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The main result of this paper iz to characterize the class of two-person social choice
commespundences which are Nush-implementable, The characierization cesult s used to loetmulate
damain restrictions which allow the constructinm of non-dictatorial and Parcto-cfficient soclal
choige corcespondences which are Mash-implementable.

I. INTRODUCTION

In an important paper, Maskin (1977}, it was shown that if an n-person social choice
correspondence with #=3 satisfies the conditions of monotonicity and no-veto power,
then it can be implemenied in Mash cquilibrium. These conditions are however, not
sufficient for the implementation of two-person social choice correspondences. Moreover
the condition of no-velo power, which is nol a necessary condition for implementation,
is vnacceptably strong in this environment. In this paper we address the two-person
implementation problem and characterize completely the class of implementable social
choice correspondences. The two-person problem is an imporiant one in the theory of
incemtives. M has a bearing on a wide variely of bilateral contracting and negotiating
problems.

Why is the two-person problem different from its many-person counterpart? Consider
the case where there are two states of nature, § and ¢ Let f be a social choice
cotrespondence which picks outcomes f{#) and f{] in states # and & respectively, It
is well-known that if f is implementable, then it must be truthfully implementable.! In
other words, there must exist a “direct revelation mechanism™ with the following proper-
ties—{a) each individual can anmounce cither & or ¢ (b} if all individuals announee §
(resp &), the outcome is f{8) (tesp. &)} (c) the unanimons annovncement of 6 {resp. &)
is a Nash equilibriumn with respect to state @ {resp. ¢); ie. truth-telling is a Nash
equilibrium. Suppose n =3, Observe then that any social choice correspondence f can
be truthfully implemented. This can be achieved by constructing a direct revelation
mechanism with the Tollowing properiy—if at least w — 1 individuals announce # (resp. @),
then the outcome is F{8) (resp. f{¢)). Wo individual can change the outcome by deviating
from a unanimous anncuncement, so that truth-telling is clearly a Nash equilibrivm. The

1. See Dazgupla, Hammond and Mazskin (19793 OF course, the converse s nol ewe, i.2, 4 social choice
carrespandenes which is truthfully implementable muy not be implemeontable.
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restriction # =3 is crucial becavse i1 allows the planner to identify 4 devisnl from a
truth-telling strategy combination. If instead n—2 and individual 1 announces § and
individual 2, &, then there is no way lor the planner o ascertain whether siale @ has
oceurred and 2 is lying, or state & has occurred and 1 is lving. Clearly, if truth-telling
is to be sustained us un cguilibrinm, there must exist an oulcome which is shnulioneausty
no betler than f{0) for 2 in state & and no better than f(4) for 1 in state ¢ One way to
summarize the discussion above would be to say that for 4 social choice correspondence
to be implementable when n =2, it must satisfy a self-selection constraire. In the many-
person case however, this constraint is always trivially satisfied.

The main resull of the papet is that a condition which we call Condition 8 is both
necessaty and sofficient for implementation of two-person social choice correspondences.
The ideas behind the formulation of Condition 8 huve an applicability beyond that of
the present context. In another paper (Duia and Sen (1988)), we use them to derive a
necessaty and sufficient condition for implementation in Strong Nash equilibrivm.

M classical resull due to Hurwicz and Schmeidler (1978} and Maskin (1977) slales
that if a two-person, Pareto-efficient, social choice correspondence defined on the domain
of all possible strong orderings is implementable, then it must be dictatorial. We use our
characterization resull Lo formulate domain restrictions which allow us 1o avoid the
Hurwics-Schmeidler result. These domain restrictions are stated generally and are
satisfied in two important specialized environments. The Arst of these is the “cardinal-
ulility, lotery™ framework where the set of outcomes is the space of lotteries over a finite
set of social alternatives. Individual preferences over lotteries are assumed to be represent-
able by 4 von Neymann-Morgenstern utility function. The second is the class of
“sconomic environments” including, for example, exchange economics with a mild
restriction on preferences. We give a sufficient condition for implementation in thesc
environments and provide examples of social choice correspondences which satisfy this
sufficient condition.

