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BALANCING INCOMPLETE BLOCK DESICNS

By M. N. DAS and D. K. GHOSH
Indian Statistical Institule

SUMMARY. Concopt of bolancy of icumpleto blook designs has boon genoralised.
Several now suries of officionoy halancod lerigns arc 1. A g lired  effi y

balanced design in illustratod.

1. INTRODUOTION

Balanced designs available in literature are either variunce balanced
or efficiency balunced. The variance balanced designs can have both equel
and unequal numbers of replications and block sizes.

With the introduction of efficiency balanced design through the work
of Calinski (1971), Puri and Nigam (1975a), Williums (1975) and others, the
concept of balance has undergone & change. Once such a change gains ground
further modifications are likely to follow.

The present paper thus aims at a more general definition of balance in
designs such that all the existing concepts of balance become its special cases.
Several new series of balanced designs including efficiency balanced designa
have also been presented as reinforced incomplete block designs.

2. ON BALANOED DESIGNS

Balanced incomplete block (B.I.B.) designs were firat introduced by
Yates (1036) for varietal trials. As these designs require a large number of
experimental plots, alternative designs like partially balanced incomplete block
(PBIB) designs, Lattice designs ctc. were subsequently introduced through
the work of Yates, Bose, Nair, and others. In these designs the concept
of balance consisted of comparisions between two designs, namely an in-
complete block design and a randomised block design having the same number
of treatments und replications, such that the ratio of the variances of the
estimates of any treatment contrast for the two designs is constant. When
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subsequently the utility of incomplete block designs with unequal numbers
of replications was realised, further series of incomplete block designs with
unequal numbers of replications of treatments were introduced. Some of
these series of designs were balanced but not in the above sense. Because of
unequal numbers of replications of the treatments, the designs to be compared,
are an incomplete block design and o corresponding completely randomised
design with the same numbers of varicties and replications, the former being
balanced if the ratio of the variances of the estimates of any treatment contrast
obtainable through the two designs is constant. Designs which are balanced
according to the above concept have becn called efficiency balanced designs.
In the present investigation the above concept of balance has been further
extended in the following way. When an incomplete block design is compared
againgt any other design i.e.. either completely randomised or randomised
block. both having the same number of treatments but not necessarily the
same number of replications such that the ratio of the variances of the esti-
mates of any treatment contrast for the two designs is constant, then such
an incomplete block design has been called generalised efficiency balanced
design.

2.1 Requirement of balanced designs and their analysis. In two way
clagsified data ny observations in the (3, j)-thcell (i = 1,2, ..., £;5=1,2,...., h),
defined by the levels of two fuctors, say, treatments and blocks, the reduced
normal equations for estimating the treatments effects 4 (f = 1, 2, ..., ) after
eliminating the block effects are,

Culy— Z Cimtn = &
fxm
where Com =X M ang Qs
;g

are the adjusted treatment totals. It is known that
Cy— Z Ciym = 0.
mad
Thus Cy= % Cim.
me{

Let 3, 85, .... 8 be a set of ¢ positive numbers. We assume further,

Cim = c88m
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where ¢ is n constant. On this assumption the reduced normal equations

become
Culi—esy X Splp = Qe (P = 1,20,
EX
Ninee fp= L Chpy =5 I sy
Y Ty
the above normal cquations become
. @
( = s,,,)l, - X sy = O
mear mE (13

1
Taking the vestriction T spty, = U. the cquation reduces to
me)

12~

{

a‘,,,) fo- Qyes.
1

3

1o

s, 5

e I =

The «3. due to treatments adjusted for blocks is thus

1 ;
Qe = 5 Qi
variance of (fy—tp) = z byl )
L _nEs,,.(sl " Smil
Thus a design in which
Cin =c88m (I.m=1.2...1)

ean bhe said to be balanced with reference to a design with the same set of
treatments for which
. AR
varianee of (fi—1y) = a3 (S: 4 Sm)

where. a3 may he different from o2

The cfficiency factor of such a balunced design is thus ¢.Xs,. These
designs have been called general efficiency balanced designs. This definition
of efficiency balance has wider scope than the definition of existing efficiency
balanced designs. If g,, 5,. .... 3y are equated to the numbers of replications
of the treatments in a design, and the design against which it is compared is
taken as completely randomised design with these replications, we get the
existing E.B. dosigns. If s, = s, = ... = 5, = s where s is the number of
replication of the design againat which the design in question is compared,
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we got the variance balanced designs, where the block sizes and replications
numbers may be either equal or unequal. In all other situations regarding the
behaviour of the s 's, the design will be neither the existing efficiency balanced
nor the usual balanced designs. Suppose there is an incomplete block design
where the different treatnients are unequally replicated and it is intended
to compare its efficiency in relation to a randomised block design with 7 ag
the number of replications where 7 is the average number of replications of
the treatments. then each of 8 is to be taken as 7 for obtaining the efficiency
factor. Such designs belong to the third categury mentioned above. Other
situations where the set of numbers #,. s,. ..., 8 need not be equal to the replica-
tions of the treatments for obtaining the efficiency of a design arc not

unlikely.
For such o balanced design if for any given pair of treatments

(iand m), < %
IR

is denoted by Ay, then
_ Atm

™
Puri and Nigam (1975b) pointed out that by collapsing a group of treat-
ments in a B.I.B. design so as to replace each of them by a new treantment.
efficiency balanced designs wre obtained. ‘Fhese results are also true when
more than one such group is taken such that each group is replaced by &
different treatment. These results actually hold for the general efficiency
balanced designs defined here.

