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ARSTRACT

Weakly complestely wized bloalix pames are defined to be games with a
eamplately mixed Nash compooent. For Lhese games this component fmrms out to
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congist of ooly ane point, which is isolutcd. Speclal classes of these games urw
completely mived matrix and bimutcx games, the fivst introduced by Kaplansly, the
Batter by Raghavan, We give a chwruetersution of theae ganes, which can be nsed foc
completely mixed makix games also. Given a completely mived strategy pair, we ure
able to constroet a Gweakly) comnpletely minsl Limatvix game having Ehis pair az an
eymilibrivm, We derive interesting rosndts Noe the case where the payvotf matrices have
a momegabive sl fmedncihle inveoe.

1 INTRODTICTTON

An fnloresting subelass of matriz gamas s the cluss of completely mixed
matrix games, By definitiem &l equilibos of such games are completely
mized, ie. give tn everv pure strufegy of both players some relevance
Kaplansky [7] was able o culenlate the value of an arhitrary matrix game by
considering completely mized subgames. Blackwell [1] gave an allernalive
proof of the Perron-Frohenius theorem by constructng special completely
mixed cuncs, Since ihen mwany authors heve studied the relationshin be-
lween completely mized malriz games and the eigenvalucs of the malrix
involved {12, 15-17]. Raghavun showed that many of the characterizations of
M-malrices montioned in the literatore are consequences ol the theory of
vompletely mixed matix garocs and the Permon-Frobenius {heorem [14]

Thesa vesits for completely mized mabrix games are a good motivabon to
consider completely mized oguilibria in bimatrix games. Raghavan [13]
extended the definition of completely mixed games to bimaetriz gemes and
foungd that s completely mized himalrix game posesses a unigue and com-
pletely mixed equilibrium (alse of. [5] and [11]). Buarlier Kaplansky [7] had
shown that n similar vesult holds for completely mixed matrix games.

In gencral the sot of equilibria of a bimatrix gemo consists of a finite
number of convex components [3, 8], In this puper we mtroduce and study
weakly completely mdzed bimatrix games; a game fs defined io he weakly
coinpletely mixed if at deust one convex componend of the sct of eqguilibria
consists of only completely mixed equilibria. This definition implies thut
completely mived bimatrx games are weakly completely mixed.

The ovganization of the paper is as oflows. Tn Section 2 wo recull some
kasic facts of the theory of bimatrix games, and we concentrate oo maximal
Mush subsets. In Section 3 we define and charactevize weakly completely
mixed bimatrix gamcs, We find that such games have a unique completaly
mixed equilibrium, The difference from completely mized himatrix games is
that vther equilibria may exist. Furthermore we sum up some properties of
wealdy complelcly mived bimatrix games. In Secton 4 we show that [or a
given pair of completely mixed strategies it is possible to constrnrel a weakly
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completely mixed bimatrix game having this pair a8 an equilibrinm, We
define a special type of games for this pwrpase. 'or games i this typical
fortn we ure able to decide undar what conditions they are completely mixed,
Finally, i Scetion 5, we consider bimatrix gaimes consisting of two matrices
that hwve nonsingular irreducible and nonnegative inverse mabices. These
games ave weakly completely mixed, and for cacl player the pavols viclded
I the completely mized equililvimn are strictly smaller than the payoffs
vielded by any other cquiibrivm, Furlhermare we derive Hhal the absolute
valie of any eigenvalue of the matrices is strictly barger than the payoff
vielded by the comnpletely mixed equilibrivm, ie with vospect to the matrix
in ueston,

Noration. By W we denote the set of positive inlogars. B® is the set of
n-tuples of real sumbers. For a convex set Vowe deiote by relind{ V123 the
interior of V with respect to its affine bull. For a finite set ¥ we denote by
iV the number of clements in V. The rank of & matrix A4 is denoted by
rank{4). A matrix 4 is called strictly pasitdve, and we write A > 0, if all the
entries of A are positive. A matrix A iz called pasitive or nonnegative il all
its enlries are nonnegabive, Similar definifons are used for vectors in R™,
rn >l We let &,,¢,.... 2, be the standard basis in B*, By 1_ we mcan the
vector in B® with the mteger 1 in all its entries, For z,y = R, (x-y}=
L"|'|'!‘J=!I ﬂ." !_|I'|-,

