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SUMMARY. Tho present articlo deals with a study of optimal designs in tho sotup
Amitting threo woy olimination of h gonoity, whoro inci of ovory two
dircetions is non-orthogonal in tho sonse that lovol combinations along tho principal diagonal are
infeasiblo, alt othor levol combinations boing foasible. For b= 1 (mod v) univorsally optimal
deeigns aro availablo and for b = 0 {mod v) A-, D-and E.optimal designs have beon characto.
vized. This charactorization is vory much eimilar to that in tho two way sotting of block designs
involving X5 arrays whero all tho colls along o 1 aro infoasiblo, though tho t
tion of such optimal designs aro more invelved. In this papor, wo mainly consider construction
of optimal designs eo charaotorizod for tho caso v = 3, v = 2V, > 2 integer, and o m k4],
odd primo or primo power, k odd, t > 2 intoger. Also cited is a design constructed by oxtending
Aggarwal's mothod {1966b) to highor dimonsions which has a simplo structuro compared to the
actua! optimal designs. Though theso may not bo optimal, thoy possess high officioncy rolativo
to tho optimol dosigne. Thus tho objective of tho papor is threo fold: (i) to obtain
whisvablo conditions for optimal designs in tho givon non-orthogonal set up (i) to prove
lhe oxistenco of such optimal dosigns in somo cusce by actual construction and (iii) to
calculate tho officioncy of soma simplo and oasily conatructible designs which may hove boon in
uso in tho context for a long timo, justifying thoir usability.

1. INTRODUOTION

Availablo optimality results (studied by Kiefer, 1058, 1976; Cheng,
1978; Mukhopadhyay and Mukhopadhyay, 1984) deal exclusively with the
orthogonal framework that is to say tho incidence pattorn of every pair of
dircetions is taken to bo represented (except for a multiplicr > 1) by the
matrix J = ((1)) of all ’s. SshaRay (1086) initiated & study on optimal
designs underlying two way climination of heterogencity sct-ups with non-
orthogonal incidenco structuro for tho pair of diroctions. Spocifically non-
orthogonality was assumed in the sense of cmpty cells along a transversal of &
squaro array of two way layout. In tho present articlo wo take up a study
of optimal designs in tho set up admitting threo way climination of hetero-
goncity whero feasiblo oxperimental units are thoso for which lovels along
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any two dircctions aro not tho samo. That is to say, for every two directions,
lovol combinations along tho principal diagonal are infeasible. Let each of
the threo directions assume b lovels and (i), §y, fs) denoto tho lovel combination
for any exporimental unit, 4,15 %, =1,2,...,b. Following Cheng (1978),
thoreforo if we assume tho incidence structure for every pair of directions ay
(5—2) (J—1I), the numbor of feasiblo oxperimental units for allocation of »
troatments bocomes b(b—1) (b—2) which may bo too large to bo available to
tho oxperimenter in practice. On tho other hand following techniques similar
to thoso adopted by Mukhopadhyay and Mukhopadhyay (1084), the number
of exporimental units can be reducod to b(b—1), thereby producing the inci-
dence structure as J—1I for evory pair of dircctions. Let E bo an OA(b, 3,5, 2)
such that the threo constraints have thoe samo level combinations in
each of the first b columns, i.e. the first b columns of the O4 are of the type

]
( [y ), §=1,2,...,b. Then the romeining b(b—1) columns of this orthogonal
]

array sorve ag experimental unita for us in tho three way elimination of hetcro-
geneity act up, where tho entry in the i-th row of tho u-th column denotes the
level of s-th direction in the u-th experimental unit. We will deal with this
lattor incidence structure for the thrco way elimination of heterogeneity
designs.

The usual fixed effects model e.g.

