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NONUNIFORM RATES OF CONVERGENCE TO THE POISSON
DISTRIBUTION

By RATAN DASGUPTA
Indéan Statiskical Inststute

SUMMARY. Convergence rates of binomial and negative binomial distribution to the
Poisson distribution are studied extending the earlier results. A zone is computed where the
ratio of the probabilities approaches to one.

1. INTRODUCTION AND THE RESULTS

A number of distribution have limiting law as Poisson distribution, e.g.,
the binomial and the negative binomial distribution under appropriate assump-
tion converge to the Poisson distribution. Rates of such convergence are
provided in Kerstan (1964), Vervaat (1969) among others. Simons and
Johngon (1971) obtained another result for binomial to Poisson convergence

and showed lLim ¥ o |bp(n, Ajn)—pr(A)] = 0, & ¢t where symbols have
n r=0

their usual meaning. This cannot be readily extended to the negative bino-
mial distribution since the ratio of probabilities as considered thereir turns
out to be decreasing in the opposite directionin snch a case. In this note we
prove a similar result for the negative binomial distribution as well. Also
we compute & zone of the integer » for which the ratio of the probabilities
by/py approaches one. This is similar to the excessive deviation results in
the Central Limit Theorem. It turns out that the zone remains the same for
binomial and negative binomial distribution and is of the order log n/log log n.

First consider the negative binomial distribution
z+n—1
n—1 )

Bu(a, p) = 9130y pm(1—p)= Pe(1—Pytwm . (1)

where P= L _1.
D

If P> 0, n—> 0, Pn = A, then
By(z, p)—> P(z,A) = e A%|x !
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Let a, = P(z, A)/Ba(z, p) then azlaz_; = (n+A)/(n+2—1)} asx T,
Consider
2 h(x)| Bu(x)—P(z)|
x

= 3 h(#) Bai@) | P@)/Ba@)—1| <(S+1) 2 o) Bafe) o (2)
where § = sup az < oo.
Also, ’
=< (162 wtar| 2 et € o (2]

z=1,2,...and By(0) < 1.

Therefore with an application of Dominated Convergence Theorem to (2)
with an appropriate choice of A(x), one gets

5 (142)~% exp [z log {nx/(A e(n+x))}] | Bn(z)— Plz)|
€3 (1+2)012 < 0 if 8> 1/2. T

We adopt the convention 0 log 0 = 0. If nPp = A-+o(l) then az/as_,
= (n+A) (1+o0(1))/(n+2—1) and repeating the above steps we obtain :

Theorem 1. For the netgative binomial distribution (1) with nP, = A+o(1)
S (14-a) exp [z log {na)(14-0(1)) A eln+))}}| Ba@)-—P(w, )| < 0 ... (4)
z

In particulsr this implies X €/%|Bg(r)—P(x)|] < oo for every fixed ¢
x
if n > no(t)- ‘
Next for nP, = A+C,, Ch— 0 we get from Vervaat (1969)

5| Ba(e, Pa)—Plz, nPa)| = O(P,) = O{—). SO
z
Also,
S|Pz, nPa)—P(a, V] < (0Pu=A) 2 (Z5X ) Ple, %), A 6 4, A+C),
x z \
<C0n 3 x—;AIP(x,/\)
z

=0(|C, ). . (8)
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Combining (5) and (6)
5| Balz, Pa)—P(e, )] = 0| 1Cal+2) )

with an application of Hélders inequality one gets from (4) and (7)

i‘. (14x)~% expfax log(nz/(1+o(1)) A e(n+2))} | Bu(x)—Plz, A)|

1-a

=o(1oal 45 )", . (®)

where 0 <a <1 and ¢ > —;— This provides a nouniform bound depending
on both n and z.
Next note that from (8), B, (z) ~ P(z, A), z— oo if

1\1-@
(1+2)% exp{—az log(na/(1+o(1) A elnta)} ( |Cal +)
= o(P(z, A)) = o(x—*~1/2 (A e)®). . (9)
For Q,, = O(1/n) this gives after some straightforward computation,
zlogz < log n— 2-:;”‘_3_—2)4- 2 log(Ae)-- My, Mp—> 0.
A congervative region of zis : x < log n/log log n+M,
where
. log n logyn _ . _
M, = 0( Togyn (logm—log’;)) — 00, logsn=log log n; logsn = log log log n.

In general the solution turns out to be

v < —log(| 0y | +1/n)/log(-log(|C, | +1/n))+ M7, ... (10)
for some M;*— 0.
Hence the following theorem.
Theorem 2. For the negative binomial distribution with nP, = A+4-C,,
Cp—> 0 one has By(x) ~ P(z, A) in the region defined in (10).
Next consider the binomial distribution

—A Af
br(n, o) = "Crpi(l—pa)""> = = pld)

where np, = A+o(1) = A+C,,.
A straightforward modification of Simons and Johnson (1970) states

lim ZA(r) |be(n, pn)—pr(A)| < 0 < Zh(r)pr(A) < 0 . (11)
n r
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Note that r.h.s. of (11) is true if one takes

h(r) = (142)° p;1 (A) o (12)
where & > 1.
Using the result from Vervaat (1969) and proceeding as in (5) and (6) one
gels

[ br(n, p) e =0(|0,,|+ni). .. (13)

This and the Lh.s. of (11) with the choice of 4 as in (12), with an application of
Hoélders inequality gives

2;' [(14°pr(A)]2 | be(n, pu)—pr(A) |

=0 (10,1+2)"" (4

where 0 < a < 1.

The above provides a nonuniform bound in the binomial case depen-
ding on both n and r similar to (8).

Proceeding as in the case of negative binomial distribution one obtains
the following :

Theorem 3. For the binomial distribution with
npp = A+Cy, Cp—> 0

:4“ [(A47)°py ()18 | br(n, pu)—Dpr(A)| = 0( [Cul +%)1 ) l<a<l,éo>1

and by(n, pn) =~ pr (A) for r in the zone
1 1
r< —log( |l -l—;)/log(—-log (|0,,| +%))+M, M>o.
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