Let a set of treatments ¢,. 4, .... ¢, out of ¢ treatments in a general effi-
ciency balanced design be each replaced by a new treatment. ty. Now in
the thus modified design there are t—n+1 treatments. The set of numbers
s's for the new designs are taken as sy = &, +48,+...+4,, &'s for the non-
collapsed treatments remain the same.

In the modified design

Co = 5 MOyt A nng)
)

= c8y(8,+85+... +8n)

= caaN-

Thus the modified design vemains balanced with same ¢,
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The same results hold when there are several sets of treatments and each
set of treatments is replaced by a different treatment. Some particuler cases
of these designs as obtainable by allotting different sete of values to s's are
discussed below.

2.2 Ffficiency balanced designs. In the existing efficiency balanced
designs 8;'s are taken to be equal to r's (i = 1, 2, ..., ¢) and so,

ot 41 1
Viti=—tm) = En (;4’;)

141 1
=l rti)
where n is the total number of observations in the design.

In such designs

Cin = cryrp.

This has been pointed out by Puri and Nigam (1877).

2.3 Variance balanced designs. When 8 =g, = ... =g =28
20
var{yy—t,) = R

The efficiency factor in relation to a randomised block design with replica-
2
tions r is thus MTS. Here s = r.

These are actually variance balanced designs which can have both equal and
unequal numbers of replications and block sizes.

3. SOME NEW SERIES OF EFFICIENCY BALANCED DESIGNS

Das (1958) defined a series of design called Roinforced designs which
were obtained by including (i) several edditional treatments in each block
of un existing incomplete block design and also (ii) any number 2 > 0 of
additional blocks eacb containing all the treatments. It appears that the
cfficiency balanced block designs available so far are obtained from one or
more B.I.B. designs by some type of reinforcoment of B.I.B. designs. It is
interesting to note incidentally that no efficiency balanced design could be
obtained where the number of treatments is greater than v+ 1 where v is
the number of treatment in the B.I.B. design which has been reinforced.
We present below some new series of designs as Reinforced designs and avoid
matrix notation.
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8.1. Efficiency balanced designs with v ireaiments. A B.LB. design with
parameters v, b, r, k and A when reinforced by teking any number # > 0 of
extra blocks such that in each of these blocks each treatment occurs once
except that any particular treatment, say, the first one occurs r/A times in
sach of the u extra blooks, gives an efficiency balanced design with

A

HETL O i)

o= TN

und sy = r+n for uther treatmenta (i £ 1). ‘These designs are illustrated in
Section 4.

3.2, bjficiency balanced designs with v+ 1 lreatmenls. A B.1.B. design
when reinforced by taking » > 0 blocks each containing each of the existing
r—A

A

treatments once together with one more treatment, say, {, occurring

times, i an efficiency balanced design with ¢ = v+1

=1, C

A
= rk(r4n)

= 2N et 0,

=1y

where s, denotes the number for the extra treatment.

3.3, Another series of efficiency balanced design with v+ treatmenis. A
B.LB. design when reinforced by one extra treatment. say f,, which occurs
p times in each of the b blocks and by n > 0 extra blocks each containing
each of the v treatmenta in the B.I.B. design g times, but not the extra trest-
ment gives a series of efficiency balanced design when r, p and ¢ are o teken
that npg = r—A.

For this geriea of d

N 7
B8 € = S+ R0
=1 =0bp, 4 =ri=ring (1 £ 0).

where 8, denotes the number for the extra treatment.

In all the designs in 3.1, 3.2 and 3.3 only two values of Cim's, 88y, Cim
and Opms are possible when all possible pairs of treatmente are considered-
Given the set of numbers s, 4, ..., 8, these oan be expressed as Opn = Go¥R
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and Cyp == €48, 8,. For balance ¢, has to be equal to ¢, and this equality
can be ensured by suitably fixing the frequency of occwrrence of one of the
existing treatments as in 3.1 or of an extra treatment as in 3.2 and 3.3.

4. SOME PARTIOULAR OASES OF EFFIOIENOY BALANCED DESIGNS
4.1. The officiency balanced design reported by Calinski (1971) can bo
obtained as & particular case from the series of designs in 3.1 when the B.I.B.
design used has parameters

v=b=3,r=k=2 A=1and n=2

4.2. The E.B. design reported by Williams (1975) can he obtained as a
particulur case from the series of designs in 3.2 when the B.1.B. design used
has again the same parameters

»=b=3 r=k=2 A=1and n=2

4.3. 'The first series of E.B. design reported by Dey and Singh (1980)
can be obtained as a particular case of the series of designs in 3.3 by taking
P=¢q=mn=1 when the B.L.B. design used has paramcters

v=0br=k=1 A=0.

