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Abstract—Berry-Esseen bounds, with random and nonrandom normings, and large deviation
probability bounds for two approximate maximum likelihood estimators of the drift parameter in the
Ornstein-Uhlenbeck process are obtained when the process is observed at equally spaced dense time
points. Also obtained are the rates at which these estimators converge to the maximum likelihood
estimator based on continuous observation.
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1. INTRODUCTION AND PRELIMINARIES
Let {X:, t > 0} be the Ornstein-Uhlenbeck process satisfying the stochastic differential equation

dXt == GXt dt +th, t 2 0, XO = O, (11)

where {W;, t > 0} is a standard Wiener process, and § € (—00,0) be the unknown parameter to
be estimated from the observations of the process {X;, ¢t > 0}. In the stationary case, when Xp
is normally distributed with parameters EXo = 0, EXZ = —1/(26), the log-likelihood function
based on {x;, 0 <t < T} is given by (EX? = —1/(26), EW} = t),

1 0\ 6 [T _, 0 o o OT
§lOg (—;) - 7A Xt dt+ 5 [XT _XO] - -—2— (113)

Recall that based on continuous observation of {X:} on [0,T], the conditional log-likelihood
function and the maximum likelihood estimator (MLE) are given, respectively, by ’

T 92 T
Ly = 9/ X dX, - 7/ X2 dt, (1.2)
0 0
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and
_Jy XedXy
Jo X3dt
For the large deviation probability bound and Berry-Esseen bounds on ér using different norm-
ings, see [1,2]. For the consistency and the asymptotic normality of the MLE, see [3,4]. Araté [5]
and Araté et al. [6] obtained the exact distribution function of the MLE for different levels.
The assumption that one observes the process continuously in time is impossible to meet in
actual practice. We assume that the process {X;} is observed at the points 0 < to <t < -+ <
t, = T with At; = t; —t;—; = T/n, i = 1,2,...,n. For simplicity only, we assume equidistant
time points.
The conditional least squares estimator (CLSE) based on X (to),..., X (t,) is defined as

or (1.3)

n N ’ _ X X 2
On1 = argoinfz [X(%:) X(t"lA)t. BX(ti-1) A 5 (1.4)
i=1 *

which is given by

n
> X(ti-1)[X (t:) — X (ti-1)]
Onr = = . (1.5)
1=
Note that the estimator 6, 7 may be viewed as an approximate maximum likelihood estimator

(AMLE1) which maximizes the approximate log-likelihood given by

n n
62 9
Lor =6 ; X ()X (8) = X ()] - 5 ; X%(tio1) At (1.6)
Ly T is obtained by an It6 approximation of the stochastic integral and rectangular rule approx-
imation of the ordinary integral in L.

Using the transformation :
t = -t_ ! = &'_

T’ VT
one can see that it is enough to consider the particular case T' = 1 where 6T = & is the unknown
parameter. This gives that for asymptotic results —x — co must hold (for fixed x and n — oo,
asymptotic normality does not hold).

LeBreton [7] studied the convergence of the estimator 6, to fr as n — oo and T remains
fixed. In particular, he showed that |6, — 67| = Op(h'/?) where h = T/n. Dorogovcev (8]
and Kasonga [9], respectively, proved the weak and strong consistency of the estimator 0,1 as
T — oo and T/n — 0. Under the more restrictive conditions T — oo and T/(n'/?) — 0,
called the ‘rapidly increasing experimental design’ (RIED) condition, Prakasa Rao [10] proved
the asymptotic normality and asymptotic efficiency of the estimator 0, 7.

