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SUMMARY. Two series of efficency-balanced block and row-colnmn deeigns have besn
comstrosted ueing balanced ineamplete blook demigna and the ooncept of Youdsn type doeigns.

An upper bound of the eficiency factor hes been derived and i is found thet the dosigns
congtracted here have ellciency factore elose 4o this bound.

1. INTRODUCGTION

Varisnce- and efficiency-balanced designa in one-way and two-way
elimination of heterogeneity sst-up have heen studied quite extensively in the
literature. We conzider a2 block design with # freatments, b blocks each of
mzo k. For it, let B = diag (ry, ..., r2), * = (1, ..., ¥y} and N = (ny) be the
vX b incidence matrix of the design where 4 is the nuamber of times the i-th
treatment occurs in the j-th block, and #; is the replication number of the i-th
treatment for i=1,..., 2 amd § =1, ... b, Under the usual fixed effocts,
additive homescedastic inear model, the cosfficient matrix (C-matrix) of the
reduced normal equations for estimating linear fumections of treatment effeots
ig given by €' = R—L~NN' which is symmetric, non-negative definite with
zero row sums. A design is said to be connected if and only if rank () = »—1.

The row-column designs for two-way elimination of heterogeneity con-
sidered here have bk experimental nnits arranged in & rectangular array of k
rows and b columus such that each unit receives only one of the » treatments
being investigated. Under an appropriste model, the (-matrix of a row-
oolumn design is given by

OB = R—E-\NN'—b~MM’ +(bk) 4 e (LD

—a—m
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where R, v are as defined carlier, M and N are the vx k treatment-row and

px b treatment-column incidence matrices, respectively. As in case of block

designs, C'FC) is symmetrio, non-negative definite with zero row sums, and a

row-colum design in gaid to be connected if and only if rank (DR} = p]1.
We now have the following definitions,

Definition 1.1. A connected block {resply. row-coluinn) deaign is said to
be variance-balanced (VE) if and only if it permits the estimation of all wor-
malized treatment conirasts with the same variance.

It is known (cf. Rao (1958)) that a connected block (resply. row-column)
design 18 VB if and only if

C(CRD) — g{I—v 211}
where & (> 0) is the unique non-zero eigenvalue of C{CCEN, [ in the identity
matrix {of appropriate order) and 1 is & column vector of unities.

The positive ecigenvalues of B-Y2C R~ (resply. R-ViCRCOR-V2) are
ecalled the canonical efficiency factors of designa, see James and Wilkinson
{1971), and Pesrce, Calinski and Marsheli {1974).

Definition 1.2, A conuneeted block (resply. row-colummn) degign is =aid
to be efficiency-balanced (EB) if and only if the canonical efficiency factors
are all equal.

It can be shown that a connected block (resply. row-column) desjgn is

EB if and only if

CLORY) = efR—(bk)~'rr'}
where (t << e € 1 iz the unique non-zero eigenvalue of R-Y3C B-Y2 (reaply.
R-UACHRO -1 For such demigns, every treatment contrast is estimated with
the same efficiency factor e.

It is known that & VB (block or row-column) design with v >» 2 is EB,
and conversely, if and only if the design is equireplicate. Also, it may be
noted that in the class of proper {equal block sized) designs, any binary YB or
EB block design is necessarily equireplicate.

In the present paper, two series of proper EB blook designs, using balanced
incomplete hlock (BIB) designg, sre consiructed. ¥urther, using the idea of
Youden type designs (to be discussed later), several designs belongmg to the
sbove two series can be converted to EB row-column designa. An upper
bound for the efficiency factor of any row-column design is obtained. Thie
upper hounrd comes out 40 be the same ag that for a blook design. A list of
EB designs with xeplications < 80 is provided, and it is found that these
designs haye cfficienoy factors close to ita upper bound,

The definition of & BIB design can be found in Raghavarac (1071).
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2, MzereHoD OF COWNITRUCTION
Congider s BIDB design, having incidence matrix N, with parametors
v, b, ¢, &', A. Throughout this paper 0, is & ¢X 1 zero veotor 1y, iz an ;)
column vector of all unities, I, is the identity matrix of order m, and (R atendg
for the Kroncoker product of matrices.
The following two theorems are straightforward by Definition 1.2.

