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Voluntary Contribution to Public Goods :
A Note on Consistent Conjectures and Other Equilibria

Dipankar DASGUPTA™

The paper generalizes contemporary work to prove the existence of a con-
sistent conjectures equiibrium (CCE) with public goods involving smaller con-
tributions than a Nesh equilibeium (WE). - It dlso points out the possibility of an
idenfification problem associated with the difficulty of isolating & CCK from an
NE and a Stackelberg equilibrium.  All the cases under consideration involve
conflede erﬁ;fl free-riding by a set of #-1 apents with umrestricted preferences
over the #-th one, for whom the preferences may or may not be restoicted.

SEL classsfcatuom : H41

1. Introduction
One of the most exacting concepts to be applied to the study of voluntary con-
tribution to public goods is the notion of a consislent confectures equalibrivum (CCE),
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Following the lead given by Bresnahan (1981) and Perry (1982) in the context of oli- -

gopoly theory, Corpes and Sandler (1986, p.154) describe the CCE as “._an equilib-
rium in whose neighborhood every agent’s conjectural variation ...is identical to the
opiimal actual response of the other agents.” In the industrial organization literature,
the notion of a CCF was the outcome of a dissatisfaction with the nature of exireme
ignorance characterizing firm behaviouwr under Nashk conjectives. It was felt that
when the numbet of fitms is neither loo large nor small, “.. each...can aoticipate that
its price or quantity decisions may call forth a response from rivals.”" A similar
sentiment was expressed in the context of public goods theory by Cornes and Sand-
ler (1985, p. 125): “If, however, information is incomplete and players gradually
learn about their economic environment as they repeatedly make allocation decisions
and observe outcomes, then the assumption that each takes the behaviour of others
a8 unresponsive to his own optimizing response is clearly a very special case.”

Stgden (1985, p. 123) argued on the other hand that the idea of learning be-

haviour, when pushed to its logical limit, viz. to the CCE concept, produces .. the
conclusion that no public good would ever be supplied n significant amounts by
volmtary contributions.”  While Sugden was coirect in his claim that a CCE would
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normally lead to under-provision when compated to a Nash equilibrium (NE), Cornes
and Sandler (1986, p. 150)) pointed out that “The general properties of such equilib-
ria are problematic " unless “._we are prepared to impose extra structure on the
model.”

Bordignon {19937 succeeded in deriving a few of these properties for a CCE.
The most striking of his results is that the symmetric CCE commonly assumed for a
homogeneows agents model is wnlikely to exist under fairly reasonable assumptions.
He proves, .moreover, the existence of an asymmetric CCE for a world of two
homogeneous agents displaying zero income effects with respect to the public good
and one free-riding complefely over the other.®

The present exercise begins with a generalization of the last mentioned of Bor-
dignon's results to a heferogeneous w-agents world. In particular, it is shown that
there exisls a CCE involving complete free-riding by #-1 agents with unrestricled
preferences over the #-th onc for whom the public good is ner-sevmal, though not
necessarily inferior. The result establishes the robustness of Bordignon’s claim to
the extent that it requires only ene agent (rather than efl) to have retricted prefer-
ences and permits the cardinality of the set of agents 1o be asy finite number,
When restricted to a 2-agent cconomy, the CCE in question is scen to coincide with
a Stackelberg equilibrium fSEJ in which the agent for whom the public good is normal
can act as a leader to complefely free-ride over the one for whom il is not so.

It is also proved below that for the same model, the Sugden conclusion of
under-provision is reversed, the total provision of the public good being strictly grea-
ter in the free-riding CCE described above as compared to an NE ° in which at least
one of the agents who free-rides in the CCE contributes a nonzero quantity and the
public good is strictly inferior for the n-th agent.? It is common practice of course
to suppose that a public good must be smormad to hold any interest for an economist.
Comment 5 below argues, however, that there are interesting cases where a public
good may in fact be #wferior.” Finally, the paper provides a sufficient condition
under which & boundary CCE coiniides allocationwise with an NVE as well as an SE.
The coincidence of the different types of equilibria in all the two agent settings dis-
cussed in this note give risc to obvious problems of identification.

riding agents do not contribute af @ff,  The ditinction has its origin i Comnes and Satddler {1324-b).

