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A UNIFIED APPROACH TO ESTIMATION OF LORENZ.
- RATIO FROM A FINITE POPULATION

By . MAITT and M. PAL
Indian Statistical fnatitute

HUMMARY, Most of the resulis relating to cetimation of Lorenz-ratin (LE} are haaed
on the ssmrmption of dore disteibudion mn the population. Mot mueh atlention hos been pedd
in tha literaturs to provide o design-bosed uobinsed cetimator for LR, To the beat of anthore’
knowledge, Tagnehi®s (1478) ia the only one which however, can hardly be nsed in prastice. In
easa T, the population mean is knnwn, an effort, in this paper, has been made to provids some
unbisged estimators of LR together wilh celimutes for the varisoes of the  cslimuetors. Tho
relovant oxpressions have been firat found undsr the general sampling design and thon, fu posrli-
cular, the cases of SEEWIL and SRIWOL have been discussed,

1. INTRODUOTION

~ Estimation of LR, in the literature, is mainly based on the assumption
of a reasonable distribution on income or total cxpenditure, cg., Pareto,
Iognormal or Gamma, which have been found to fit the income distribution
very well for many countries.  Under the assumption of a eontinuows distribu-
tion and the schemo being that of 3RS, catimation of LE is not vory difficult.

Taguchi (1978) proposed a sampling scheme using information on an
auxiliary warishle and provided an unbiased estimator for LB under the
assumcd model deseribing the distribution of the auxiliary variable. Though
¥ noed not be known to obtain an unhiased estimator for LR under Taguechi’s
gcheme it can hardly be used in practice because of non-availability of such
an auxiliary variable.  Also in most cases the statistician has fo analyse data
already available, from surveys not conducted under Taguchi's scheme.

Hero, a sample theoretic approach has been adopted to provide an un-
hinsed estimate for LI defined in a linite population under & general sampling
design and also the estimate for the varianee of the estimator has been found
out, following Nanjamma-Murthy-Sethi (1938) approwch. Im fact, direct
applivadion of N-M-B-approsch has helpad ws to find oub simple expreessions
for the estimate of the variance of the estimator, when the scheme s either
SREWE or SREWOR. Tt may be pointed out that the usuul estimator for
LR can be made unbiased under SREWER or SREWOR simply by making a
corrcetion for the constant multiplication.
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2. DHDTITIGKH, HOTATIONS AND THE TSTAL RESULTS
Yot U =11, 2, ..., N} be a finite population of N given units labelled
through 1 to N and y be a variate taking valuo gy for the i-th unit of tho
population.
LE under discrete sot up may be defined as
¥ N —
LRy= I 2 [s—yl/2N* ¥ . (2.)

i-

whers T is the population mean of Y. Another way of defining LR may

be as
LRy = igjlyi—yjlfﬂﬁ'{ﬁ*—l} ¥ e (2.2)

when ¥ is known, the eommonly used esimators for LR are

LRy = I |y—ys| /22 ¥ . (23)
1

and LRa X lyi—g]2etn—1) ¥ w24

It may be observed that under SRSWR and SRSWOR, the catimators
defined in (2.3) and (2.4) are biased. However, they can bo made unbiased
after they are multiplied by the appropriate correction factors depending on
# and N only. Tn particular,

LRy = [nfin—1)] LRy, and LBp = [a(N—1}N(n—1)] LRy, ... (2.5)
are unbiased for LBy, under SREWR and SRSWOR respectively.

Unbiased estimates for LB, may be found in a straight forward manner
once we known the unbissed estimates for LE,. Since LR, and LR, differ
only with respect to the constant mulfiplication, wo shall discuss the estima-
tion problem only for LB, in this paper and this will be referred as LB
throughout our subsequent discussion.

After some routine ealevlation, V(LR.4) and V(LR #) may bo writlen as,

- 3 -2n
V(ERY = [ §o D [yl el
12—8n  2n—4
+(_N3"_—N_) 2 vyl lyi—ye]

f—in  2n—d4 . _
(et I A1) lwmnlemme-nTy L @)
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which can equivalently be represented os
_2 -
V(LB = [{—4n—l—ﬁ]LR’—|—’1—r3 z u?nfl’“+c'3] e (270

when (7 iz the square of the co-efficient of variation of ¥ in the population, and

(n—2){n—3)N(N—1)

ViLRs) = | {{N—E}{N—ﬂlﬂiﬂ—”

1} Z \mi—=wl lme—ml
i jtat]

E y—y| lyi—yrl

(n—2)N(N—1)
EE {{N_z;ﬂ(n—l} 1}

it
M¥N-) 4 T e
+2[ n(n—1) 1}&} L —2] ] [4N*¥ e (2.8)
4,—4 A,—24,+4
= 4, LRt e T oyt %a % o (29)

(n—2) (n—-3) N(n—1)

where 4= (N—2)(N—~3)n{n—1) -

(n—2) N(¥—1)

A= a1 "
NV —1)
and Sy T 1.