Theorem 2.1, For non-negalive indegers p.q, s and w i {r'pw-sg(i’
+w—a)}(pA) = Bowt-v'ell’ +w—af(r'p1-sq), there exists a proper EB
block design with parameters v = v'4-1, 8§ = b'p+v'q, n =r'pteg, r, =V
+o'g( +w—a), k= k' +w, e= pAbfr], whose inci-dence matrix is given by

LN 1,y
I: 3 W (%' 4208}l ]
Theorem 2.2. For non-negabive infegers D, q,s and w, if {Fplv'—&)
J-sq(v’ s} (pA4-aw) = {(v" —&"W'p+{v’ — W' a}{(r'p-+ g+ w) there axista a proper
ER block design with paromefers v = ¢ 11,0 = d'p+v'g+w rn =rpie

+w, vy =bplv'—E)+v'gle’ —38), k=", e = (pA4w)bjri, whose incidence
makrix 18 paven by

LON t; @ ol 1y 1,
[ (0 —B)g (' —8s gy O ]

Brample 2.1. Consider the BIB design with peremeters ¢ = b =6,

=% =8A=4 Then Theorem 21 with p=1¢=1, s=3 and

w=20, yields an EB block design with parameters ¢ =7,b =12,k =5,
1, = 8,1y = 12 and ¢ = 0.750. The incidence matrix of the design is

T4

1 11 11 0 3 0 0 0 0 @

1 111 01 ¢ 3 0 0O 0 O
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Exumple 2.2. Consider the BIB design with parameters ¢" = b’ = §,
#=f =2 A=1 Then Theorem 2.2 with p=2,g=1,8=1 and w=1,
yields an EB block design with parameters v =4,b =10,k = 3,7, == 6,
ry = 12 and ¢ = 0.833. The incidence mairiz of the design is

T—

1 1 611 &¢I 001
1 011 011 01 01
0 1 1 o1 1 @O 0 1 1

1 1 1 1 1 1 2 2 2 0O
— __t
3. HEF¥ICIENCY-BALANCED EOW-0OLUMYN DESIGNA

We first quote some results and definitions from Das and Dey (1989),

Definition 3.1. A kXb array containing eniries from a finmite sel
Q={1,2,..,v} of v treatment symbols is called a Youden type (YT) row-
column design if the i-th treaiment symbols ocoura in each row of the array
mq times, for £ = 1, ..., v, where my = ri/k and r; iz bhe replication of the i-th
freabment symbol in the array.

Theorem 3.1. A necessary and sufficient condition for the exislence of a
¥T design iz that rifk iz an integer for all e =1, ..., v.

With each row-column design 4 are associated the block desings dae and
dy with incidence matrices M and N respectively, i.e., du{dy) is the block
design obtained by treating the {rowa} (fcolumns}) of 4 as blocks. Then it
follows from (1.1} that the O-matrix of d is

CEN = OF - M(T;—k 111" )M’ v (313
where CF = Rk INN' is the C-matrix of dy.

Theorem 3.2. A necessary and sufficient condition for C8% == C¥ is that
d iz a YT design.

By Definition 3.1, Theorema 3.1 and 3.2, the following results on EB
row-column designs can be obtained.,

Theorem 8.8. The block condente of the block design in Theorem 2.1 can
be rearranged to yield a YT design provided rifk te an infeger for 1 =1,2. In
such o case, the YT design is an EBR row-column design with parameters v, k,
Y1, P, 8, a8 i1 Theorem 2.1,

‘Theorem 3.4, The block contents of the design im Theorem 2.2 can be
rearranged o yield a YT design provided ryfk is an inleger for £ = 1, 2, Further
W such o case, the YI' design is an EB row-column design with paramelers
L E': k; T1, Vg, €, A7 in Theorem 2.2,




B30 ASHISH DAS AND SANPEL EAGEYAMA

Exomple 3.1. The block contents of the EB design in Example 2.2 can,
be rearranged to yield the following EB row-column design with parameteyy
v=4,b=10,k=3,r == 8,7, =12 and ¢ = 0.833 :

4 4 4 1 3 2 1 2 4 3
2 1 3 2 4 3 4 4 4 1
1 3 2 4 1 4 4 4 3 2

4. ErFIimNOY BOURDS

Dsa and Kageyema {1991) showed that for a connected proper block
design, the efficiency factor ¢, i.e. Harmonic mean of the canonical efficiency
facbors, is bounded above. The following is due to Das and Kageyama {1091).

