence f defined on an vnresivicted dommain of strong
arderings iy Naslh implermentable if and only if it & divéiatorial.

This result strongly suggests that cxaet inpleomentatiom iy very demuanding, al
least in the absence of domain restrictions. Such a resull % no longer true For
virtual implementation:; the intersection property is much weaker than the
necessary and sellicienl conditions for exact implementation.

While the interscetion proporty s simple and casily stated il s by no means
trivinl and it is not hard to specify social choice correspeondences which vig-
late it.

Exawere: There are three alternatives {o, b, ¢} and two profiles £, o

8 @
1 2 1 2
a o h a
f b N €
o i a b
and
fléd=c fley="h.

Then WL, e, 830 W2, b, ¢) = @ in violation of the interseetion property. “The
SCF of this example satisfies monotonicity, so that this example also demon-
strates thal monotonicity does not imgly the intersectinn property.

This sort of example can be generalized. Let f7 bhe the social choice
correspondence which sclects cach player’y toperanked altermative. That s,
Frey={alaPi0b for all b=A{al,i =12} Then we have the following
result,
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Proeosrios: Led [ be wn SCC defined on an nneestricted domain of sivict
preferences and suppose that [18) Cf(8) for afl 8. Awume that |A| 2 3. then [
i virtnally implementable if and only if it @5 dictararal,

Proor See Appendixn

The next example demonstrates that the intersection property can easily be
satislicd whon monotonicity Fails.

Examrir: There are two profiles 8, ¢ and four alternatives:

& i
1 2 1 2
it b i i
b i b i
L [ Z ol
z z € £
fl=ua Fe)=h

Clearly £ is not momatanic and the reader may casily check that Lhe interscetion
property 15 satistied.

More pencerally, when might we expect the intersection property to hold? One
simple case is when there i some bad outeome 7 which is worst for a1l playery
and across all preference profiles, This assumption of a holocawst outcome is
s helplul o Lthe exact implementation context and has been invoked there by
Moore-RBepulla (1990). This sort of domain restriction may, of course, he
refined: what we need arc outeomes whichh are “bad” (not necessindly worst) for
bolh players relative to the range of [ In a variety of natural examples the
latter may well be a smnall subsct of A This kind of domain testrichHon does not
secm particularly strong given that “money’ can be transferred by both players
t¢ un uminformed (in the informed case we would be in the completely
permissive world of many-player (% 2 33 virtual implementation) furd party,

An alternative route to guaranteeing the intersection property is to make
restrictions om . One reasonable condition which works s Lthat players be
allowed to “veto” a large enough number of their least preferred altermatives,
Specifically let &), &, be nonnegative integers such that £, +A, =14/ - 1=K
— 1. Assume that § maps to degencrate latterics. Then it follows almost
immedialely that if for both players, and all ¢ = &, {0} does not contain any of
pliayer i k&, least preferred alternatives aceording W P(#), then [ satisfics the
intersection property,

Lot HAA. &) be defined by [HA8, k) = K —k and BA#, &) = {alaP(8)b for all
beEB(6, kN, BAO k) is the set of player i's (K &) top-ranked altcrnatives
according to P/(#). Then we have the following result.
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ProposiTim: Lt £ be g twoperson SCF such that for all #e @ f(8) e
B8, &N BaA0. k) for some nonnegative Butegers kL &k, which satisfy k| | ks,
K — 1. Then f is virnally implementable in Nash equilibrinm,

5o CARDINAL INFORMATION

We now brielly consider social choice correspondences which map from
cardingl preference profiles ¢ =17 to lotterics over social states: w cardinal
sicial choice correspondence [ associates a nonempty set f{y) T with cvery
v I Players are assumed here to know one another's cardine! preferences,
and we drop the restriction to ordinal game forms. We now necd Lo assumee that
players’ preferences satisfy the von NWeumann-Morgenstern axioms, This s
because the implementing game form we ase involves adding and subtracting
nordesenerate lotteries, thereby vielding compound lotteries which are noet
comparable in terms of the partial ordering yvielded by the axiom that preter-
cnees over lotteries are memsome, Note that all this is in keeping with the
traditional game-theoretic informational assumption: plavers’ Don Newmarn-
Morgenstern ulilities are commton Kuowledge.