Yipu(h) = ptog+Brtvetmateyr, 1 <ALy, 15 #5 #k<D
where , ay By vir 7a, stand respectively for general effect, effect of j-th level in
1st direction, effect of j’-th level in 2nd direction, offect of kth level in 3nd
dircction and hth trcatment effect (if tho h-th treatment is applied to the
experimental unit), eyn's are id.d. N(0, 0?).

For a specificd design d, Nar= (), d=1,2,8, h=12..,9
1=1, 2, ..., b stands for the incid of treatment X i-th directi Incidence
structure is J—1I for any two directions,

As in tho cnso of two way non-orthogonal sct-up, wo aro interested in
linear inferential probloms involving treatment contrasts only and as such
we rofer to the underlying C-matrix of the design. Let rg = (rdy, 7dy, oy 7an)’

*Wo uso tho notation OA(N, k, S, #) for an orthogonal array of sizo N, & constraiots, #
lovols, aad strongth ¢. 8 i whon tho aro d from tho ooutest w*
will donoto tho orthogonal array by simply OA.
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be the vector of treatmont replications, and D, = Diag (rdys .oy fdo). One
can see that for any design 4,

@=)I J-1 J=I \- 4Ny
Ca=Dyy—(Nay Nay, Nay) | J-I (=1 J-1 N,
J—I J-1 -1 Ny

where ‘—’ over & matrix donotes its genoralised inverse. WWith a particular
choice of g-inverse, we get

Ca=D,— 1 (Nay, Nay Nay)

1 hb—3)
- 2)1—1 JT 1—‘% _% Ny
J J J
-3 e-9(1-7) - Ny
J J J .
- -5 (-2) (I_T Ny
After simplification, Cq becomes,
l
Cq= D,‘ b(b 3)'l ﬂlN'a
2
b(b 3 z E (Nar+-Naj) (Nart-NayY +_(b—l)(b—3) rar, (1.1)

The hth diagonal el t of Cy4, denoted by Canp turns out to be

a0t

b—1
Camr = rar— 56=3) Rant

3) 1a1 41

T2 R+ PP+ =y

2
9IS L ey

Developing similar tools as in tho case of two way non-orthogonsl set-up
(SahaRay, 1086), we can hero also charscterize optimal designs under this
threo way non-orthogonal set-up. In Sections 2 and 3 we take up the problom
of characterization and construction of optimal designs for the caso b = mo41
ond b = mv respectively. In Section 4, we caleulate efficiency of o class of
simple designs originally proposed by Aggarwal (1066b) in tho samo context,
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2. UNIVERSAL OPTIMALITY RESULTS FOR b = my+1
Let Q bo tho relovant class of connceted designs in the given set-np.
Let d@* bo a design in Q(b = my+1) which assigns cach trcatment m times
tocach level of every dircction. Then asin tho ense of two way sct-up (SabaRay,
1986), we can show that such a d* maximizes the traco of Cq (tr Cg) over he
class 0. Referring to (1.1},

my—3 L3373 al?
Taap

o v
- = T e &
trCa= El Cam E‘ T o 1) (MD—2) go1 het It

¢ m
.
(mv+l)(mv—2) (<1,\21 12 ("RH-"JM) +mv(mu —2) Trh
Ly my—3 3L (mE L rg \?
=5 e D) =D = L (i mv+l')}

b (5 (ot 20 )

°
—— %
(mu+1)(mu 2) tes am1

1
- Ty T, . 2

sinco g Ay =ra ¥i=123adk=12..,v

Clearly Aﬁ‘ r%, nssumes tho least valuo for d* as d* is equireplicate with

4y = rgeg =...= rgop =(mv+1)m =rqe (say). Morcover, each sum of squares
in (2.1) is * > 0’ for any competing design and ‘ = 0 for d* sinco in d*, i3,