Using the Ité formula for the stochastic integral and rectangular rule approximation for the
ordinary integral in (1.2), we obtain the approximate likelihood

= 0 6%
L,r = 5 (X% . T) -3 ;Xz(ti_l)Ati. (1.7)

Maximizing Jin,T provides another approximate maximum likelihood estimate (AMLE2) én,q-

given by
é _ (1/2) (X’12" _ T)

n,T n * (1'8)
X2(ti—1)At;
1

1=

In this paper, we study the rates of convergence of the two estimators given in (1.5) and (1.8).
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The organization of the paper is as follows. In Section 2, we obtain the Berry-Esseen bounds
and bounds for large deviation probability for the estimator 8, p. Using purely nonrandom and
various random normings (both sample dependent and parameter dependent), we obtain different
Berry-Esseen bounds for the estimator 6, r. Then, we obtain the rate of convergence to zero
of the probability P{|6,r — 6| > €} for fixed € > 0. Finally, we obtain probabilistic bounds on
|6n, 7 — 67|. In Section 3, we derive Berry-Esseen bounds for the estimators én,T using purely
random and various random normings (both sample dependent and parameter dependent). Then,
we find probabilistic bounds on lén,T — @r|. Finally, in Section 4, we discuss the results and some
related problems.

A bit of notation: ®(-) denotes the standard normal distribution function. C is a generic con-
stant (which may depend on the parameter) throughout the paper. P and E denote probability
and expectation under the true value of the parameter.

We shall repeatedly use the following lemma in which the proof of (a) is elementary and (b) is
from Michel and Pfanzagl [11, Lemma 1].

LeEMMA 1. Let X, Y, and Z be any three random variables on a probability space (0, F, P) with
P(Z > 0) > 0. Then, for any € > 0, we have

(8) Sup,er |P{X +Y < 7} ~ 8(2)] < sup,eq [P{X < 2} — (z)| + P(IV] > €) +&;
(b) supycr |P{X/Z < 2} ~ 8(2)| < sup,eg |P{X <o} — 8(a)| + P{IZ — 1] > ¢} +e.

We shall also use the following lemmas in which the proof of the first one is elementary and
the second one is the well-known Wick’s lemma.

LeEMMA 1.2. Let Q,, R,, Q, and R be random variables on the same probability space (0, F, P)
with P(R > 0) > 0. Suppose |Qrn — Q| = Op(61n) and |R, — R| = Op(82,) where 15,02, — 0
as n — oo. Then,

Qn Rn

Q 7 S Op(max(51m 6271))'

LEMMA 1.3 (Wick’s lemma). Let (£1,&2,€3,84) be a Gaussian random vector with zero mean.
Then,

E(§1626384) = E(6162)E(£3€4) + E(61€3) E(§284) + E(£1€4) E(€2E3).

2. RATES OF CONVERGENCE OF THE AMLE1l

Let us introduce the notations

n . T

Yar =3 Xt 0)W(ts) - W(ti_1)) Yr= [ Xiaw,
=1 0
n T

Zar =3 X(ti)[X(8:) - X(ti1)], Zr= [ Xudx,,
i=1 0
n T

L= sz(ti—l)(ti —ti_1), Ir = / X} dt,
=1 0
n t;

Var =3 X(tio1)[Xe — X (tic1)] dt.

i=1Y%ti-1
REMARK 2.1. Note that in the stationary case,

T 3 T
EIT=E/0 Xdt= -3
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and _
T T T T T
Zt=/ Xtht=/ Xt(GXtdt+th)=0/ det+/ Xtth=0/ det—{-YT.
0 0 0 0 0

We shall use the following lemma in the sequel in which (a) is due to Bishwal and Bose [1] and (b)
is due to Bose [12].

LEMMA 2.1.
(a) For e =¢(T) = o(1),

20 TO
T < 2.
P{bTIT 11>e}_0exp(45)
1/2
P { (2710—) Zr < .’L‘} — ®(z)
LEMMA 2.2.

(a) E|Ynr ~Yr|> = O(T?/n),
(b) E|Zn;r — Z7|* = O(T?/n),
(c) E|In —~ Ir|? = O(T*/n?).

PROOF. Let

sup =0 (T_I/Z) .

z€R

g,-(t)=X(ti_1)—Xt, fort;1 <t<t;, 1=1,2,...,n.

Then, since E|X (t;i—1) — X¢|?* < C(tim1 — )%, k =1,2,... (see [13, p. 48]), (2.1)

2

T
ElY,7-Yr*=E =F /0 gi(t) dW,

n T
S X (tan) W (k) — Witio)] - /0 X, dW,

i=1

) 2 ~ [% (t; — ti_q)? T2
2 =1

ti-1 n

This completes the proof of (a).