2. BIMATRIX GAMES AND MAXIMAL NASH SUBSETS

An m3 n game is 1 bwo-person game defined by a paiv (A, B} of real
¥ 1 omatrices. 1o oo play of such a game each of two playes chooses a
{mixed} strategy, which is an element of the set A for the frst player and
A, for the second pluyer, Merc ke t =N

[ 3
ﬁa=<pER‘lp#U1 Epf=1}-
| 1=1

Cerresponding to the strategy pair (p, gd e & % 4, the payolls in this gane
to plaver 1 and 2 wre pdg and pBry respectively, A pair (g gl S d, x4, is
valled an equilifriwm of the bimatrix game (4, B} if BA7 = max wea, DMT
and By =max, .. pByg. E{A, B) denotes the set of all equilibria of the
game (A, B The set E(4, B) is nonempty by & thearem of Nash [9, 10]
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Tor a strategy p = A, wo deling its carrier by
Clpy={i={l.....t}|p, > 0}

The set of ptire best emstwers for plaver [ to the simlegy ¢ of player 2 is
defined by

T1ax

PE (g} = {f = {1,...,m}|e,-f&q m= .

& :’_w} i
i}

and

FB.{ 1)} ={j £ [1,..,,n}|pEeJ-=k=:E[11a.f IJpBeL}

denates the set nf pure answers for plaver 2 to the stralegy g of player 1. Tt is
a well-known result that, for a given puir (n, o) of stratetes, (g, g} = E(A, B)
if and only i Clp) CPB(g) amd Clg) < PRp).

Lek 8 E(A, B). Two points (p,¢) and {p".q") in § ave called S-inter-
chungeable if (p,g V€8 and {p, gy =5 We call § a0 Nask subset for the
game (3, B) if every pair ol eguilibvig in 5§ is S-interchangeahle. A Nash
subzet § s celled maxfrael f there docs not cdist o Nash subset T < E{a, B)
such that § is properly eontulned in 7. Note that a maxival Mush subset is
COTNVE,

The follorwing two theorems concerning muaximal Nash suhscts are due o
Jansen [A]:

Tueonem 1. The set of equidibria of ¢ bimateis game 3 the wol necessor-
tly clisjoint undon of o finite wtrnber of maximed Nash subsats,

Turoresw 2. Let (A, B) be on m % n Bimatris gome, and et § be @
toitagl Nash subser for this gome. Suppose thot (B, §) = relint(8), Then
S= KX LIE) Here K(Gy={pz=4i |{p.§)= EA BN and L(H)=
{g= A, (B gls B(A, B

BEwank 1. A malrix game A can be seen ax a bimatris game (4, — A),
It ix well lmown that E{A, ~ A) iz the only meximal Mash subsct [or
(4, — A} and that for each player the pavoff s independent of the equi-
librinm,
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4. WHEAKLY COMPLETELY MIXELD BIMATRIE CAMES

In this section we doline and give o clivracterization of weakly completely
mixed bimatrix games. Furthenmore we give some properties of these guines,

Derinrnon,  For t =N, a stategy r =4, 15 snid o be complolely
mizged it » £ r&e 2= redint(A ).

A gamc LA, BY is called eompletely mived if Tor all (p, ) < F{A, B) hath
p and g are completely mixed stategies, In this easc we call such an
cquilihviim (g, ) a completely mized equilibriom, We define a game (A, B)
tn he tweakly completely mited if there exists a mawimal Nash subsot
§< E(4A. 1) such that all equilibria i § arc completely mixed,

Raghavan [13] found thal a complelely mixed % a bimatriz pame
(A, 8 has the properlics m=mn, nnk{A) mok{B)={n — 1, n}, and |E{A, B}
=1, 5o the set of equilihria of 2 eompletely wived bimatrlz pame only
contadns one mazimal Nash subset, which consists of ouly one (completoly
mixed} equilibium. This implies that a completely mixed blinatriy game is
wealdy eompletely inixed, In view of Remeark 1 we Hod that, if we restrict to
matrix games, the definitions of weakly compleiely mized and completedy
mixed coincide,

Lo the Follvwing theorem we characterize the class of wenkly completely
mined bimatvix games. Sinee the cquilibrivm set ol 8 bdinatds gume does not
change if the samc constant is added to all the entries of mme of the matrices,
we muy suppuse without loss of generalily hat both malrlces are shictly
positive.