The paper is organized as follows. Section 2 contains the essential notation and
definitions while Section 3 introduces the crycial Condition A, The main resolt 15 proved
in Section 4 and Section 3 discusses the possibility of implementation in restricted domains,

2. NOTATION

The sel of social outcomes is denoted by A and the set of agents by F=1{1,2}. Fach
agent i § has a preference ordering on the set A An ordercd pair of preference orderings
is called a preference profile. 1o the profile R=(R,, R}, agent {"s preference ordering
is R,. Forany iz I I denotes the asymmetric component of R, The set of admissible
preference profiles is denoted by . Forany rel, Re @ and ac A, LR, a) denotes the
set {es AlaRch It is the lower contour set for agent § at oulcome @ according (o
preference ordering R;. Similarly, given ic T, Re® und a< A, SL{R a)l={cc A|aPe]
and SUAR al—{ccAlePa). For any iel Re® and CcA, It MR C)—
lae C|aReYes CL Thus MR, ) is the set of maximal elements in C for agent i
according to preference ordeting B, A social choice correspondence {SCC) £ associates
a non-empty set, f{R} < A with every profile Re . A mechanism ot game form & i5 a
i-tuple ($,, 5, 7) where 8 and §, are sels and « is a function = 8, % Sp—~4. The set
&, is the strulegy set for agent § and the function = specities an oulcome lor every vector
of sitategies. For every R« 9%, the pair {(G, R) constitutes a game in normal form. We
let NE{G, B) denote the set of Nash equilibrivm strategics of the game {G, R). The
mechanism implements the SCC § if for all Re &, w{ NE{{G, R)}—fIR)
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3. CONDITION g

In this section, we introduce Condition § which is necessary and sufficient for Nash
implemeniation in two-person sellings.

Definition 3.1. A SCC fsatisfies Condition 8 il there exists a sel A% which conlains
the range of f, and for each ic I, Re % and asf{R) there exists a set O\(R, aj= AY,
with ae C{R, a)= L{ R a} such that for all R' €&, we have

(i} {a) for all e AR, C(R, ) (R, B)# o (b)) Moreover, there exists x &
CUR, a)~ AR, b} such that if for some Rie®, xe M (R CR, a))m
MAR* CAR', b)), then x e f{R?).

(it} if @2 f(R"), there exists j I and b= C,(R, a) such that be L{R', a).

(i) [ MAR', (R, @)y {a}] n Mi{R', A¥) = f{R")Wic T and j#1.

fiv) MR AM~ M,(R' A¥I= f{R").

Moore and Repullo {1988} have shown that parts (31}, (i) and {iv) of Condition 8
are necessary and sufficient for the Nash-implementability of many-persan social choice
correspondences. Part (i) is the well-known condition of {Maskin) monotomcity while
part (iv) is a unanimity condition. Part (iii) is more subtle—according to it, any alternative
which is B.maximal for individual ;i in C (R, a) and R:-maximal for individual j in A*
must be a value of f at the profile R’

Part (i) of Condition 8 is specific to the two-person problem. Part (i){a} is the
self-selection constraint mentioned in the Introduction. In addition, part (i)(b) requires
that it should be possible to make appropriate selections from the C{.) sets.

4. THE CHARACTERIZATION RESLLT
We are now ready to present our main result.
Theerem 4.1. The SCC f s implementable if and only if it sarisfies Condition 8.

Before proving the theorem formally, we will describe some of the arguments verbally.
We begin with necessity. In the two-person model, a game form can be represented as
g matrix with elements belonging to the set A Suppose the SCC f can be implemented
by the game form G, described below.