Theorem 4£.1. In a connected design with v reatments and b blocks of size
k eack,
e & v(k—1){E(v—1)}

and the equality holds if and only if the design is a binary EB design (and thus
BIB),

A gimilar result can be obtained for row-column designs as follows :

Theorem 4.2. In o connecled row-column design with v ireatments arranged
in k rows and b columns,

e & v(kb—1}f{k(r—1)}
and the equality holds if and only if the design i3 ¢ Youden design.

Proof. et ¢,+ =1, ...,v—1, be the canonical efficiency factors of &
conmected row-column design 4. Then,

Ty Py
g = {a—n/ Lol (w—1)t I g
i=1 fml

= (r—1y M (RIIAOSIRE) < vlb—1)/{k(e—1)},

sinee from (3.1) and becauss of symmetry and idempobence of Fp—k—311',
(R-1ACIIRE) = §r(R-VICTR-18) — b~ Ur(B-Y2M(I— 111\ M'R-172)

£ v—k™1 Ty Dpnggfre

= {k—1)fk.
It is eaay to see that the equality holds if aund only if the design is & Youden
design.

Remark 4.1, As upper bounds for EB rew-column designg, in tho same

maanner & in Dag and Kageyama {1991 ; Theorem 2.2 and Corollary 2.1), we
can geti the following.

(4) In an EB row-column design with » treatments, ¥ rows and b
colomng, in which ry, & ry & ... < rp are the replication numbers,

e < b{k—1)/(bk—r,).
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(B) Inan EB row-calomn design with ¢ treatments, & rows and b columns,
the inequalities
e < blk—1)(Bh—[bkiul) < vlk—1)/{klo—1),
hold, the second inequality becoming equeality if bkfv is an integer, where {m]
meang the largest integer < m.
6. TABULATION

Using the results of Sectiona 2 and 3, we have listed] EB designg (other than
BIB designs) with replications £ 30, The parameters of these designs along
with the valueg of e and the upper bound of e (&b, aay), as in Theorem 4.1, are
given in Tables 1 and 2, By these tablea, it i3 scen (a8 revealed hy the ratio

B = ¢feb) thut geveral of the designz constructed here have efficiency factors
close to &b,

We refer to the table of BIB designs given in Raghavarao (1971 ; pages
91-97) for our aearch of EB designs. The columu under BIB in Tables 1 and
2 gives the scrial number of BIB designs listed in Raghavarae's teble. The

gerial number zero stands for the BIB design with parameters ¥ = b = 3,
T = k — 2_.. .;-i = 1.

The designs marked with asterisk can be converted to a YT design and

give rise t0 EB row-column designs. Ik is found that 7 of the designs in these
tables are VB.