TrroREM 3. Lot A= 0 and B> 1. Then (A, B) is o weakly complelely
mixed bimatrix game i and only i

(1) A and 8 are square matrices, suy n %

(2) A and B have fidl rand,
(3) all entries uf both 1 87" and A7'1 qre positice.

Proof. =s: Let (4, B) he a weakly completely mixcd biiuatrdx game, und
let § be a completely mixed minimal Nush subsel for (A, B). Take {(p.q) 2
relint(3)

Suppase rank{B} < m — 2, Then there ure two linearly independent solu-
Lons of xB=0. At least one of these, say z. 15 Hoearly independent of .
First suppose L7 | 2, == 0. Without Joss of generality we may suppose B | g,
=1 Now lel p'=(A+Up— e, with A> 0 We want p' to bo o shatogy
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with at least oue coordinate equal to zero. Therefore we take A sech Hral
A7'(A +l]=1'1314={1_.._,m}5,-ﬂ;_!- Then p'Ag = pdy. Furthermore p'Bg =
(1+ WDplig 2 {1+ ADpBf=p'R§ for all § € A Hence p' € K(y). Acording
to Theorem 2 we now have (', g3 & §, This contradicts § being completely
mized. Thus ranldB) = m —1 # Z7L, 3, # 0. a similar proof haudles the case
for which £ .2,=0, if ope chooses p'=p— Az for & suitable 4. We
conchide rank{¥) = m — L.

Suppase rank{B) = m 1, Then there ewists & y = R™, g, such that
4B =0 However if y is linearly indopendent of p, we can again construct a
o' that 15 not completely mized while {p', ) = 5. This contradicts § heing
enmpletely mixed. Therefore pB =10, However, this is impossible, since
B=0 and p >0, Hence rank{B}=m. Similarly ome proves rank{4)=n.
Since rank{ B} = m implies that » > m and rank(A) = » implies that m=a,
we have 1 = n. Thus we have proved (1) and {2}

Then, since pB= AL, and Ag = pl, for same positive reals A and g, we
obtain 1,B™ " =27 p and 4 7'1, = p Yy, Henee also {3) is fulfilled.

«=: Assume that (1} (21 and (3) e Rlfilled. Define p =
(LB "1 B >0 and g=(1,A7"1,)7%A 'l >0 Then pBe =
{1,670 for afl f and e Ag=f1, A7) for all ¢ Henes (p.g) is a
completely mixed equilibrium of the game (A, B). Since A sod B are
nonsingular, and EI_,p, =1 and X} q,= 1, we find that (p,g] is the only
completely mixed equilibrium. Moreover, (p,g) is isolated or else other
completely mixed equilibria exist, So ({p, g} is a completely mixed maximal
Nash subset. This shows that (A, B) is wealdy completely mixed. n

Mow we sum up some results for Tgeperal” bimatrix games, Le not
necessarily with two strictly positive matiices,

Curghully looking at the proof of Theorem 3, we find that a bimatrix with
two strigtly positive matrices that s weakly completely mized posesses o
unigue and isolated completely mized equilibrinm. However, lhen also in
general

Prorosrron L A weakly completely mived bimatrix game has o unique
aned isalated completely mixed equilibrin,

In the <= purt of the proof sbove we did not use the fact that A and B
are stricdy positive; henee:

Fropostion 2. If for an ardered pair of matrees (A, B) conditlons (1),
(2), and {3y af Theorern 3 hold, then (A, B) is o weakly completely mived
himatriy gome.

Suppnse (A.B) is wealkdy completely mixed, Then we add constants ¢
and o to the enties of 4 and B respeclvely, such that the resulting
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mitrices A4’ and B' are strictly positive. Then A and B have properties {13,
(2}, and {3} of Theorem 3, and consequently — A and — B have properties
{1} amd £2) of Theorem 3. Following the <= qart of the praof of Thoorem 3,
we find that { — &%, ~ B) is weakly completely mixed. Then, by adding « to
every cabry of — A' and # 1o every entry of — B, we fiud

Peornsiriow 30 IF (AR) iz weokly completely mived, then also
{— A&, — B) ir weakly completely mixed.

The 323 himalrix gane given by

{1,y (0,00 (0.1}
{A.B)=|{6.1} (1,07 {00}
(0,00 (0,1} (1,0}

is epmpletely mixed, since the only equililwium is ({1, 1, 20,05, 3, £30. This
siralogy pair is alse an eqoilibeiwn of {— A, — B However, {— A, — B) is
nut completely mixed, vince e.g. ((:1: cg} ts also equilibritm of this game, So
in general Praposilion 2 does not hold for completely mixed bimatox games,

Let B be the matriz obtwned froom B above by exchanging the first and
the second column of B Then (e, e,) is an eguilibeivm of (4, 87, and hence
(A, B is nol completely mizxed. However, (A, 87 is weally completely
mized, as the next proposition tells wa, First we need a delfinition.