Note that (b) and (c) are given in [7]. However, we give a complete proof since there are some
technical errors in Lemma 6 in [7]. Using (2.1) and the second part of Remark 2.1, one gets the
proof of (b) by standard calculations. (See [14], and also [2].)

We obtain
2

E\Z,r - Zr|> <2E

n T
> X)W (k) - W(tn) - [ Xeaw,

i=1

2
EN] +N2.

n t:

S| XelX(tioa) — Xl dt

i=1vti-1

+20°F

N, is O(T?/n) by Lemma 2.2(a). To estimate No, let f;(t) = X¢[X (ti=1) — X¢] for tioq <t <ty
1=1,2,...,n. Then,

n t;
;/;_l fi(t) dt

t 2

fit)dt

tia
n
+2 Y E

4,j=1,1<j

E

2 n
=ZE
i=1

ti t; ’
filt)ydt [ fi(s) dS] = M + Ma.

ti1 tiy
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Now, using Cauchy-Schwarts, boundedness of E(X}) and (2.1),
E[fi(t)]® < cft — ti-n). (2.2)

Thus, again using Cauchy-Schwartz,

CT?
= ZE - e < =
Next,
My=2 ) E " A0)Fi(s)) deds
‘:j 1'i<j ti—1
ti pt;
=2 ) Ef(6)f;(s)] dt ds.

i,5=1,i<j Y ti—1 V-1
Now, by Lemma 1.3, we have

E[fi@)f;(s)] = E[Xo(X(ti-1) = X)) E X, (X (tj-1) - X,)]
+ E[Xe X|E [(X (tim1) = Xi) (X (8j-1) — X)) (2.3)
+ E [ Xt (X (tj-1) — Xo)] EIXs(X (ti-1) — X;)] = Ay + Az + As.

Note that .
X = / S-vaw,  t>o0.
0
Let a = €. For s > t, we have:

E(Xth) = % [as+t _ as«t] )

Now,
E(X; — X(ti-1)) (X5 = X (tj-1)) = E(X:X,) — E (X4 X (t;-1))
= E(X(ti-1)X,) + E(X(t:i-1)X (t;-1))
1
= o (0 — 1) [(af = at=1) + (™t — a0
= % (s - tj_l) a¥’ [(t - ti_l)at" +(t — ti_l)aht”*}
(where t;_; <t* <s, t;_) <t**, t™* < t)
210 (s —ti_1)a’ [(t — tic1)abt + (s~ t;_1) &l (¢ —ti—1)a?]
< C(s — tj_.l) (t - t,t_l).

Thus, Az < C(s —t;_1)(t — t;_1) since |E(X;X,)| is bounded. Next, in the same way

[E[Xe(X(tim1) — X))l € 5ra®(t — i) [0 + a7 < O - ti_4)

2|¢9|

and

| [Xs (Xa — X (t-1))]l < 5a® (s — tj-1) [0 +a7°] < C (s —t;-1).

2|9|
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Thus, A; < C(s — tj_l)(t . ti—l)- Next,

|E[X; (X — X (t-1))]] < 50’ (1—a7%) (s —tj_1) @* < (a® = 1) (s — ;1) S C (s —tj-1),

<=
~ 2/6]

and

|E[Xs(Xe — X(tim1)))| € 50 (8 — tim1) [@51 +07] S Ot~ ticy).

2|o|
Thus, A3 < C(s —t;j—1)(t — ti—1). Hence, E[fi(t)f;(s)] < C(s —t;-1)(¢t — ti-1), and

My=2 Y / E[fz )f;(s)] dtds

7/] 11<J tlltjl

t; t;
<Cc 3 /tl/ (t —tie1) (s —tj—1) dtds

1,j=1,1i<j ti-1
2
=C E ’L-—-l_t) l—tj)
1,j=1,1<j

4 4
n n?