Tde
mu41
Noxt, it is also evident that Cge is completely symmetrio (C.S). Hence as
application of Proposition 1 of Kiefer (1975) asserts that de is universlly
optimal,

aro cach cqual to m ( = ) This sottles the part on traco maximization

Such types of designs can be easily constructed. Except in cae
my+1 = 6, wo can in all other cases construct an Od((mo+1)4, 4, mo+1,3)
(Pleaso note that oxistonce of this 04 is equivalent to a Gracco-Latin square
of ordor my-+1) such that tho first constraint is arranged in tho order 0,9, ...
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0L)..,1,2..,2 my,..,my cach symbol being repeated (mv-41) times.
Further, cach of tho romaining threo constraints has tho same symbol in a
column for the first (my+-1) columns. Vo identify tho first constraint as de-
noting tho treatmonts and the remaining three constraints og tho threo direc-
tions. Then by construction, the level combination (i, 4,1), § = 0,1, 2, ..., my
receives treatmont 0. Wo dolete these first (mv+1) columns from this
04 and reduce the rest of tho symbols in row number 1 mod v.  This resulting
armay will give d°.

3. SPECIFIO OPIIMALITY IN THE OASB b= my
Let A be tho relevant class of connected designs for b = mv. As in the
case of two way sot-up, the C-matrix of an A-, D-, and E-. Optimal
desing hero is completely symmetric, but it docs not necessarily produce maxi-
mum traco of Cq in A, Take for example b = 0, m = 3, v =3. The design
d, has larger traco than d*, which will bo shown to bo E-optimal, whero

‘4, A, A, B, B, B, € € G
—_ 0 1 2 0 1 2 0 1

4 A, 4, B, B, B ¢ C G
1 —_ 0 1 2 0 1 2 0

4, 4 4 B, B B 6 G G
0 2 — 0 1 2 0 1 2

By B, B, ¢ Cy Cy 4, 4, Ay
2 0 — 0 2 1 2 0

B B B € G 6 4 4 4
1 1 - 0 0 1 2

0
B! Bl B! 02 Cl Ca Al AS At
0 1 2 0 1 —_ 2 0 1

cl ci cl AI Al Al Bl Bi B!
0 1 2 2 [ 1 — 0 1
C, C, G, 4, 4, 4, B, B, B,
2 0 1 0 1 2 2 — 0

| Gy Cy Cy A, 4, A4, By B, B,
L1 2 0 1 2 0 0 1 -
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(4 Ay Ay By B, B, Cy ¢ C,
_ 1 2 0 2 0 0 1 2
Ay 4, A4, B, B, B & ¢ ¢
1 — 0 2 2 1 1 2 0
Ay 4, A4y B, B, B, Cy C, C,
2 0 — 0 1 1 2 0 1
B, B, B, [eN C, C, Ay 4, A,
2 0 1 — 1 2 0 0 1
d° = B, B, B, Cs Cy G Ay 4, 4,
0 1 2 1 — 0 0 2 2

B, B B ¢ 6 G A4 A 4
2 0 2 0 - 1 2 1

Cy Cy G Ay 4, 4, B, B,
0 1 2 2 0 1 — 1 2

C, C Cy 4, 4q 4, B, By B,
1 2 0 0 1 2 1 — 0

Cl CJ CI Al ACl Al BS Bl B!
L2 0 1 1 2 0 2 o -

(In d, as well as in d°, the three directions are given by rows, columns and the
Roman letters A4,, 4,, 4,, Cy, Cy, Cy, By, By, Bg). Thus DProposition 1 of
Kicfer (1975) is not directly applicablo as regards universal optimality. So
we look for specific optimality results.

Now wo quote & well known lemma (without proof) which wo will use in
tho derivation of optimal designs for thoe caso b = mv.