Lerinimion. An sXn matrix P oobrained fom the nxon idenlity
mairix by permuting its columns s called a permufation matrix,

With this definition ut hand it follows sasily that

Prorustrion 4. If (A, B) iy weakly completely mived, then the permuted
game (P AP, P.EP, )} is glso weakly completely wived, where P, is a permu-
tatiun tatrds for all €

Form the & part of the proof of Thoorem 3 we ohtuin that the
complelely mixed equilibrium (p,g) of 2 weakly completely mixed himatrix
same {A, B) with two atrictly positive matrices satisfies the equations

L.B! AT,
und g =—

1,871, 1LATL

p

Then, sines A and B are nonsingular, o is straightfrward o show that the
sat of all n % n weakly completely mixed himateis games is an open subset of
the set of all n ¥ n biinatris games.
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Henree stnall perturbatioms of the matrioes of a weakly completely mized
himatrix gune lead to maibess that again fmm 2 wealdy completely mixed
game. The completely mixed equilibrium of lhe perturhed game can be
caleulated as in Cohen [3], wheare perturbations of completely mixed bimatrix
aomes weve considered, Pernirhations theovy for completely mived muteix
ganes has hoen stadied v Cohen {2],

Azmank 2 Soppose (4, BY is o weakly completely mixed n < a himatrix
mame and that A is shictly positive and 8 13 singular, Closcly looking al the
prouf of Theorem 3 we find hat m that case rank{B) = n — 1. Consequenily
thare exists a z = R, = # 0, such that Bz = 0. Lat s add o every enley of
B u comstant ¢ such such that the resulbing matrix 8° iz strictly positive,
Then also (A.#7 is wealdy complelsly mized. Hence, bW Theorem 3§
B is nonsingudar, Consequendly 0+ 8'7=¢(1_-2)1,. S0 ¢ is hanzero and
(L z3=0

Now supposc B is a singnlar # % # matrix with the property mnkd B)=
a1 — 1, which, for eigenvalue zero, has n left eigenvector 7> 0 and a cight
eigenvector that 13 not perpendicular 1, Lot us add to every entry of B a
constant £ such that the resuldng mabeix M is stricfly posttive. Then
fB'v el where fi=(p-1 )" €4 . Suppose thal B's = 0 for sume » =R
with  # 0. Then 0= gPw =&{1 -t} or (I, u)=10. However. this implies
0= B's = Bue + (1 12} = B, which contradiets our assumption, Hence £ is
nonsingular, Now take a nonsingular n < n mutiz A satisfying 4711 >0
Then (A, B} satisties all three conditions of Theorem 3 and Is thorefore
weakly completely mixed. This tmplics that also (A, B} is wealdy complately
ixed,

Thns, by tha Argunls wbove, we huve found o eharncterization similar
to the ome in Theorem 3 for the case of o singular matvix B, Conditions (2)
and £3), with respect to B, are altered inlo:

(2) runk(B)=n—1.
(3) For sigenvalue zeva, B has a lelt cigenvector that is sidetly positive
and a right cigenvector that is not perpendicular 10 1,

A similar characterizabion can he given in the case of @ singpular matriz 4.

4. CONSTRUCTION FROBLEMS

From the previous section wo learn that weakly completely mixed
bimatrix gemes have square matvices and possess 2 1mique completely mixed
gquilibrium.  Furthermore, completely mized bimatrix games are wealkly
comnplidely mized games. It is then natural to ask the following questions.
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Giver a pair (g, g} € 3” ¥ 3,‘._ oun we conshiuet g wealdy completely mived
how o bimairis game for which {p, g} is an equililvium? TF we can do this,
then under what conditions is the game compledely mixed? Or egquivalently,
under what conditinns is {p, ) then the only equilihidimm of the game?