We next prove (c). Let h;i(t) = X?(ti-1) = X

, 2 t; 2
Ell,r - L|* = (ti—1)(ti — ti-1) —/ Xidt| =E Z [X2(ti-1) — X7] dt
0 ti—1
n_ot; t; 4
=E|> [ hi(t)at ZE t)dt

i=1 ti—1 ti-1

ti t;
+2 ) E/ hi(t)h;(s) dt ds = By + Ba.
Lj=licg  Yh-1Yh

ER}(t) = E [X*(ti_1) — X2)? = B[X(ti1) — Xe)2 (X (tim1) + Xo)?
< {E[X(tio1) — X'} {BX (timr) + X'} < O — tim)

(by (2.1) and the boundedness of the second term)
n t:
ZE/ <D (-t 1/ E (h}(t)) dt
ti—a =1 ti—1
t;
<Cc= Z / (t—ti_1)

ti-1

3

Note that

B hi(t)hy(s)) = B (X2_, - X7) (X2, - X2)
=E (Xt,,;_l - Xi) (Xti—l + Xt) (th—l - XS) (Xij—l T X-‘!) .

Now, using Lemma 1.3 and proceeding similar to the estimation of M, it is easy to see that

4

By < C—T—2u
n

Combining B; and By, (c) follows.
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THEOREM 2.3. Let ay,r = max(T~1/*(log T)/2, (I2/n)(log T)~'). Then,

1/2
(@  sup|P { (_%5) Oz — 0) < x} ~ 8(z)

= O(an,T).
z€ER

(b)  sup|P {Igfﬁ(enm —9) < a:} = @(x)l = O(an 7).

z€R
T \1/2
(c) sup |P (———> (bnr —0) <z}~ ®(z)] = O(an,T).
z€R 12071,7"
PROOF. (a) It is easy to see that
Y, Vo
O —0 =T 4 g T (2.4)
In T In,T
Hence,
T \ /2
sup (P{ { — (bnr —0) <z} — ()
z€R —~26
T \?y, r T \ /2 T
=sup |P e 6 L<z;-&
Tk {(—20> I, (—20> Inr (=) @5)
T \'"Y,r T N
< = n, < -® i n,
ilélgP{(_%) In,T_x ()| +P (_20) T >epr+e
= K] + K2 +€

Note that by Lemma 1.1(b),

T\'"Y,r (-20/T)"/%Y, 1 :
= P e LI — - A~ M e —
Kmom Pl () 18 <o) -a] <l { G ) g,
—20\ /2 —26
<sup (P { — Yor<z)—®()+P -2 Lnt—1>¢e3+¢ (2.6)
z€R T T
=J1+Js +¢,

_9g\ /2
Jy =sup|P (—-—) (Yor-Yr+Yp)<zp— o(z)

z€R T
—26\ /2 ~26\\ 1/
<sup|P (——) Yr<z}-®(@)|+P (-—) Yor~Yr| > e} +e (2.7)
z€R T T

_ _ 2
SCT—1/2+ 26 E'Yn’T YT} + e SCT—1/2+C-T—/n + &
T g2 &%

(by Lemma 2.1(b) and Lemma 2.2(a)).

5= {|(Z) tr- 1| )

gp{](‘—fﬂ) Ir—1 >§}+P{(—2T—9) |I,,,T—IT|>§} (2.8)

TO 1662 EII T—IT|2 T8 T2/n2
< 10 2 n, < 109 2 47/n”
_Cexp(16e>+ T2 2 _Cexp(166)+0’ P
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Here, the bound for the first term in (2.8) comes from Lemma 2.1(a) and that for the second
term from Lemma 2.2(c). From the proof of Lemma 2.2(b), we have

2 T
Elvn,Tl SC;),? (2'9)
Next,

(~26/7)"? 6V, 7

>e} =P{ (=20/T) I, 7 6}
o} p{(2)nr< )

_1.1_ 1/2 0 Vn’T
—26 Ly

_op\ 1/2
(F) over

(where we choose § = & — Ce?)