8
Lemma 1: For any positive integers S and 8, the minimum of ‘E n¥ subject
£3)
S ]
to & n¢ =t where ny's are non-negative integers is oblained when t—S [3] of
(=1
¢ !
the of n4's are each equal to [.S—']-H and the others are each equal to [-S-] f

where [%] is the largest inleger contained in [A’g—] .
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Let d° bo an oquircplicato design for which (a) Cgs ia C.S. and (b) the
diagonal components of Cye aro such that

Caoppy = { max }CMA for overy k.
ded, rax=t

Hero 7 stands for the constant replication number of the treatments under

8 Lo. ¥ = m(mv—=1).

Following cssontially the technique in Kiefer (1075) and tho steps doveloped
for tho caso of two way hoterogencity set up in SahaRay (1086) it can bo
established that

(i) @*is D-optimal for v > 8, m > 2 and henco A-optimal as d* is C.8.
For tho case v € 7, A-optimality is still unscttled.

(i) d* is E-optimal for v > 3, m > 2.

Construction of such d* is rather involved and more complicated than in
the caso of two way set-up. For d° to exist, a sufficient condition will be
that tho sufficient conditions required for two way set-up as claborated in
SahaRay (1956) should hold for every pair of dircetions viz. (i) For each level
of a direction (v—1) treatments occur m times each and exactly one treat-
ment oceurs (m—1) times. (ii) Considering any pair of directions the treatment
whick occurs (m—1) times for the ith level of the 1st direction eannot occur
(m—1) times in the ith lovel of 2nd direction in the pair §=1,2,...,mv.
(iii) Take any pair of directions in a definite order. The level combination
(i, 5) for tho pair of direction gives an ordered pair of distinct treatments the
first of which occurs {(m—1) times in the i-th level of the 1st direction and the
second occurs (m—1) times in the s-th lovel of the 2nd dircction. Then we
get & sories of mv ordered treatment pairs. Theso my pairs should exhaust
all possible ; pairs of treatments each occurring o constant number of

times. This result should be truo for every pair of directions chosen. Pro-
pertics (i) and (ii) emsure property (b) of Cye Viz Caopp = {d mas )} Cam
€A: rap =T

a9 it ig clear from application of Lemma 1 on the expression of Cann (vido
(1.2)). Now to achieve proporty (a) of Cye viz. completo symmetry of Cye,
we first noto that properties (i) and (ii) readily lerd to completo symmetry of
NeyNge. It remains to achiovo complete symmetry of (Nasi+Nasg) (Naso+
Naog 44 <j,1,j=1,2,38,(vido (1.1)). A littlo algebraio simplification will
show that condition (iii) implies thia,

A nccesaary condition for realisation of condition (iii) is mv = A ( ;),
A is & positive integor. Wo bavo slready observed that for two way climina-
tion of hotorogencity in such cases, tho required @* does not oxist for m = 1.
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So we assumo m » 2. Wo will present hero construction of d* for (i)v =3,
m=3, (ii) v=2, $>1 integer, m = v—1, (iii) v=1tk+1, odd primo or
prime power, ¢ > 3 integer, £k > 3 odd integer, and m =v—1. We slo
exhibit how theso d*’s can be omployed to get optimal designs for tho multi-
ples of m alrcady choson,

() v=38 m=3.

(4, 4y 4g By fl B, ga ¢ C,

1 2 0 0 1 2
Ay 4, A, B, B, B, C, C, C,
1 — 0 2 2 1 2 0
Ay A Ay B, B, B, Cy C, C,
2 0 — 0 1 1 2 0 1
B, B, B, C G, C, Ay 4y 4,
2 0 1 —_ 1 2 0 0

&#=|B, B B ¢ € & 4 A4

B, B, B, € € C A 4 4
1 1

1 2 0 2 0 - 2
Cﬂ Cl Cl AI Al AI Bl Bl Bl
0 1 2 2 0 1 ~ 2

Cl Cl ca A, 4 2 Al BI B!
1 2 0 0 1 2 1 —

°x

& G & 4 A 4 BB 5
-2 0 1 1 2 0 2 0 -
where 4,. 4;, 4,, Gy, C,, C;, By, By, B; denote the 9 levels of the 3rd direc.
tion, tho first two dircctions being the rows and the columns s usual, snd
0, 1, 2 denoto tho three treatments.