In this richer informational setting moch more can be implemented, social
chuice being poientially seositive to changes mocardmal preferenees cven when
ordinal preferences are unaltered. However, the formal structure of the analvsis
i oalmost identical, ¢ here playing the role of the Onite set of social states 4.
We confine artention to the many-plaver {4 = 3) case. As the analogics bedwoeen
Section 3 oand the present one are very strong, we proceed rapidly, ooxitting
details, Reformulations of definitions will largely be left to the reader, and
typically require that &, & be replaced by v, 1. respectively,

Tor simplicity we wifl continue to assueme that individual preferences over
prre allemmalives are strict, and that Tor all preference profiles, some pair of
indmviduals ditfer in their ranking over some pair of fofteres.

Thropps 52 fet W23 Then any cardine social choice correspondence | is
wirtnatly implementable in Nash equifibrivm.

Proor: The proof is almost identical to that of Theorem 1, and is only
sketched. For all y,é=7T such that y# ¢ there exists Nj{y.é’]ef and
iy, &), ¥y, £) = o such that x(v, £3P (v vy, £ and yly, £0PHEV Ry, £). The
proof proceeds as before except that the term nlega,,, s replaced
by (] - BY/BIES_ By, where B e (D D), {x 07 , is a countable
dense subsct of A=A%"1 and p: Z,-»Z_ is a bijection such that
(L — BY/BILB X 0 Ry "ML — B)/BILB % (,, fOr amy other bijection g. As
before, k& is the lowest indexed winner of the integer game. With these
modificalions the rest of the carlier prool may he casily mimicked to complete
the argument, AL,
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G, A CDOXNTINULIM OF ALTERMNATIVES

The preceding scetions assumed Lhal A4 was a mile sel This assumption
simplitizs the analysis, but 1s not cssential. Here we show how the results may be
extended to the case where 4 is an arbitrary {nonlinite) subset of a separable
metric space. This cxtension is wscful in chat it 15 often natural and convenicnt
to pose econoinic questions in neadiscrete models.

Lot A% - {a.a... . ) be a countable demse subset of 4 and lel @ be the set
of admissible preference profiles on A, We assume that for any pair of distinct
profiles #, ¢ =6, there exists j=J and a,b =A4* such that P4k and
AP pda. We denote these clements f8, @), alf, o) and b8, o) respoctively. We
also assume that for all 8, ¢ = & there cxists g palr ¢ =J and alternatives
o, b 4% such that aP'(0M and B gde. The first assumption plays the same
role gy the assumplion of sirict preferences over pure allernatives o carlicr
sections, and the latter corresponds to the assumption that all players do not
have the same proferenee ardering,

To aveoid inessential technical qualifications we take = o be the set of
diserele loverics (that 15, Letlerics with counlable supporl) on 4.

THECREM & Ler & = 3, Thenr any SOC £ 8 — A i virtually implementabile in
MNaxh equilibriven.

Prewns The armument is wery similar to that of Theorem 1, the main
difference being that the lotteries Li x, #) etc., are slightly modified. Specifically,

o e,
L(x 8y =(1- 2m)xd 2oy Y B,
=1

where B0, 1) and A™ =la,«,, ...} is the eountable dense suhset of A
defined eardier.

1- 2
‘r-[.-'f1ﬁ- ‘;‘:' 1-.] jﬂ]x I —j'TI'_jB_J! E E"Lf”
r-1

]._
Fx -—E-E,H*[b[ﬁ', w) - a{#. 0]

where & is defined by a, = a(#, ¢). Finally,

o -8 .
LAy =1 =2}y, =9 B L pra,
fi—1
-5 1-p
[ T?""ﬁ‘ B, —ay) -0 ‘I{; : “21 Bl

where plaver dr, the player with the lowest index who announces the highest
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integer may “pick™" any k€ Z, and hijection p: Z — Z. "The latler satisfies
.:II,L,-‘}R"“{&”}:;”(&_W for £=1,2..... With these changes the rest of the proe!
may be completed by the reader. OFE.D,

T LI LU0

This paper reformulates the implementation problem, allowing planners to
rapdomize and tequining that social soals be only eiifeally, as opposed to
ecgctly, artained by implemenring game forms. This perspective dramatically
cxpands the class of implementable social choice correspondences,