Baging on the distinet units i, jes{i = §), the following Hurvitz-Thompson
type estimator for LR can be defined as

LR =[ S Jyi—w iy 2V T e {2,109
ENLY 3

where 7y i3 tho sccond order inclusion probabilitios sssociated with a design
& = (I, 8, P). The estimator in (2.10) may be shown to be unhbiased
for TI. and wvariance of the ostimator can be found cut without much
difficulty. However, an estimator for LR together with the estimate of the
variance of the cstimwtor have been obtained as a direct application of
Nanjamma-Murthy-Bethi procedure, just by defining the appropriate kerncl
funetion for LE.



218 . MAITI AND M. PalL

3. A GENERALISED ESTIMATION PROCEDURE UNDEE K-M-S 88T UP

Let a sample of fixed size # be drawn from a population U, using a sampl-
ing design & = (U, 8, P}, where P is a prob thllty measure defined ons e 8,

such that
P(s)> 0 and T P(s) = 1.

FES

Let my, wy and my ha the ineclusion probabilities of diflerent ordor

defined as
=X P, :rrT;— L P and mgp = X Pg.
aai LELENR )
:i#,ﬂ iRk
Lot A be the class of sets & whose elements belong to U7, In such a set,
the same unit may or may not cceur more than once.  Let {x} be the set
of all samples containing . In a similar manner. one can define
Ty = L Fa
aefa:

Tet the population pa.rametﬂr F he expressible as
= ¥ flz) A

ELY |

where f(z} is a single valued function dofined over the class 4. Tet S he a
sample defined by an ordered sequence of unita. It may be noted that the
same unit may or may not occur more than onece insuch an 5. For example,
a gample of 3 units may be (¥,. ¥, 7,) Which is different from (i, 3. y.) or
(#e: Y1 ¥ )-

An unbiased estimator of the parometer £ may be given by

e Es Fl=). Ps|a)iPis). v (3.2

The variance and unbiased estimator of varianee of F would be given by

e of Plele) Plela’) s
”F}‘u_igﬂ“}ﬂ“?{m 1} (2.
and 7 Py = (Fp— = Jla) fla) Pl o@a)iPs (3.4

where
Pis|x) = Pls)/P{ix)) and Pls|a @ a’) = D)D) Ua)

are the conditional probabilities of & given the set {a} and Jx} | ) {2’}

# is unbiaged only if each 5 containg at least one « and each set « is con-

tained in at least one 5. F(F) is unbisscd if every act (x @ a’) iz contuined
in atlest onc 2 and cvery s contuing atlenst one set (2@ 2'). Hence the
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minimum sample size required is 2¢, where « is defined using » observations.
Kow, since
Pl = T P)=Z Pl

agim}

whore @ contains all distinet units, or
P(a}) =
Pla]a) = P(s){mie;

we cam in general write

iz} = 7z in case ¢ containg only distinet units. Hence #7jx) can be regarded
as a general version of #,, where o need not have all distinet units,

4, TETIMATORZ BASED ON N-M-8
Case 1. SRSWOLR : TUnder SREWOR, myy = nin—1)/N(N—1) and thua

LRy = [N(N—1)in(n—1)] I fla) e (&)
L
a={i, j}
where flz) = |yga—ys| N* ¥ for & = (i, j).

Ome may observe that

T

rol = (3,5 ) Po= ()"

[, ¥—2
(

n—23

and

)_lifm=a'
PlalaBa’) = < (N_g

=3
) if only one unit is common in ¢ and '
n—

( N4

i ) if there is no undt in common.
n_

L

wiid hanes

" N(N—=1) (n—2) {n—
V(fibiy) = [i_ Lyl [yt—yﬂl{ [j ;.Ifffr?i_;ﬁ ﬁ 1}

~ N(N—1) (n—2)
+4i#§& lwe—usl [vi— Jirl{ nn—1) (N—2) 1}

2 NN — o
3 AT )
+-‘_L lar—ysl* { {ﬂ__lj 1}]14\ ¥ v (4.2)
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with

o NIN—1) (N(¥—1) (N—3) (¥—2)
LR = afy An—1) { nn—1)  (n—3) (n—2) }

NN—1) (N—2)({N—n)
tfn—1) (r—2) (r—23)

1 A
T4L o

N(N—1}{N—n) (N—n-1)

2T g? nt 1]
e Y-S )

(4.3)

where
ay = |gi—yil, e = ? lys—ys| and gy = Z X |ye—us].