Copn 1/2
SP{ (Tw) OVor

(where 6, = (e — )/ = Ce)

E|VnT| 76 ., T2 /n?
< _ =2
< —5 + Cexp 16 61 +C 52

3 n2
<cC / +C xp(%eéf>+o

>5}+P{’(—%€) I,,,T-ll >51} (2.10)

T2/ 2

62 (by (2.9) and (2.8)).

Now, from (2.5)~(2.10), since T'/n/2 — 0,

1/2
P { ENEE m} ~8(z)

2 3 /2 ' 2
ro  cTn +Cexp(f_g5§)+c(T o >+s.

T/n

T
< CT™1/2 + Cexp —052 +C
16 €2

sup
Tz€R

(2.11)

2 52 32
Choosing ¢ = T~Y/2(logT)Y/?, the terms of (2.11) are of the order O(max(T~'/2(logT)/?,

(T?/n)(log T)~1)). This proves (a).
(b) Using the expression (2.4),

Yor  ,Var '
P{I1/2 +011/2 <x} ®(x)

sup P{ 'n.T(onT 8 <:c} — &(z)| = sup

z€R z€R T
(2.12)
Y Vn T
<sup|P 1/2<:1c )|+ P16 1}2 ep+e=Hi+Hy +e.
z€R I'r n,T
Note that
H, =sup|P M—_#—& <z —®(z)| =sup|P 11//2 < - ®(z)
z€R In T zem In T
' (2.13)

1172

Y.r - Y
+P{‘—"’I—T|>e}+esL1+L2+e.
n,T
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Yr —20\'/2
P{I1/2 = } ®(z) P { (T) Yr < 1‘} - ®(z)
4 P{|( ,_,2,9) M2 s} +e  (by Lemma 1.1(b))

<cy'P+p {’ (%) It — 1' > e} +¢  (by Lemma 2.1(b))

Now,

L, =sup
T€R

< sup
z€R

(2.14)

2
< CT™Y2 4 Cexp (—% )+CT L (by (2.8)).

On the other hand,

Yor Y 20\ /2
L2_P{%—ﬂ }<P{(T> Yoz —Yr|>6
\ n,T
—20\/? 1/2
() e

= — 2
S( 20/T)E(|Sifn,q~ Yr| +P{

> (51} (where § =& — Ce? and 6; = (¢ — 8) /e > 0)

—26
(—-T—) In,T -1 > 51}

2 /02
542 + Cexp (f—géf) + CT5/2n (from Lemma 2.2(a) and (2.8)).
1

(2.15)

H; =sup

Using (2.15) and (2.14) in (2.13), we obtain
o 0 i L Cexp (T—gsz)
z€R

Yr
P{Il/2 <x} o(z) 16

2 2 2
+e T L ep <T952) Te/Z” te (2.16)

92 52
|(-20/7)"2 6V, 1|
H2=P{ 172 >5}=P{ ’( Yy 1/2’ >e}
SP{ <_T29)1/29Vn,7~ >5}+P{ (—Tw> /21111{721 <g}s( T) 2E|I;,;T]
€T R S A
< oLt

+Cexp (%)-Jf) + CT2/ " (from (2.9) and (2.8)). (2.17)

Vn,T
4 7172

Using (2.17) and (2.16) in (2.12) and choosing € = T~/2(log T')1/2, the terms of (2.12) are of the
order O(max(T~Y/2(log T)/2, (T?/n)(log T)~!)). This proves (b).
(c) Let
Dr={l6hr -6/ <dr} and dr=CT Y?(logT)"2.

On the set Dr, expanding (2|6, r|)~'/2, we obtain
_ -1/2
atan = o9t

= (—26)"1/? [1+ 5 (f’—g"—T) +o(d%)].
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T 1/2
d { (37) Cor -0 ””} = &)

7 o\V2
P { (M) (On,T ~8) < x,DT} - &(z)

P(DS) =P { |6n.7 — 8] > CT~Y2(log T)W}

1/2
=P { (E_) (O — 8] > C(IOgT)l/z(—za)-W}

Then,

sup
z€R

(2.18)

< sup + P (D7)

xz€R

—26
2
< Cmax (T_1/2(logT)1/2, zn—(log T)_1> (2.19)
+2 (1 _® ((1ogT)1/2(—29)-1/2)) (by Theorem 2.3(a))

2
< Cmax (T‘l/z(logT)lm, %—(logT)'l) .