fp &2

5 | @

Assume without loss of generality that {s,, ,) e NE{G, R} and (s, &)= NE{G, R"),
s0 that a= f{R} and hefiR"). Let (R, a) denote the set of outcomes which 1 can
obtain if 2 plavs 1, and T R, o), the sct of vulcomes which 2 can obtain if 1 plays 5.
{The former is the set of outcomes in the first column and the latter, the set of outcomes
in the first row.) Since {5y, )< NE(G, B), it must be the case that O (R, el LR, @), ic
I Defining the sets C{R', b)¥i, analogously, we conclude that C:{R', bl Li{R", b}.
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Mow, the outcome cotresponding to the sirategy combination {5, t3, say x, must clearly
lie in the set £,(R, a} C3( R, b). Suppose x is maximal for 1 and 2 in the sets C,(R, a)
and ({R', ) respectively according to some profile R®. Then, x £ #| NE( (G, R*)] which
implies that x e f{R%), thus establishing (i} of condition 8. For a discussion of parts
{ii1-{iv} which are common to the many-person problem, see Moore-Repullo (1988).
The game form which we use to prove sufliciency is similar 10 some of the game
furms used in the Nash implementation literature (see Repullo (19873).° One differcnce
ig that agents in addition to ammouncing a prolile R, an outcome a & f{R) and a non-
negative integer, also have the option of raising a "flag™. If only one agent, say £ raises
the flag, then he can choose any outcome from the set GGl R, o) where R und a are the
announcements of agent 4. If both agents raise flags, then the agent whoe has announced
the higher integer gets to choose any outcome in the set A* specified in Condition 2.
We now proceed to more formal argumenis.

Progf.  (Neeessity): Let G be the game form that implements f, and let A*=
{az A|a=g(s) for some se .5, x 5.}, For cach Red and a< f{R), lel 5(R, a)= S, x 5,
be such that F{R, el NE(G, R} and #(f(R,a))=a For cach ief, let (R a)—
{ee Ale— (s, 5{R a)) for some 5,8} Clearly, Gi{R a)cA* and ac Ci(R,a)=
LR a). Observe that «(f{R a), R(R, BN CUR oy~ (LR, BWR'e# and be
fIR"). Let x= w{5(R, a}, 5{ R"}, b)) and suppose that for some B*= R, x is R*-maximal
for 1in (R, a) and R*-maximal for 2 in <{(R', ). Since agents | and 2 by unilateral
deviations from (5{R, a), &(R"', B} can only obtain (R, &) and C.(R", b}, it follows
that x ©. w{ NE{G, R%)). Hence x  f{ R}, establishing part (i) of Condition 8. The proofs
of parts (ii}-{iv) can be found in Moore-Repullo (1988).

{Sufficiency): Suppose f satisties Condition 8. The pame lorm & is constructed as
follows. 5,={(R,a" r k'R =xA=x|F, NFlx N|a'cf{R'Y} where {F, NF} is thc sel
comprising the 2 elements “flag™ and “oo flag” and N is the set of non-negative integers,
The outcoms function 7 is defined by

(i} if 5,=(R, & NF, k"yand 5, =(R, a, NF, £*), then =(s) = &

(i) if s,=(R',a', NE k" and s,=(R° a°, NF, k%), then w=(s)=x where xc
CURL a1 Co(R @y and xe MR, C,(R% a’)n MR, C5(R', a'}) implics
that x = f(R) for all R. The existence of such an alternative is guaranteed by
(i) of Condition 8.

(di) il s, ={ R g’ F k'Y and 5. =(R’ o/, NF, k'), then individual { gels 1o choose
any outcome from (R, ),

{ivl if 5s={(R,a,F k), 8=(R, a,Fk'} and &'>k', then individual i gets 1o
choose any outcome from A®. Ties are broken in favour of agent 1.7

Let the truc prefcrence profile be B* and let @« fiR™). We cluim first thal the strategy
combination 5, = 5, = {&*, @, NF, (1) is a Nash equilibrivm of (G, R®}. To scc this, observe
that any deviation by 7 will get him an oulcome in C,{ B*, ). Since C,{R*, a}< Li(R*, a),
such deviations are not profitable. Thus, fiR¥) < ={NE(G, R}

We now establish that #[ NE{(, R*)]= f{E*). To do this, we consider various
candidate cyuilibrinm strategy combinations,

2. Bee Jackson (1988} for a gencral criticism of lhese pame forms, especially the “intcger game™
constretion. ’

3. We have chosen to be a little informal in our deseription of the game form. To be more exact we
ought o have calarged individual strategy spaces to allew individual ¢ o signal the outcome he wishes w

choose in (131 and (iv}h
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Cate 1 §=(R,c. NF.&') and &, — (R, ¢, NF, k7). The outcome is «{F,, &}==r.
Suppose ¢ & f{R™). From part (ii) of Condition 5, there exists j= f and be C(R, ¢) such
that be L{R*, c). Agent j can therefore deviate profitably by raising his flag and picking
b Clearly (5,508 NE(G, R*).