3. That is, Nash equilibrium under Nash conjectures, :

4. This does not contradict Sugden's claim which was Testricted to nonnal geods alone. It should be
noted here that Cornes and Sandler {1984, 1985 wore the first Lo make a case for improved con-
tributions to public goods wnder non-Nask conjeciutes.

. In the coneext of a voluntary contrbubions model, the theoretical Inplications of mferior public goods
were discussed in the serninal paper by Chamberdin (1974).  Sugden (1985) had also bronght. up the
possiblifity,

[
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2, The Model
Individual { is assumed to maximize the utility function

'U“: {GJ xi]:{"ﬁ. (Eai-l_ﬂ'air .'l."!:] I=1- 2, v M (1}
U0, =12
- subject ﬂ:u a budget I{aitema;cively, technical) constramt
pgitx=w;, (2)

where &, G-; and g; represent respectively the total contribution, ageregate con-
tribution by all agents except 7 and individual i s contribution to the public good, x;
represents { 's congumption of the private good, w; stands for his wealth and p refers
to the relative price {opporiunity cost) of the public good.  Tn what follows, we shall
assume that p=1. Substitution of (2) into (1) yields

U (gi+ G, wi—g), i=1 2,.n (17
Maximization of (1} subject to (2) is then equivalent to a simple maximization of

(1. Taking care of the possibility of boundary optitoa, Le. nf free- rldmg. the re-
levant first order condition (FOC) for i 's equilibriem is

YG, x N1+ ) — UG, 7)=0 : ; (3)

tfgf

dGe,

dg;
pact of a change in his contribution on that of the remaining agenls. As opposed to
@ 1

this, their oplimal response to a change in { ‘s contribution tmay be written ———.

de;

where denotes ¢ 's conjectural variation, Le., {3 expeclation about the im-

The vector (g, = : &%, x2: . : g:, %y ) constitutes a CCE if

£
s

dg_' =1, 2.0 (i)

(wF, _x?‘) madmizes U"{_._c,r,-+{;f§, w,— g} piven

and
dr (ﬂ;g" ; = w W * _* * v
G dg  nvasmal neighbourhood of G, a7 5 &', % 58l &) @

Comment 1. As is well-knowr, an NE typically violates condition (1).
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3. A CCE with Completle Free-riding
Comment 2. Suppose the public good is son-normal for agent #.  Then the slope
of his Nash reaction curve (((.,) will be bounded above by -1 for all values of
-, " including G ,=0, al which the slope is interpreted as the right hand derivative
G0 . If the public good is strictly inferior for agent #, then Gp(G-,} is  strictly
gmaller than -1 everywhere, The commenl leads to the following results.
Proposition 1. Suppose the public good is won-mormal for agent . Then there
exists a CCFE with agents 1, 2, ..., #-1 free-riding completely over agent ».
Proof. Let §,=—G,{0) be agent #'s standalone contribution.” Then 2 =0, w,; 0,
a7 0 0, Wy Su 0, &) 15 a CCE suppurted by the lollowing conjectural varia-
tions in a local neighbourhood of the poiat (7, &, .., 0=, 0, ., &.):
; dis%; By
Agent ¢ =G, (™, =12, ,»l1;
dg;
Agent 4", 0
Agent s =
. dz,
Differentiation of I7 (g;+G-; w; ~g), i=1,2, .., n-1 yields
; i L
T L
Ll({]+ dg, j L.ri ):

which, under the assumed comjectural varialions, equals
. T ;

0 {1+ G J_L—“{ _ (4)
at (i.;=g, DBy virtue of Comment 2 and the assumption of positive marginal utility
for both goods, the expression in (4) is clearly negative. On the other hand, by the
very definition of a Nash reaction function, agent »# maximizes his satisfaction at (g,
)= (B, ,— 5 given G-, =0 and his conjectural variation.  Hence, condition (i) of
a CCE is satisfied,

To verify condition (i) of a CCE, 1t is easy to see thal agent # moves along his
Nash reaction function for small variations m G ,, given that he entertains Nash con-
jectures. Hence, the beliefs of agents i=1, 2, .., #-1 are vindicated. Similarly,

B. See, for exarqle Cornes and Sandler (19%4-a), Sugden (1085 oF Dasgupta amd Tys (1592).
% . This, as well as the terminolory “complete crodizg ont contobution” used in Proposition 2 below,
are due 1o Yarian {19594),
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Figure 1
Proposition 1 : Public good non-nermsal for agent 2

given his conjectural vaniation, agent i=1, 2, ..., #-1 chooses g;=0 in a small neigh-
borhoed of G =7, since expression (4) continues to be negative.  Hence, agent
#'s conjectures are consistent, []