Onr 1/2_1
0

Hence, upon choosing & = CT~/2(log T)/2, C large, we obtain

/
‘P{( - )12(6n,T—0)S$,DT}-®(II:)

On the set Dy,
< CTV%(log T)'/2,

—~20, 7
T\ /2
< }P{(-—_——2—0-> (Gn,T—G) _<_$,DT} —@(IE)

1/2
+P{ (%'—71) -1

2
< C'max <T‘1/2(logT)1/2, - (log T)‘l) (by Theorem 2.3(a)).

(2.20)

> g, DT} +e (by Lemma 1.1(b))

n

(c) follows from (2.18)—(2.20). ‘ 1

THEOREM 2.4.
1/2 1/3

sup |P {In,T (—271—6) (O —6) < :r} - ®(x)| =0 (max (T‘1/2, (%) ))

Anr =Zpnr — Zr, Bnr=1I,17— Ip.

T€R

PROOF. Let

By Lemma 3.2,
2 T2 2 T4
E\Anr}* =0 - and  E|Bn,r[*=0 —)- (2.21)

From (2.6),

n T
L 10n,1 = ZX(ti—l)[X(ti) - X(ti-1)] = /0 Xt dXt + An

i=1

T T
=/ Xtth+9/ X2dt+ Anr.
(1] 0
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Hence, I 7(0n,r — 0) = —0Bn 1 + Ay 7. Thus,

{ (%”)1/2 nT—o)Sz}-@m

sup
z€R
1/2
=sup |{P { [YT — 6B, 1+ An,T] < :E} - ®(x)
z€ER
1/2 09\ /2
< sup P{ Yr < :c} - ®(z)| + P{ (———) [-0Bn1 + An7]| > e} +¢
z€R T

_ 2 2
S <__> Bl=0Bnr + dutl o cor-ir2 0Tl
T € €

by Lemma 2.1(b) and (2.21). Choosing & = (T?/n)'/3, the rate is O(max(T~Y/2,(T?/n)/3)). &

THEOREM 2.5. For fixed € > 0,

P{lbpr—6|>¢}=0 (max (%, -Tl-l-)) .

ProoOF. Using (2.4), we obtain

P{l6nr — 6] > ¢} = p{ nT+9VnTl 6}
SP{( 20/T IYngé;LT()IjeT/T)wvnﬂ }
2
jig(T)!)YnT‘—‘_(&} )|9Vn,ﬂ>5} .
&
P{( N )lYnT!>5}+P{( 29);Vn7~|>§}
+P{K 20) ,,T<51} =51 +5+Ss

(where 0 < d < € and 67 = d)/e = Ce > 0).

51=P{( 2())lYn:r|>5}SP{ 26?>|Y,ZT YT|>%}+P{( ?)YT>2}
—0)

(
(2 Sara o 24)>)
)

2
(since by Itd formula Yy = (1/2) (X3 — T) — 60Ir)
C Ir ) T8
g —2g)=L _ .
< n+P{\( 26) % 1’ 80}+P{XT>_80} (2.23)

Using the fact that Xp ~ N(0, (€27 —1)/26) and Lemma 2.1(a), the last two terms of (2.23) are

bounded by CT~!. Hence,
11
51=0 (ma.x (T’ ?i)) . (2.24)

Now, applying the Chebyshev inequality for Sy and using (2.8) with € = T—'/2(log T')!/? for S
in (2.22), the right side of (2.22) has the order O(max(1/T,1/n)). 1
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THEOREM 2.6.

PROOF. Note that
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T2 1/2
|6n,r — 07| = Op (7> :

ZnT__Z_T

)

Ly Ir’

bn,7 — 61 =

From Lemma 3.2, it follows that |Zn 1 — Z7| = Op(T?/n)Y/? and |,z — I7| = Op(T*/n?)*/2,
The theorem follows easily from Lemma 1.2.