Case 2. 5 =(R',a', NF k'Yand §=(R* &, NF, k7). Let #(5,, ;) =x Any devi-
ation by 1 will vield an ootcome in C\(R°, &”) and any deviation by 2, an outcome in
CAR' a'l. Therefore, if (§,%lc NE(G R*), then xeM(RY, C(R, a’bnr
MR* C.{R', a')). 1t follows from the construction of = and part (i} of Condition g
that x ¢ f{R*).

Case 31 5 =(R', a', F, k') and 5, = (R, &®, NF, k%). Let =(5,, 5)=¢ By the con-
struction of e CUR’, 2%} Suppose (5, %)e NE{G, R*). Then cleardy c¢=
M(R* C,(R* a™)). Alsosince 2 can (by raising his flag and announcing k%= £") obtain
any outcome in A*, it must be the case that o M.{R*, A*).If ¢ # a’ then (iii) of Condition
8 ensures that ¢  f(R*). W e=a”, then o’ € f(R*) and C{R*, a') = L{R* a"Wic ] and
part (ii) of condition § implies that ¢ o f{R*}.

Case 4: §=(R', a', NF k') and 5 —(R* a% F, k%). This case is the symmetric
opposite of Case 3. The same arguments can he used to show that if =(7, &)=, then

e f{RF).

Case 5: 5 =(RYa",F k") and #-={R°, 8%, E k*). Let «(5,,5&)=c If (5,6 5)c
NE{G, BR*), then clearly e M{{R*, AY) - ML(R*, A%), s0 thal e < f{ R*) by part (iv) of
Condition §.

Cases 1 1o 5 exhaust all possible types of candidate equilibria. Therefore NE(G, R*) =
JIR*). |

5. DOMAIN RESTRICTIONS

In this section we discuss a set of domain restrictions which allow us to escape from the
Hurwicz-Schmeidler impossibility result. The parlicular assumptions we make are the
following.

Assumprion 51, Let A the space ol oulcomes be a compact subset of some finite-
dimensional Livclidean space. Moreover, for sach individual, the set of admissible
preferences is the set of continuous urderings over A. We continue to denote the set of
sdmissible profiles by R,

Assumption 5.2, Forall Re @, forall closed balls® B< A, M (R, B)~ M,(R, B} =¢.

Befinition 5.1. A SCC f satisfies Condition g% if
(i) for all pairs (R, @), (R, b}2 9 x A with asf{R} and bef(R'), SL,{R, &)
SLAR', B}y &L

4. A closed bull B i defined o the sel{x e A|J(5, b=l for some 5,5 A and » =0, where 4 - § is the
Euclidean distance Munction.
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(ii) forall R, R e R and ac A, if ac fiR)—fR"), then there exists i = I such that
SLAR a) - SUTR ., a)# 2,
{iii) for all R« 2B, M (A, Ry M.(A, RIS AR

Motice that the seli-zelection and monotonicity conditions of Condition £ have been
strengthened in Condition 8% On the other hand some of the conditions in Condition
A% have now been dropped and the {.) sets dispensed with altogether.