In the following two cases v = 2! and v = tk+1, we use some common
notation. Let L bo o Latin Square written with v symbols of GF(c) such
that the symbols appearing along tho diagonal are all distinet. Let (L+2).
z; € GF(v) denotes tho Latin Square obtained from L by replacing each symbol
y of L by the symbol (y+2;). L® is obtained from L after deleting the diagonsl
(i.c. the diagonal positions of L® are all empty) and (L+z;)** is obtained from
(L+z1) by only roplacing its diagonal by the diagonal of L.

(i) v=24¢> 2 integer, m = v—1,

Dofine zy = I4a+tad + ... +at, §=1,2,..,m. Whero « is o primitire
eloment of JF(v). Obviously, z’s arc all distinct elements of GF(v), and
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1m = 0. Wodefino a sct of my symbols divided into m gets, the ith set written
ay Ai(x), ze GF(v), s =1,2,...,m. Let Ag be o Latin Square written with
the v symbols AA(x), such that along tho diagonal of Ay, all the symbols are
distinet. Each Ay, so constructed when super-imposed on L is assumed to

form & Gracco Latin Square, Let L bo any other Latin Square with clements
of GF(r), which need not have distinct clements along the diagonal and will
form a Gracco Latin Square when superimposed on Ay, Now d* can be
constructed as follows.

Yirst make an mXm Latin Square treating A ('8, i=1,2, ..., masm
distinct 8ymbols, such that along the principal diagonal and along the second
direct dingonal (i.0. just above the principal diagonal) the symbols are all
gdistinct. Now in placo of symbol A, insert the Latin Square A Tho
symbols Ay(z), § =1,2,...,m, ze GF(v) in the order now they occur along
principal diagonal of this resulting myXx mv square will form the definite order
of the lovels of the third direction. Now arrange v treatments in this myXme
squaro-as follows :

Originally wo started with an mxm Latin Squaro with m symbols 4,
then /’s are replaced by vX v squares A¢’s as already indicated. Consider-
ing the original mxm squaro, its diagonal has m distinct elements A, Ay
w-s /Im, in some order. Superimpose the treatment square L°® on each of the
4r's (written in placo of _Ai's) on the principal diagonal. Then superimpose
(L4ai)'*, in tho given order ¢ = 1,2,...,m on A's along the seccond direct

diagonal of tho mxm original squarc. Supecrimpose L on the remaining
A('s of this mxm square. Then d* Jooks like this.

(4, 4, 4, 4, Am_y Am b
L Ly L I I I

A, 4 4, A o o e Am A

I I Lta)* I e e o L L

d*' =

Am_y Am 4, 44 Am-y Amy

Z Z Z Z L* (L+1'm_|)“
An A, A, Ay i e e g Amy

: 2 T E oI o

B 2-5
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Clearly, from the construction procedure, d* satisfics condition (i). As z's
$=1,2, .., m=1aro non-null distinct clements, d* satisfics condition (ii) alw.
To verify condition (iii) wo intrroduco vector notatior d(L), and t(L+xp,
i=1,2,...,m—], to denote tho v distint treatment symbols along the
diagonals of L and (L+x;) respectively.  The my treatments (not all distinet)
occuring with (m—1) replications along the s levels of row and column diree-
tions aro given by the two vectors

(d(L+x), (L+z,), dLt+xy), ... . ALy
(d(L), d(L+x), d(L+x,), vy L4 TR)

an

respoctively. As cach of d(L+4a), $ = 1,2, ... m contsists of v distint treat.
ment symbols and (), 24, 2, X3—=25 oy Tm_y—Tm_y—Tn_y) CONsists of all
non-null elements of GF(v) cach appearing exactly onco, tho mv treatment
pains occurring (m—1) times along the (i,4), i = 1,2, ... my level combinations

of row and column directions respectively exhaust all pouiblo'f(%ﬂ pain,

each occurring equal number of times. Verification of this property for rox
vs. third direction and column vs, third direction is immediato,

(iii) v = tk+1 odd prime or prime power, & odd (> 1), 4> 2 integer,
m=v-l.