Comment 3. Fig. 1 bormows a diagrammatic device from Comes and Sandler
{1585) o represent Proposition 1 for the case #=2. The diagram shows further
that the equilibrium in guestion can also be viewed as an SE where agent 1, acting
as a leader, free-nides completely over agent 2, The fact that the same equilibrium
allocation may be looked upon as both a CCE and an 5F implies the presence of an
ientification problem,  Further, the public good being allowed to be normeal for
agent 1, the result is comparable to that of Varjan (1994), who showed that in an
SE, oo agent who fikes the public good seest might completely free-ride over an agent
who likes it feqst. It is worth noting, however, that as opposed to the present
framework, Varlan's result required the public good to be sow-normal for both
agents.

Comment 4. Proposition 1 allows the preferences of agents i=1, 2,.., n-1to be
perfectly arbitrary as far as their attitudes to the public good is concerned.
- Moreover, it iz obvious that agent » 's preferences too are less restrictive than mﬁat
Proposition 1 might lead one to suspect, for the conclusion of the Proposition re-

mains valid so long as
U
A

UL G0 ) ——)<0
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at G_,=#, Nonmormality of the public good for agent # is merely a sufficient conci-
tiom for this inequality to be satisfied.

Corollary 1. Suppose that the public good is sirictly inferior for agent # and the
preferences of agents i=1, 2, ..., #-1 are such that at least one of them contributes
a strictly positive quantity of the public good in an NE. Then the total contribution
for this equilibrium is less than that for the CCE described above.

Proof. Let g,=g and G_,=GZ% in the NE. By assumption, G%, >> 0.  Further,
by definition of an NE, g¥ =G ,(G?%). By Comment 2 however, G,(-) < — 1 when
the public good is inferior for agent ». Hence, £, =G,(0)>g; +625.0

Comment 5. Corollary 2 shows that there are circumstances where non-Nash, as
opposed to Nash, behaviour leads to an improvement in fotal contributions.®
poses the condition, however, that G is an énferior good for at least one agent in the
model.?  The restriction by itself is mild insofar as it is ooly ene out of # agents that
is required to bave such preferences. DBesides, examples of inferior public goods
are not hard to find, as the following discussion indicates.

If both G and x are to be looked upon as macro aggregates of heterogeneous
collections of public and private goods, it might be natural to conclude that each 1s
non-inferior. A less aggregative approach would suggest a different viewpoint
however, especially where side by side with a public good, a more expensive and su-
perior variety of the commodity is available in a private form and the agent iz con-
cerned with an optimal allocation of his budget between the two. The obvious ex-
amples are ]:bub.]it and private schools, public and private health care, communally
hired security services and private security, elc..

The utility derived from G, viz., the public form of the commodity, is partly
attributable to the fact that an agent gains by consuming it directly (by sending one's
child to a public school, having one's family treated at a public hospital or property
guarded by security persomnel hired for the community as a whole, etc.). Yet

It im-

* another part, however, is in the nature of an external effect and derived indirectly

B. For #—2, the result is bue whether one views the non-Naesh equilibiom as 2 CCE or an SE.  This
can be veritied from Fig. 1 by comparing the respective horizontal intercepts of the 45° lnes throngh
the CCE {cum SE) and NE equilibria, since they represent total contributions imder the two rep-
imes.

9., The preferences of the remaining agents are of course not restricted in any significant manner,

1. There is room for conflict here inasnmech as a communally hired watchinan cannot attend to the
security needs of an individual at the same time that be protects a neighbour’s property. In fact, it
ia mot uncomumon for agents to make side payments, thereby atlempting to privatize the public good !
The idea extends sudalls mubadis to doctors working for the public health scheme or teachers em-
ployed by a public 2choaol. i
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from the fact that its consumption by efher agents leads to an overall improvement in
the quality of life (better educated or more healthy neighbours, saler precincts
etc.).’ With a rise in the level of private wealth, an agent is able to afford more of
the private form of the commodity, viz. x, so that his demand for the latter goes up
{greater dependence on the private physician, sending a second child to private
school, etc.). This in tum makes redundant for him a part of (= that had earlier
been satisfying his direct needs. As a result, a utility maximizing agent would not
only be demanding more of x but also fess of G.  In other words, G would qualify as
an inferior public good. .