In this seclion we construcd 2 class of himatrix groes wilh help of which
wie carl obtafn an answer to the ficst guestion, I is alse possible for games in
thiz cluss Lo give an oxvact answer 1o the second quastion,

Derwrrroy. A hijection :{1.... n} = {1,... .} 15 called irreducible if
there exists no proper subset 1o {1, a} such that =(I}=1

Tukorsy 4 Lot {p.g)ed, %A be gloen. Iet m be o Dbijection on
{1,....n} Let A unel £ be the u ¥ noanatrices defined By

Bey=p; e

Jor all §, and

_ -1
8A = Qoo

for aff

Then the bimatriz gome (A, B} & weakly completely mived. Tt Is com-
pletehy mived i and only i = f8 drreducible. For oll Bijections <7 the undgue
compelely wnived equilibrinm i {p. gl

Froaf.  The proal eonsists of four steps,

First we prove that (4, B} is weoldy complotely mixed. Note thal A and
B are nomgingnlar and seuare. Tn kot lnﬂ_l.t:_', =p, =0 for ull f, aod
e, A7'1 =g, > 0 [or all 4. By Proposiftion 2 1he game {4, B} s weakly mixed.

Secondly we show that (n, g3 < ECA, B), which assertion is, by Proposi-
lizn 1, cquivalent to the staternent that (g, o) is the imiqme eompletaly mixed
equilibrium of (4, B). We have pBie, =1 {or all j aud e,Ag =1 for all 14,
Hence Gipd=FB{q) and Clg)= PR.{p). Cansequently {p, gl E(A, B,

In the third step we prove Phat (A, B) is complelely smived [or every
irvadneible o, Let Cx,y0 S ECA, B)Y Then C{y} < Pho{x) und Clx) S PB4
Furthermore, Far this cquilibriom we alse have

1Be = Thax xBﬂk}

Pﬂgfﬂf]:{jeu"”‘"} Lell. ... n}

-1_ —1
%, T IHJIE}

ﬂ{jE{'l,...,n}
we={l,...,n]

CO(x)
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and

ey Ay}

=
=
I
a—r
m
=

coonledy = oax
k:

={1,..-.11)

2ttt
Yrrituwily = .

-ﬂ{{E{],...,n} I
clis{l,...al|r{i}=C{y)].

Hence Clydc{ie{l,... . al|recpl=[=""deL....nlie
Cind). Bince m iz bijection, we fnd (Gl = Oyl Now it w is irec-
ducible, this means C{p)={1,...,a} Thus we chlain {l....,n}~=C{ylc
PR.(x) o Cx). Lguivalently, (x, y} is complelely mized, Then o view of the
«= part of the praal of Theorem 3, we find {x, ) = {p 4}

Fiually we have 1o prove that il {4, B} is 2 completely mixed game, then
w is trreducible. Suppose  is not. Then thoro is a propor subset § {1, R
such thal w{I} =T, Delme (z.) 2 A&, XA by

wl & 3
I!={(Ekeﬂg|!;:| m i PEE

0 otherwize
and
< 23 o
g | Erera) gy jEL
oo athorwisg.
W abtain

alig, = [0 I [ T &
"o ptherwise,

gAY = Y, {ﬂeﬂgl}qe( = ‘?k]_l

le "Rl
= E (Eﬂ[|]'€:}fr'.lqn_-[%} E "-.I'j;..]
iet Eel

- F{EkEIQk}_l iFtel,
Iﬂ othorwisa,
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and we see that C{z)=PBiy} and C{y) = PBy{x), or equivalently, that
(x, 4= £{A, B). By construction {x, &) is nol completely mixed. This contra-
dicts our assumption. Hence 7 must be irreducible. The proof of the
thearem is completed. [ |

Wilhou! proof wo mive an extension of e result in Theorem 4 whieh 1ells
s that if we ulso perform o pomutation on the above matdx B, we have a
comietsly mixed game i the composition of the tao permutations is an
irreducible perrmotation,

Tneconem 50 Let (p, gl .Ea.u # 3“ B given, Lot m and g be Mjections
or il nh Let A and B Be the n % n matrices definad by

-1
Be = P nfuc iy

far all j 1L, ..., 0}, and
g;A = '?.—._-(:]eqrﬁ}

forall is{1,....n}

Then the bimatriz gaome (A, BY 45 weakly conplotaly mized. It i com-
wletely mixed if and only i wp is trreducihle. For ol bijsctions « and p the
unique completely mived equilibrium iz {p, g).