Let z bo a primitive cleraent of OF(v). Let Af, ¢ =1,..,0j=1, ..k
bo Latin Squares of sizo v with symbols Af (z), ac GF(v) such that along the
principal diagonal, tho aymbols appearing are distinct and L and Af’s when
supcrimposed form Gracco Latin Squares. Let Afs, $=1,...1 bo Latin
Squares of sizo L, formed with symbols Af, § = 1, ... L, such that the symbols
A['s appearing along the principal diagonal and also tho sccond direet diogonal
aro distinct. Since k is odd, this type of configuration is always possible. Let

-~

L be any Latin Square of sizo v, with symbols from GF(v), such that Af superim-
posed on L'is a Gracco Latin Square. Now d° can bo constructed a3 follows.

First mako & ¢Xx¢ Latin Square with symbols A, i = 1,... ¢ such that
along tho principal diagonal the symbols are distinct. Now in placo of symbols
Ai's, put the Latin Squares A¢'s with symbols #4's,j=1,...,k. Thenin
Place of symbols _}'a put the corresponding Latin Squarcs A{’s. Now the
order in which tho symbols Ala), i=1,...,4,5=1,..., k acGF(), occur
along tho principal diagonal of this my X mv square represent tho definite order
of the levels of the third direction.

We can now arrange v treatments on this square ay follows. In the
original #x{ Latin Square, the symbols _A4i's aro repalced by the Latin Squares
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Ar's of order kx k with symbols Af's. Superimpose L* on each of the Latin
Squares A}'s (writton in placo of L#%s) occurring in the principal diagonal of
tho resulting tkxtk square. Consider the second direct diagonal of each of
the kx k suqares occurring in tho principal diagonal positions of the original
x4 square. Take o represontative kxk square, say A‘l. Then superimpose

the treatment squarcs

(LT, (LT, L (Lol

in that ordor on tho Latin Squares written corresponding to tho el t
occurring on tho second dircct diagonal of the squaro specified. The
same is dono for each such kX k squarc in tho principal diagonal. Superim-
pose I on each of tho romaining v x v Latin Squares written corresponding to
the elements of tho tkx (k square. Tho method is illustrated below :

Let

H A} At
EEE I
Af A} A
. I z
e e
. o .
z ;e sty
A Al A
| pssiye 7T B J
[ 4] 4f VU
z z z
42 A4 4
B=| I z I Li=1,2 .,k
A 4 A
L z I r
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The design d* is given by tho matrix D, where

C, By By, o B,

oo B, ¢, B e B,

Bi, B, B, e G
The sets {z, xt*), ... a1} { = 0,1,...,t—1 have the following property:
Tho scts (ziH—af, zHU_gt | GGHE-D_glalth-n) gl gtik-D), |-

0,1,...,4—1 exhaust all the distinet non-null clements of GF(v), each accurring
exactly onco. This ensures tho property (iii) of d* slong row va. column dirce.
tions. Automatically the same property holds for row vs. third and column
vs, third direction. Tho other property is obviously satisfied.

In each of the above threo cases, suppose the design is constructed for
some m and wo want to construct it for some multiplo of m say m® = pm
p > 2. The (muxmv) optimal d* can then be used to construct m'vXm'y
optimal designs. Let d}, dy, ..., d; be p optimal designs of size myx my, cons-
tructed in the above manner with p different scts of mv symbols. d;"'s are
designs obtained from d’s by replacing L* and (L+2)**, zeGF(v) by
Lol simply. Then d* (m*»Xxm®v) can be constructed by making & pxp
Latin Square with symbols d; such that along the diagonal the symbols appear-
ing are distinet. Then replace all the off diagonal di’s by d;*’s, and in place
of d; or d;* symbols, put the corresponding (mv x mv) sq;