Case 2. SESWR: Under simple random sampling with replacement,
the proposed estimator for LB would be

LByus = I ly—ys| PPNy e (4d)

However, the exact cxprossion ean be obtained by substituting the value of

Pa|a).
It follows from the definition that

r mgy o= (i i)and a’ = (i j)

mue  ifa = (i, i) and &' = (4, &)
my  ifa = {i,i) snd &' = (i, 1)
Tuia) = < mgr e = (i,j)and &’ = (1) e (4.8)
mg o= () and & = (i, k)

magg o= (i, 4) and " = {4, 7}

Loy ife=(j)and &’ = (i j)

Hence, with the help of the cxpressions in (4.5), we have

?{LHN—M—sz[ Nyl lpe—ul (ﬂ—l)

EIEIET Mgk
ik

F: —us | bag—1 (—d —1

+e I vewsl bye | )

T —
3 ¥ a8 ._..ﬂl)]n’.;_h-"]’ﬂ e (4.6
+2 2 ly—mi® (1) ] (£.6)
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and
I?{LhRN—H—E}:[ Lyl Hﬁr—y:l(l-s__l )
LEFET T T Ty Tt
+4 — — —
4 2 e Jti( , ,ﬂ,m_)
1
£ g 2 AT TR i
+2 2 |-yl (‘ ,‘,,ﬁ)]!ﬁ b

Case 31 N-M-5 estimator based on distinct wnils on the basis of o somple
drawn by SREWE, Since each o is defined on two distinet units, the samples
of size a liko (4. ¥y, ..o %y)s oo (Ww: Y ooos Wa) CAND M0b be used to estimate
LR. Bo assigning zero probabilities to all samples s = {y. vy, ..., y5}, the
probabilities for other samples ean be adjusted as
Li{¥n—n) if all the units are not the same
(s = { + (1.8)

0, otherwiso

in order to have & P*{s} = 1, 8" being the class of all possible samples,
LI

where all the units are uot the same. Thus using,
me = Pls). Ny,

where &, iz the number of samples containing o we have

Prs|x) = P*(ajfm,
ug before and
PH{s) = P(g)x No/(Nn—n)
7t (x) = 7, % NB/{Nn—n)

Ps|o) = Pis|e)
Henee,

B = [(¥n—n)|¥n) z fla)img = F—[n[N7] Zf ee) s e (4.9)

s = g { B e )

= r«'{zﬁ}—{ngwn I JOf@)Pls|@)Pis| o) PoPls |2 @ )
(4.10)
Bince («#/N") is n negligible torm, one can use F instead of F* for all practical
PUrposc,
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5. BOME CONGLUDING BEMARES

One can ensily check that V(LEp) < V(LK) for reasonably lstge ¥

and it is also expected that F(LRy) (ic.. V(LEg)) < V(LEwys) < FILRA).
Although it was not possible to prove the ineguality in a straight forward
fashion because of the complicated expressions for my, 7y, but an investiga-
tion to specific eases of my, mye reveal that

() my < my
and (b miefimy)l® < mu/(my)® for f < 3/13

My, my; are boing defined under SREWR and SREWOR respectively ; simi-
larly my, and 7 stand for the corrcsponding cxpressions under SESWR
and BREWOR. However fuking different values of n and N, it became
possible to show thab

{0} mya iy S mow{my)®

holds in most of the situstions of % = (4, 5, 10, 15, 20, 50) and f = (001,
01,00, 0.2, 008, 0.5). Tn the eases, where the inequality is reverse, the differ-
enced have been found to be very small, as has been reflected in the following
table :

TABLE 13 VALUKE OF i, flmy? AND mye(my)?
FOR DIFFERENT VALUKS OF §f AND 5,

f f= 0001
":‘.f.ti__-"_{“;j]'q migina (g
i O, 3001801 0. 20HETY
10 +, 6224058 &+ 6221370

a . 1h. B2 0. 9500217

So mostly, we can say thet without replacement scheme is better than
that of with replacement. Also the estimato based on distinet units or pairs
of units is botter than the corresponding estimate on all units ov all pairs of
units 3o long as Fly) is not very small. '

N-M-5 approach was adopted only to obtain an eslimate for the variance
of the estimator without much difficulty.  Otherwise, it is not very much
different from the nsual set up.
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Comparison hetween SRSWER and SRSWOR would be more logical,
if vomparizon is mads between a SRSWER of size { whose cxpoceted effective
gize would be the size of SEEWOR ie. if & is the number of distinet unita in
o smaple drawn by SRIWR, and if B{k) = » ; then a sample of size n shonld be
drawn by SRSWOR to compare it with SRE¥WR. Howevcr, in that case,
we did not amrive ot any clear picture, Further studies should be made (say
through super population models) in order to establish the superiority of
the estirnator based on SREWOR to those under SREWE.
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