It is mstructive to consider the manner in which the inferiority of public goods
manifests itsell in the voluntary contributions context. An agent experiences an
effective decrease in the price of the public good if his contribution to & and purch-
ase of x remain unchanged in the face of a decision by others to increase their con-
tributions, The reallocation caused by the mmproved liquidiiy leads him (o demand a
lesser amount of & than bhefore if the latter iz indeed inferior as argued above.

Moreover, the greater the contibution by others, the greater the Ligquidity, and

hence, thf,_ greater the negative meome effect, quite in the spivit of the Giffen para-
dox. A reversal of the sequence of arpuments provides now the intuition underlying
Corollary 1.1

Corollary 2. Suppose the agents are identical and that their preferences display a
zero income effect with respect to the public good.  Then, the allocation 2 of Prop-
osition 1 constitutes a CCE. :

Proof. Since the preferences of agents 1, 2, ..., #-1 were unrestricted in Proposi-
Hon 1, the result {ollows trivially.i ]

Comment 6. For #=2, Corollary 3 was proved by Bordignon (1993) who offered
it as an example of an gsymmetric CCE in a homogereons agents model,

4. Coincidence of CCE, NE and SE : A Boundary Optimum

Comment 7. This section removes the restrictions imposed in the previous one
on the nature of the public good and concentrates an the case where #=2. Thisis
necessary to facilitate comparisons with an SE.

11. The following excerpt from the editogial (dated September 28, 1994) of The Times of India, a daily
with ane of the largest circulations in the coumtry, confirms the point : “Crhver the kst decade and a
half, the private health care sector has grown rapidly while the public, nonprofit sector has languished
due to paucity of funds. I norma times and for nonemergency cases, private hospitals are being in-
creasingly preferred hecause patients bebeve they @n scoure better care
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Figure 2
TProposition 2 : Public good not restricted to be nen-normal for any agent

Let & stand for the complefe crowding oud contribution by agent 2, i.e., it repre-
sents the minimum contribution of agent 2 that drives down agent 7's contribution to
zero under Nash conjectures.  So long as the private good is normal {(which is
assmmed), Glge)=10 for all 7o=gf. A second propossition follows.

Propogition 2. Suppose §.»gh. Then, 02°=(0, wy; F tw:—g) is simultaneous-
Iy an NE, an SE and a CCE. :

Proof, 1lnder the assumed condition, the point (0, &) represents the intersection
of two Mash reaction curves in the g, — g plane {See Figure 2).  Consequently,
1" is an NE. Hence, by Fact. 3 of Varian (1994), 2’ is an SE also.

To see that 127 is a CCFE, nole first of all that the slope of an indifference curve
for agent I mn the g - g: plane is'?

d L
This is true in particular at the boundary point (0, g8, where the slope is interpreted
as the right hand derivative {f;! )*. By definition of g5, however, { izr, is no
1 . B 1

less than 0 for all (0, gs) such that gz=g5. This follows since the vertical section
above g4 forms the degenerate part of agent I's Mash reaction curve (Le., the one
that involves & zero contribution by the agent). Hence,

12. See Comes and Sandler (1956), p. 72.
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ot

UL +Gsm ™) — <0 (5)
at g.=g,. The arguments of Proposition 1 may now be applied mutatis mafandis to

see that the conjectural variations assumed there would also suppoet (27 as a CCE.
|_| :

Comment 8. Proposition 2, while guaranteeing the allocationwise coincidence of a
CCE and an NE, does not imply a coincidence of the supporting conjectures.  The
latier can be shown to be trivially true when the utility fimetions involve zeto income
effects with respect to the private good.

Comment 9. Proposition 2 establishes the possibility of an identification problem
regarding the nature of the voluntary contributions equilibrium even in the absence
-of restrictions on the utility functions.

5. Conclusion

The note obtaing somewhat dramatic characteristics of voluntary contributions
equilibria.  These involve (i} a reversal of the well-known result that a CCE in-
volves smaller contributions than an NE and (i) an idenfification problem associated
with the difficulty of isolating a CCE' from other types of allocations.  As the quole
from Cornes and Sandler {1986) in the Introduction indicates, relatively little is
Imown about the general properties of a CCE with public goods.  The cases studied
here might provide some insights into thesze.

Frofessor, Indian Statisfical Mastitute, Delths Center, Indin
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