44. By taking p=g=1 and n=r =2 in 3.3 we can always get
binary E.B. designs from any B.I.B. design.

4.6. As r—A is the same Dboth for a B.I.B. design and its comple-
mentary design, we can get two E.B. designs from the above two B.LB.
designs with the same values of 2, » and q.

5. BALANCED DESIGNS
We have presented below some new series of balanced designs where
8 =8 =..=4 =1 80 that the variance of ({,—!y) is constant for any
choice of < and m.

6.1. Balanced designs with v+1 ireatments. A B.LB. design when
reinforced with any number 7 > 0 blocks each containing each of the existing
v treatments once together with one extra treatment ¢, which occurs in each
of the n extra blocks p times, is & balanced design when

_ 14A(v4])

nk—A °

Here u=t%,rn=np and ry=r4n (i #0).

B 1-10
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6.2. Another series of balanced designs with v+ 1 lrealmenls. A BB
deaign when reinforced with one extra treatment {, which occurs p timer
in each of the b blooks and = > 0 extra blocks each of which contains each
of the v treatments ¢ times but not the extra treatment, is balanced when
P, g and n are related as shown below.

v(pr—A)
T k+p

H = P = = P40
erea-—,?P,rn bp, 1y =r4ng (i # 0).

5.3. Some particular series of balanced designs oblained as particular
cases of designs in 5.1.

53.1. Using the B.I.B. designs with parameters v =b, r

A =0and n> 0, we get a series of balanced binary design with ¢ == 5

ro = n and other ry = a+1.
5.3.2. By using B.[.B. designs with k = 2 we get, balanced designs where

v+ 1
Py
By suitably choosing n, we can always get integral values of p.

5.3.3. Using the series of B.I.B. designs with parameters v = 2, b = £*+4,
r=14+1, k=1t A =1 we get balanced designs when

_ 2yt
Pl g

For specific values of ¢ and », p becomes integral.

5.3.4. From many other series of B.I.B. designe balanced designs can
be obtained.

5.4. Bal d dezi bininahl

g as particulay cases of designs in 5.2.

5.4.1. Using the series of B.I.B. deaigns with parameters v=>,
r=k=1, A=0, n> 0, we have

.
"“I—p+l

=9/2 when p=1.

Thus by teking & B.1.B. dasigns of the above seriea with even v and n = v/3
we got binary balanced designs with ¢ == §, r, = b, ry = »+1.
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5.4.2. When p =1, if we can get integral values for ng, say ng = w,
then by taking » = w, we get binary designs since p = ¢ = 1.
In general when p =1
_ v{r=3)
T k1

Using B.I.B. designs with parameters

r=k+2, k,A=2

_ kk+1) _ (- 1)(k1-2)
v=n b= 3 ,

we get ng = k2.

Thus when k is even and n == k%2, we get binary balanced design from
the above series of B.I.B. designs.

5.4.3. Using the series of B.I.B. designs with parameters v, b = 2v,
r=v—1, k= = l, A= ');—3 we get balanced designs with p =1 and

ng = v. Here also we can get binury designs by taking v extra vlocks.

v—

Many other binary designs cun be obtained by using other series of B.I.B.
designs.  When p > 1 again several series of balanced designs cun be obtained.

8. A generalised efficiency balanced design which is balanced relative lo a
completely randomised design having other type of replications.

We have so far discussed efficiency balanced designs which are either
variance balanced or efficiency balanced as per the definition of Nigam and
Puri (1975). We shall now illustrate designs which are balanced relative to
designs which have replications unequal to those in the designs under consi-
deration. The following design (shown by its incidence matrix) is balanced
against & completely randomised design having replications 9, 3, 3, 3, 3 when
in the design under consideration, the replications of the corresponding treet-
ments are €, 3,3, 3, 3:

11100
11010
11001
Incidence matrix of the design
0110
1 01 01
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The efficiency of the design is

[

1 7
cZey = ETIXZI=§“G=

o= 943+2 4343 = 2L,

Some work in regerd to balanced designs has also been reported by Puri
and Nigam (1877), Ragbavarao (1962), Hedayat and Federer (1969) and
others.

After the paper was submitted for publication the author’s’ attention was
drawn by referee to a paper entitled ‘‘Balance and Design : Another Termi-
nological Tangle” by Preece (1982). In the above paper, the author has
mentioned variance balance and efficiency balance as two separate concepts
of balancing in relation to incomplete block designs. In the present paper,
we hove given & condition namely,

2, Tugmy = C&8m (M F 1)

where ¢ is & constant, for making a design balanced. When this condition is
satisfied, the design can be either variance balanced of efficiency balenced
according as ¢ = r or & = r( for all i's, r; being number of replications
when s's are neither equal to 7 or r, but is a separate set of numbers, then
also the design can be balanced. As such this is a more general condition
for balance.
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