TABLE I, PARAMETREIC VALUES AND EFFICTENCY FACTORS OF EB BLOCK
AND ROW-COLTUMY DESNIGNSE BABED ON THEOREMS 2.1 AND 5.3

o b k i o e b R RmRIE » i s w

5 12 3 R 4+ .50 .833  .900 2 2 1 2 0
5 24 2 1. i T80 £33 A0 P 4 2 % o
5% 26 3 a4 1% 750 853 . BOD 2 f a L B
& 10 5 6 20 . 833 96D . BAR 4 I 1 2 1
] ot 4 15 ;1 . B0 LB00 .BEf 4 3 1 3 1)
8 40 $ | 19 LS00 . 900 . RRD 4 [ 2 3 O
g* &5 3 30 15 733 B0 LT 5 4 - 2 0
™ 28 3 12 8 .22 778 529 7 2 1 2 i
7 52 8 24 1z .12 .7T78 .03 7 4 2 2 0
7 12 5 B 12 L TEO .93z 804 8 1 1 B {
T 24 5 16 24 760 33 .B0d a 2 2 3 L
T 30 5 24 a .833 .088 803 5§ 4 1 4 0
B 35 3 14 T . 714 .T68 ! L} 4 I 2 0
8 70 9 23 14 .Tl4 .To . 988 10 8 2 8 0
g* 50 4 P 8 T8 .Bid .p2a 15 3 1 8 0
i 5n 3 18 g 704 L T41 050 17 4 1 o 0
14 63 4 27 9 i i L3332 053 10 3 1 3 1}
1 il 3 20 10 L T00 VT8 .955 2b 2 1 2 ()}
13% 100 3 23 12 _H0 i .82 84 2 1 3 0
13 34 & 15 o4 .7BG P03 637 1] 1 1 4 0
14 117 : 28 13 .Gea .719 . 064 38 4 1 2 0
1g» 166 3 a0 15 . B850 a1 . BED 42 s 1 9 {}
16 a0 8 a0 BO . BOD 033 . 867 44 3 I i {

B 3-8
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TAELE 2. PARAMETEIC VALUES AND EFFICTENCY FACTORS OF ER BLOCK
AND ROW-COLTUMN DESBIGNE BARED ON THEOREMRE 2.2 AND 3.4

4% 11 3 B & .B15 LS80 017 1] 1 1 2 5
4% 13 3 12 3 .T22 .AB8 513 ] 1 1 9 7
4 10 a o 15 . B0 . 85BY 90D 0 i 2 i 1
4% 18 8 15 8 . 800 48D -0 0 ] 2 3 9
4" 10 3 3 12 .333 .BED -D3B O 2 1 1 1
4% 15 3 12 g . 5385 LARS JORR 0 2 1 2 a
4¢ 14 | 15 L .ThE LR850 -BbD 0 2 1 B q
4" 4 3 1B 12 315 .88 917 0 2 a2 a 10
4 0 3 10 30 300 . B80 D 0 2 4 1 2
4" 19 3 15 12 844 . 8A8 . 950 0 3 1 ¢ T
S 21 3 18 0 T8 .HBY .875 0 3 1 B 9
4* a3 24 I8 15 .B52 580 258 0 4 1 2 8
4» 25 & 21 2 L Ted .BRG LB93 0 4 1 3 10
4% 20 3 12 a4 L8283 889 918 (g 4 o 1 2
d 21 B 14 21 . B89 B3 L0gd H B 1 1 3
4* 7 3 21 18 . BO7 BB .pd4 { & 1 2 ]
d= 31 3 24 21 861 .B89 . 964 0 ] 1 2 1
o* 13 4 | 20 .B13 938 .BET 1 1 1 2 3
5* 15 4 12 12 .B26 LBE8 -BaT 1 1 1 4 5
5* 1 4 12 e LT LO3s LSdd 1 1 2 2 5
g 23 4 20 12 575 B3] 813 1 1 2 4 ]
54 22 4 18 24 654 .9138 .733 1 2 i 4 8
5" 30 4 24 o4 . G258 LB38 66T 1 2 2 4 10
> 18 4 16 a -84t a8 L0 2 1 1 3 1y
& 24 4 18 o4 .RRY 538 . D4R 2 4 1 3 &
i 10 5 ;] 20 .833 L0 .BG8 4 1 i 2 0
i 15 i3 12 15 B33 L8980 .R38 4 1 1 2 7}
Li] A0 i3 24 30 .833 -980 563 4 o P 3 10
i 21 b 15 30 &40 DD 875 5 1 1 3 8
g 24 5 a0 20 120 LB T80 ! 1 L 5 b
T 23 [ 18 20 . B&0 LoTe 85T 7 1 1 4 T
T 21 ] IB 18 B4R LOTE )Y 8 1 1 4 B
= 28 6 B¢ 2¢ .87 972 000 8 2 1 4 10
g 24 7 21 21 853 L0490 .ga7 11 i 1 T 1D
g I8 7 14 28 .B97 980 844 13 1 1 i 4

-—
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