3. RATES OF CONVERGENCE OF THE AMLE2
THEOREM 3.1. Let b, = O(max(T~2(log T)'/2, (T*/n?)(log T)™1)).

® P{(*%)W (fa-0) <2} - 000

= O(bn,1),

) sup|P{17 Bz —0) <z} - 2(@)| = Obnr),

z€R

z€R

en,T

1/2
(c)  sup|P (2—T—-|) (é,,,T—e) <z % —8)|=00nr).

PROOF. (a) From (1.8), we have

Thus,

Now,

~ 1 T T T
In,Ten,T=§(X%—T)=/ Xtht=/ Xtth+6/ XZ2dt = Yr + 6Ir.
0 (¢} 0

sup
z€R

(=)

1 (- 1“/29)1/2 Yr +8(=T/20)"% (Ir — I, 1)
(s -1) -

I'n, T
_ (= ~20/T)* Yy + (=20/T)"* (It — I 1) 31)
(—26/T) Iz '
1/2
P { (—%) (én,T = 9) < x} — ®(z)
B (=26/T)* Yy + (=260/T)"* (I — In7)
=R)" { (20/T) Inr o
20\ /2 20\ /2

< ilég P { (_T) Yr < x} —®(z)| + P{ ] <_T) (Inr — IT)| > E} 93]

Al

<cT V2 4

20
—7;) InT — 1‘ > 6} + 2

—20/T)E\I, 7 — Ir|? T T2
02( /1) Elz x = Ir| + Cexp (TEZ)+C—H262+25

(the bound for the third term in the r.h.s. of (3.2) is obtained from (2.8))

< CT—1/2

T2 7o , T
+CW +Cexp(—£—1—e)+CW+s (3.3)
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(by Lemma 2.2(a)). Choosing & = CT~!/2(log T)!/2, the terms in the r.h.s. of (3.3) are of the
order O(max(T~/?(log T)V/2,(T*/n?)(log T)~1)). 1
(b) From (3.1), we have

1/2 (7 _Yr+ 6(Ir — I, 1)
L7 (fnr—0) = 72 :
n,T

Now,

sup | P {I,ll/qzw (5n,T - 0) < x} — ®(z)| =sup

P{ Y ofr—Int <a:} ~ &(z)

z€R z€R 11/2 11/2 N
n,T n,T (34)
Y, 0(Ir — I,
<sup|P —-I/%Sx - ®(z)|+ P _(TT/z_Z"_Tl>€ +e=U1+Us +e.
zER Lor n,T
We have from (2.8)
Uy < CTV2 4 Cexp [ 10¢2 +CT—2+5 (3.5)
1E P\16 n2ez " & '
Now,
1/2
Inp—1I (=26/T)"" (In,r — It)
U2=P{|0|%>s}=P |o|‘ T |>s
Lot ’(—29/T) Ir
09\ /2 99\ /2
SP{|(~—:F) |In.z — I7| >6}+P{‘(—T) E-1>4 (3.6)
(where § = £ — Ce? and 6, = (¢ — §) /e > 0)
20\ E|I,r — IT|? 20
<(-7) e {| () 1))
T8 T , T2 /n?
T o — =B AL 2 :
_Cn262+Cexp<1661)+C 52 (3.7)

Here, the bound for the first term in the r.h.s. of (3.6) comes from Lemma 2.2(c) and that for
the second term is obtained from J; in (2.8).
Now, using the bounds (3.5) and (3.7) in (3.4) with ¢ = CT~1/?(log T)/2, we obtain that the
terms in (3.4) are of the order O(max(T~'/2(log T)'/2, (T"*/n?)(log T)~!)). 1
(c) Let
Gr={

O — 0’ <dr} and  dr=CT"Y*(ogT)V>.