Proposition 5.1, Suppase Assumpiions 5.1 and 5.2 hold. Then a SCC which satisfies
Condition B* is implementable,

Proof Let f be a SCC satisfying Condition g* Part {i) of 8% and the
continuity of peeferences imply that for all pairs (R, a), (R, ble® = A with a f(R)
and b f(R'), there exists a closed ball W(R, R, a, b)= SL{R, a)~SL{R', h). Let
Wi, Rya) =1, ppengy WIR R, a,b).  For all il let QUi Rua)=
IR e RISLAR, a)~ SUH{ R, a)#= ¢}, Fix i« T and let R'e 4 R, a). By the continuity
of preferences, there exists a closed ball 7{i, R, R, a)= SL(R,a)n SLI{R', a). Let
Zi, Roat=V |oi soma 26 R R a). _

For all el Bef and acfiR), let CiR al={a}o WL R a) Z(i, R, a) and
A¥ = A We now show that f satisfies condition @ with respect to the C{ R, a} and A" sets.

Observe that by consiruction, Wi, R, a) and Z{i, R, a) are bolh subsets of Li{ R, al,
sothat O(R a)l= L{R g}, Let R'e® and b f(R), Since W(R, R, g, ble C(R, a)
C(R', b}, self-selection is satisfied. Let xe W{(R, R, a,h). By Assumption 5.2,
XE Mﬂﬁ, WIR R a b]}ﬁMz{I:L W(R, R'a.b)) for any Re®. Hence, part {1)}(b} of B
is also satisfied. Soppose a# f{R"). Then by part (ii) of 8%, R'c {1, R, a)u Q(Z, R', a}.
Assume w.lo.g that R'e (1, K, a). Let xe Z(1, R, R', a}. Observe that xe C\{R, a) but
x2 L\(R, a). To check part (iii) of 8, suppose that xe M| R’, C(R, a)]]\{a} ~ M{R’, A}.
Clearly, either xe W{i B a) or x= Z(i, R, a). Suppose the former is tewe, and let xe
WI{R R" a ) for some pair (R", ¢lc # % A, Since x& MR, C(R, a)). we must have
xe MR, W(R, R", 4, ¢)). Also, x M,(R’, A} implies that xe M,(R', W(R, R", a, e)).
However this coniradicts Assumption 5.2, A similar acgument shows that xe Z(i, R, &)
also contradicts Assumption 5.2, Finally observe that parts {iv} and (iil) of # and g%
respectively, are identical. Therefore, fF satisfies Condition 8. The result follows by
applying Theorem 4.1. ||

Remark. Moore and Repullo {19900 prove a relaled rhough not identical resul
(Corollary 4). One feature of their proof is that the (-} sets are chosen to he open
sets. This construction eliminates several “undesirable™ equilibria simply because
individuals are forced to maximize on open sets. Cur proofs avoids this unattractive
leature but at the cost of a new assumption [Assumption 5.2).

We now provide examples of two environments where 1t 15 possible to find 5CCx
which satisly Condition 2.

Exampfe 1. Let X ={a,..., a.] represent a finite set of social alternatives and let
5 denote the set of lotteries over the elements of X, Both individuals have von Neuman-
Morgenstern wtilily Manctions defined over X, Individeal s wiility function v, induces
an ordering R; over € in the following manner: forall p, g = %, pRg iff u;- p= u; g {where
- signifies the inner product}. Let U7 be the set of 2-toples of utility functions over X
satisfying
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Assunption 5.3, Yu<s U WicTl and ¥ distinel a;, a, ¢ X, a;(a;) # wla,).
Axysumprion 54, Forall wc U, u = for i# ).

Assumption 3.5 For all ue U, gither [there is a pair {a,, 2.} £ X such that w, (g} =
wila ) =>u{a;) > w{a) or [there exist pairs (4, i), (6., a,) such that
ﬂ;{ﬂ_.-:'—ﬂi{ﬂaj Uj[ﬂj}_“,i{ﬂk]
ul'l:.arw}_ul'[ﬂu:l H.i{am:]_u__l[aur

Assumption 5.3 expresses the restriction that individuals’ preferences over X ure strong
orderings, while Assumption 34 rules out complete unanimity. We will comment on
Assomption 3.F shortly,

In this setting, we identify the set ¥ as the set of allernatives 4. A social choice
correspondence, then, associates @ non-empty subset f{R) =% where E={R,,R.) =&
il it is induccd by some w = L0 Tt is immediate that Assumption 5.1 is satisficd. Nole
also that Assumption 5.3 and 5.4 together imply Assumption 5.2,

Let § £ # denote the uniform lottery over X, An immediate consequence of Assump-
tion 5.3 is that for any i= I, R =3, the sets 5L, (R, §} and SU{ R, §) are nonempty, We
naw show that Assumption 3.5 also implies that SL{R, §)r SLIK, §) =

Lemma 5.1. Suppose Assumprion 3.3 and 3.5 hold. Then, forall Re R, SLI{R, §)r
SLAR, ) ¢.