Examree 1. Let (A, B) be lhe bivnalris game ghven by

(0.3 (3.0) (0.0
(A, mY=((30) (00 (0,3)].
(0,00 (0.3) (3,00

In the notation of Theorem 5 we can obtain 4 and B by defioing +« by

21 3)

¢

and g by
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The permutalions 7 and p are both ot ireeducilie, bat mp is, since it

eqeals
{ 1 2z 3 ]
LN

Henee {A, B} is completely mixed by Theorom 3,

5 PAYOFFS AND ETGENVALUES

In this section we describe a suhcolass of weakly completely mixed
Bimatriz games for which the payolls vielded by the completchy mixed
ecuilibrivm are smaller than those yielded by other equilibriz. Mareaver, for
the same subclass this pair of payolls is also smaller than e absclute valuc
of every eigenvalue of the pafr of matvices to which they belue, Fo the
specification of the snbelass we need the notion of an irreducible matris

Digemartions, A square moliix A i called reduetble I there is & permu-
talion cnairix P osech that

g o

AP - 4

A [C D ]

where B and P are square matrices, Otherwize A s called érreductble,

In the proof of the thecrem we nse the Porvnn-Frobenivg theorem, which
SAVE:

Bvery nonnegatice irreducible o % n metrix A hes @ positioe eigencafue A,
1hich s ab least as lurge us the absolide colue of any ofher slgencatue, This
pigenvalue is shmple, and it eigenvector has all coordingtes sivlctly of the
pamE SEEn.

(See g [4, po 5300

Tuecnew B, Let A7 gad B™' be fivo nomsgetioe drreducible n < n
tatrices. Then (A B) and (B, A) are wenkly completely mived bimatrix
gares.

Let (p.q) be the completely mived equilibrium of (A, B). The nAg is
strictly smeller then the absulute velue of erery eigenvebue of A, arnd pBg i
strictly smaller than the afsolute vodue of etery cigencalus of 8.
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Purthermore, let (5,51 E(A, BY be anether equilifrfum. Then pag <
FAG and pBg < pBF. Similar statements hold for (B, A).

Praof. &ince A™! and B™! are newsingular matrices, they cannat have o
row or column with just Zero colrics. They are also nonnegative, and
therefore both (A, #) und {8, 4} ave weakly completely mixed by Proposition
2, We only prove the assertions for the zame (A, BY and with vespoet to this
gamne: nuly for B, According to e Porron-Frobenius theorem we can fad o
pisitive A, € R and a strictly positive z & R snch that B™ Lz = A,z Al
ather eigenvales can be ordered so that A =13,z 2[4 s=a—1
For i{l,...,6 we huve By =A7ly if g is on elgenvector of B7!
helonging to the sigenvalue A, Alsa Bz = A 's. Hence we have the ardering
A7 = AT s s 5 A7 for die cipenvalues of B, Sinee (p, g) is o com-
Metely mixed equilibrium, it follows that pBz = (pBg )1, zl=4; {p =)=
A7 L2} or pBy < A7 This proves the first asscrlion.

Let o =(fBg)l,— pS. Then a0, and since (7, §) is not campletely
mixcd, it fallows that there is at Teast ane j =(1,.... ) [or which &, > 0. This
vields SH =080, —w, o F=(B30 B~ '—aB~". Therefwe, sinue
1.8 1 =1/pBg, we have 1~(1 _fi)w #BG /pBy —aB 'l or eqiva-
lently aB~FL, = fBF /uBg — L INow since B™'1_ = {t by an argeunent abave
and o >0 fiw some J, we have that fBF > pBy. Hence we have obtained
the sccond assoron.

The statements with respeet to 4 cun be proved similaly. ]

Rreuace 3. The X r bimalrix games of Section 4 have the properties
of Theororn 6. The definition of the games in Thoorcm 4 45 hased oo a
completely mixed pair (p,q}EEﬂ Xf-.ﬁ and a permutation . The inverse
matrices are equal to the ransposes of fe oviging ones where the g7 aro
replaced by g, and the p! by p,. Lvidently these are nonnegative, irve-
ducible, saod nonsingular. Let vs suppose that = is not imeducible, Le,
il =T with || <n. Then we obtain from the last part of the proof of
Theorem 4 that (x,y) = E(A, B) for the pair (x, ) defined there. The pay-
offs due to this equilibriuom are xAy =(T, . ;4.0 ' > 1=pAg and zBy =
(L, o e}~ > 1= pBg. Furthermare the eigenvalues of A are the g7 and
those of B the 7! for all 4. Clearly pAg=1<g;7" and pBg =1« L
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