On the set Gr, expanding (2|6, 7|)'/2, we obtain

5 —1/2 ~
= -1/2 — -
e e N i G | R
Then,
1/2
sup | P _T (én,T - 6) <zj)—®(x)
z€R 2‘ n’T'

1/2
< sup P( ET I) (5,,,T—-9)§x,GT + P(G%).
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Now,

P(G?,«)=P{

=P { (—-2%) v (o — 6] > C(logT)1/2(-2e)-1/2}

Do — 9[ > CT-1/2(1ogT)1/2}

3
< C'max (T‘1/2(logT)1/2, %(logT)‘l) +2 (1 - <I>long/2(v20)“1/2)
(by Theorem 3.1(a))

3
< C'max (T"l/z(logT)l/z, %(logT)_l) .

~ 1/2
bn,r /_1
g

Hence, upon choosing & = CT~/?(log T)1/2, C large,

1/2
P{(_gcg T) (én,T -—-0) < :E,GT} —@(l‘)l
p{(%)lﬂ(én,]-—B) Sx,GT} +P{ (97;0,7‘)1/2_1

(by Lemma 1.1(b))
4
< Cmax (T“l/z(l'ogT)lﬂ, %(logT)‘l>

On the set Gr,

< CT~Y2(log T)V/2.

>€,GT} + €

(by Theorem 3.1(a)).

THEOREM 3.2.

P { Lugr (—%6) v (nr - 8) < z} ~ &(z)

T3 1/3
— -1/2
Proor. From (3.1), we have

20\'/? /- DBy 26\ /2
I (mﬁ;) (9,,,T—e)=(—§,-) YT+9(—-:F) (T = Ly ~

Hence, by Lemma 2.1(b) and Lemma 2.2(c),

P {I,,,T (--273) 2 (a",,,T - 9) < w} ~ 3(z)

P { (—?) v Yr+6 (—%3) . (It —I,7) < I} - ‘I’(I)’

P { (—3;)1/2 Y < :1:} _ o)+ P {'9 (-%ﬁ) Y e - Inz)

E|ly — I, 72 —1/2 T3
Tﬁ-ESCT ,/ +Cn—265+€.

Choosing € = (T /n?)'/3, the theorem follows.

sup
z€ER

sup
z€R

e

<CT-¥2 ¢
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THEOREM 3.3.
_ T4 1/2
‘Gn,T_aT’ =0p|— .
n

PROOF. We have from (2.4), r = Zr/Ir. By the It6 formula, it is easy to see that

~ ZT
On1 = e
Hence, applying Lemma 1.2 with the aid of Lemma 2.2(c), the theorem follows. 1

4. CONCLUDING REMARKS

REMARK 1. The bounds in Theorems 2.3, 2.4, 3.1, and 3.2 are uniform over compact subsets of
the parameter space, but not for 8 < 0!

REMARK 2. Theorems 2.3 and 2.4 are useful for testing hypothesis about §. They do not
necessarily give confidence intervals. Theorems 2.3(b) and 2.3(c) are useful for computation
of a confidence interval.

REMARK 3. To obtain bounds of the order T~/?(log T')'/? in Theorem 2.3, one needs n >
T5/2(log T)~3/2. To obtain bounds of the order T~1/2(log T)}/? in Theorem 3.1, one needs
n > T%4(log T)~3/4. To obtain the order T~/2 in Theorem 2.4, one needs n > T°. To obtain
bound of the order T—%/2 in Theorem 3.2, one needs n > T7/4. To obtain bound of the order
1/T in Theorem 2.5, one needs n > T.

REMARK 4. The normings in Theorems 2.3 and 3.2 are random and also contain the unknown
parameter. It would be interesting to find the order max(T~/2,(T/n)Y/3) and max(T~1/2,
(T®/n?)1/3), respectively, for the estimators 8, 7 and f,, 7 with completely random or completely
nonrandom norming.

REMARK 5. Note that if we transform the It6 integral to the Rubin-Fisk-Stratonovich (RFS)
integral in L7 and then apply RFS type approximation for the RFS integral and rectangle rule
approximation for the ordinary in L, then also we obtain the approximate likelihood Z,, 7. Using
these ideas for the nonlinear stochastic differential equations, we have studied the asymptotic
properties AMLEs and other estimators (except the rates) (see [14]).
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