For enviromments with at least three players we abtain the following permis-
sive result: (under mild domain restrictions) aif social choice correspondences
arg wirtually implementable in Nash equilibrium. This theorem should be
contrasted with the classic characterization of Maskin (1977), according to
which smoratonicity 15 a necessary condition for exact implementation in Mash
cguilibrium. The restrictive nature of this roquirement has motivated a number
of recent papers on implemantation uvsing refinernenss of Mash cguilibrium.
These papers {see the Introduction for references) extend. with increasing
success, Lhe class of social chodice correspondences which can be implemented
within the peneral framework of (Nash) equilibrium theory. The presenl paper
also succeeds in evading the monotonicity requirement, but in a manner which
is Lechnically simpler, and more transparcent.

A natural question is why our results parallel rather closely those abtained in
the refinements literature. The fundamental point s that aey preference
reviersial may potertially be used o climinale an unwanled cquilibriom. In the
virtual approach. equilibrium destroving deviations based on prefercnoe rover-
sals operate in a very direct way. With subgame perfection deviations are
imitially triggered in subgames possibly off the cquilibrium path and these work
their way baclowards through the tree to yvield a deviation es the equilibrium
path. it undominaled Nash equilibriam a previously undominated hest response
becomes dominated when a preference reversal occurs. The virtual perspechve
provides a clean and simple cxpression of the cquilibrium destroying potential
of the most minimal differences in preferences.

The case of three or more playvers is very different from the two-player case,
We provide a simple necessary and sufficient condition {the “intersection
properiy™) for two-persen virtusl implementation, Awxaim the virtual porspective
leads to simpler and more permissive results. Finally we discuss how the analvsis
may be extended Lo wirlual implementatiom mo strice Nash eguilibrium and
coglition-proaf Nash equilibrivm, to social choice correspondences which map
from carding! preference profiles o folleries, and to environments with a
copttiiam Of pure alteroatives,

i Striclly speaking, we now need players Wy announees o guadroplet (., x.n, k) where b = Z
and correspands Lo the & “picked™ hy the winner af the integer game.
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Our results exploit the eatra frecdom permitted by virbual as opposed W exact
implementation, together with the domain restrictions that preferences over
lotteries satisfy. This basic approach should peove fruitful in acher applicalions
in the general arca of soeial cholee and implementation theory,

Depurtmenr of Feonomics, Princeton Unipersity, Princeton, N (E544- 1021,
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APPENDNX A

T'he follraing prissl was vmitled Tmom the bext.

Prowosorar: Let § b an SCC defined on an wrrestricted domaln of sinict preferences amd seppeose
chat FIHLCF TR for all #. Acvane that || 5 3. Theme £ iy virtually implemenaable & and only of it i
dictatoriaf,

Proor: Lel § be a viclually implairenlable SCC which salislies the hypatheses of the proposi-
tinnn. e show that § most be dicluioral. Since e inlersection properly @5 inherted by suboorre-
spondences it suffices to prove the resnlt for the case in which Fis a funetion,

Let # = & be such that o PYd) . PU®ay and wp P70, PH0e,. Then JT0 = (o e,
Avsume, wichout loss of penerality, that f08) = o We now clwim thal individoal 1 must be
dictatar. .

Smee A, =3, we assums that the alternatives @), @,, and g ave distinet. Let o, = a2, and et @
denote the profile (or which o, Pl Fllele, and o, PNe). . PHele,. Cither o, =fle) o
a,— flw), However, WL a., ) o HZ a,, 80 < ¢ Therelone, o, = fle). o

Let ¢ be any prodile in which individual Franks q, first, Ohserees thar B0, a,, 090 BUZ, g, 60~ 3
[or all e, = o, Therefore &, = (£}

Lel g be the profile such that @7 (b, £ila e and @, P, PG, Either o, = fi4)
ar ay — Flik Tlowever, B0, ag, ok 0 W2 0, 0 = @0 Therelore, a; =
__ Fimally, for_sny profile A in which individoal 1 ranks @, first, f{A}—ea, #a; implies that
WL, e, A) 7 HT2, g, ) = 2 Thevefore, a5 = fUA) That is. indmidual 1 is a dictator. CLED,
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