Proof. Choose any » satisfying Assumption 5.3 and 3.5, Suppose there is a pair
(e, @) X such that o (a) > wy{a,) and wala) = wda, ). Construct g€ 2 such that g, = 3,
fori=j kg =4 ' ¢and g, = §— & where 0"z <1/ & 1tis obvious that g SLR, §1n
SLAHK, ), where R is induced by s

Suppose now that for all @, @ = X, wia,) > wi{a = u{a) > ula). From Assump-
tion 5.5, there exist pairs {a;, a,.), {a,,, 2, such that

wila ) —ula) | wile)—wia)
ul{ﬂm]_ull:aw:l uJ{aJW}_uJ":aﬂjl

Assume w.l.o.g that [u,{a b= wla) = la,t = wia,}] and [wta,) > wla,} = ula ) =
ux(a;)] and

i) —wia,)  wala)—udia)

wla,) —wia,l wia,)—ula,)

Choose g,, g3 such that (i) 0< g, <1/ K fori=1,2, and

(i) an{a) —ulay) g ol ) — ey

wia ) —da,) e wla,)—uda,)

Now, construct g © ¥ soch that {I) ¢; =g for i  {, k, m, e} (i) g; =G, — &4, (iii) g = Gu + &2
(v} g =G + 214 0¥) §u =G —# . It cun be checked that g SL{R, §1~ SLAR, 7). |

We lurn now Lo a discussion of Assumption 5.5 This sssumption tules out wtility
profiles of the following kind: individual 1 has a utility function « with w#{a, )= w(a.)-- - =
w{ay, ), individual ? has a ohility function o with ola,) > ela, ) - e{a} and wiag)=
Av{a, b+, for some A =0 and j=1,..., K In other words, individual 2% utility
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function is the inverse (up to an affine transformation) of 1's utility function. Obseryve
that a “slight” perturbation in the wtility function of one individual {i.e. changing the
utility number associated with some ontcome) is sufficient to cnsure that the assumption
holds. This suggests that the assumprion is likely to be zatisfied “almost™ always.

Forany Re@® let BiR)=lgca|gRgVic I}, and PO(R)={ge F|there isno g F
such that §Pq and §Rg}, so that PO(R) is the set of Parero efficient lotteries in ¥
Biven R.

Consider the following 5CC f: for all Re @R, f*(R)=B(R)~ PO[R}. First, notc
that f* is well-defined since B(R)m PO{R) # ¢ Moreover, f satisfics Condition g%,
To check this, observe that Lemma 5.1 guarantess that /™ satisfies pact (i} of Condition
5% It is also obvious that /™ satisfies part (iii} of Condition 8%, Finally, both B( R} and
PO{R) satisfy parl (ii) of Condition 8%, and henve so does H(R)r PO(R).

Example 2. Consider a two-person exchange economy in which individual preferen-
ces are striclly monotonic and such that indifference curves never touch the axes (gener-
ated, for example, by Cobb-Douglas utility functions). Consider a {Maskin) monotonic
choice rule which always allocales strictly positive vectors of commodities. An example
is the Walrasian correspondence. Such a cheice rule will in this framework satisfy
Condition g%

Ackmowledrement,  Mome and Repullo {1930 have independently obtuined the main resull of our paper,
We lave Benefited geeatly from an earlier version of their paper which characterized the set of Mash-
implementable social choice carrespondences in the “many”™ person case. We ace alse geateful to DHlip
Mookherjce For useful discuszions,
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