4. EFFICIENCY OF A STMPLE CLASS OF DESIONS IN THE LINE OF
AGGARWAL 1966(b)
The above discussion reveals that construction of these optimal designs
d* are highly involved but can bo settled in somo cases atleast. But the struc-
O.ure1 of the optimal design d° considered by us requires m to be a multiple of
v—

—3 and in fact in all our constructions in the preecding section we have

choson m = v—1. This imposcs & restriction on tho size of the square
and consequently the number of observations which may not be always easy
to meet. We give in tho following lines o simplo design which happens
to be a trivial goneralisation to threo way set-up of Aggarwal's (1066b) design
considered in the context of two way sct-up. Theso designs are simplo, easy
to uso, can be constructed for all m > 2, (except when mv = 6) and have
very high efficiency with regard to A-optimality criterion, even though the
designg are not definitely optimal in cases where tho optimal designs cons-
tructed by us exist.
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Let us defino a set of mv symbols divided into m sets, the ith set written
ua}.j =1,2..,v98=12,..,m Let GL; bo a vXv Graeco-Latin Squaro
formed with two sets of symbols {1, 2, ..., v} and {af, &}, ..., af} such that along

the diagonal {1af, 2}, ..., vat} occurs in the samo order. Lot GL; bo any
Graeco Latin Squaro formed with tho abovo two scts of symbols. GL; is ob-

tained from GL after deleting its diagonal. Then a now mpXmv design d, can

bo formed as follows. First mako & mXm Latin Square treating &'L‘, i=1,
2, ..., m a8 m symbols such that along tho diagonal the symbols appearing are

distinet. Then replace the diagonal oL, symbols by the Gracco Latin Square

GL;, and off diagonal GLs by tho corresponding Gracco Latin Squaro GLi.
For m odd, ono representation of d, can bo

oL, oL, GL, GLn
4=\ Gr, oL} or, ... oL,
GLn oL, GL, GL-

In d,, tho symbols &, j = 1, ..., 9,4 = 1, ..., m denoto the levels of third
direction, the other two directions aro represented by rows and columns es
wual. However, it possesses & high degreo of efficiency as is demonstrated
below with respect to A-optimality criterion. Recall from expression (1.2),

_ 3 mo
mv—4 & T nan?

Camh = fah — ———
Oh ST T mo—3) i 11

2

IX E (i +nPi+ =) mo—3) i

m <
As in tho caso of two way elimination of heterogencity, one can derive the
expression for g(ra) i.e. max of Camn subject to the condition")z‘. h=my
§=1,2,3, Denoting ¥ by 7= (m—1) mv+m(v—1)=umv+t (say) tho
expression of g{r) for r = 7 is as follows :
g(7) = A(F)+By(F)

27-2 3(my—4)
(mo—1)(mv—3)  my(mv—3)

where A(F) = 7+ (—utmy+ 74 2ur—mou)

3 -
—_— (8uF—4 myu?
‘my(my—3) (Bur—4 mou)

and B,(7) = (67— 6 myu—~2my). e (41)

-3
mo{my—3)
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Note that for tho optimal design d° as woll as for tho abore mentioned extended
Aggarwal's design dy, the C-matriccs aro completely symmetric. Ilenco wo
get for the efficiency of dy tho expression,

T T V(ri—7j) using d* 1 1

E, =" = 2—,-/}: —
4= T X V(r—1;) using d, Ad} Agq
2 o

= E", using tho representations Cys = a* (I—J/v) and C‘a =a, (I-JJo).

From expression (4.1), we got
Gm(2v—3)

(=) a® = A0) — =3

(1=1/0) a® = 4{7) — —11"2”'("”(1';:13))
= E(F) say.

E‘“ now simplifics to E()

Calculations indicated that even for moderate values of v and m, E% is closs
to unity.
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