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A PROPERTY OF MAXIMUM LIKELIHOOD ESTIMATOR

By J. K. GHOSH, B. K. SINHA and S. N. JOSHI
Dulian Statistical Instilute

SUMMARY. Roughly speaking our abjoot in thia note is to provo that under standard
regulurity conditions, with probability tending to one, the maximum ikelihood estimata lies in
100(1 —2)% confidence sot (0 < a < 1) determined by the family of locally most powerful un-
biased teats of Hy(0 = 8,) ve H,(0 5= 8,) : a eort of converss is also proved.

1. INTRODUCTION

Lot X;. X,, ... be a soquence of i.i.d r.v.'s with a common d.f. Fy(z),0¢0;
O is an opon subset of R. Let f(z,0) bo the density of F, (x) w.r.t. some
dominating meussure g.

We assume f(z, 4) sutisfies tho rogularity assumptions I to VI of the
noxt scction,

Roughly spoaking our object in this note is to prove that under theso
conditions, with probability tending to one, tho maximum likelihood estimate
(m.le) lies in tho 100(1—a)% confidonce set (0 < & < 1) determined by the
family of locally most powerful unbissed tests (LMPU tests) of Hy(6 = 6,)
vs. Hy(6 # 6,); u sort of converse i8 also proved. A more precise statement
is presented later.

Wo now procoed to a precise formulation of our result.

Our assumptions guarantee (see Lohmann, 1059, p. 83) the existence of
a LMPU tost of Hy(0 == 6,) va. H,( # 0,) with critical funotion

[ ! if ”'n'o i Z?I?g > Kluio +Kmioznon
by = a if o < "

L wbitrary if . = '
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whore
iy v 8
Zyg, = v I7N(0y) x T ok Sz, 0g),
. wny &oa@
i} nd, = n1-ND,) le b7 log f(z4. 0),
and Kyqo, o0d K, o ure such that

Eo(Be,) aund BglggZ,,) - 0.

Let ¥, be the randomized confidonce set arising from this family of tests
i.e. it consists of all § accopted by tho test ¢,. The set ¥y will dopend on tho
randomising device in addition to X,. X,. ..., X, but will contain

w, — (0 W +2% < K\ ng-t- KaneZne)-
Similarly
VaC0: Wag+Zh € Kinot KonsZuns} = w (38y).

Now we state our result. Lot 8, denote the maximum likolihood estimate.

Theorem :  Under assumplions I to VI

(n) For every Nye © and for every 0 < a < 1, [Jan{gn el }-olas now
(b) Let T, be any olher estimate of 0; then for 0,0, Py (T, e Vo1

P
Jor every 0 <a <t if (8,-7T,) _:o 0.

(c) Let T, be any consistent estimale of 0 such that for 0,0,
Py,
Py{T, e Voy - 1 forevery0 <a < 1. Then \/#(8,—T,) —°0.

Remark : If instead of the randomized confidenco set V, one of tho
nonrandomized confidence sots w, or w, bo used, tho vesultant sizo of tho
test will be a,(8) which will oventually be a us n — co for every 0¢© (vido
proof of Lemma 3). Tho thoorem remains true if V¥, is roplaced by w, of
w,, throughout. This is 80 because the proof of (a) and (b) uses B¢ wa}
and the proof of (c) uses {8, 6 w)).
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The proof of the theorem is deferred to Section 3. In Seotion 2 the
assumptions aro stated and some auxilisry results are proved.

2. ASSUMPTIONS AND LEMMAS
Assumption I: For oach z, flz, 0) is twico continuously differentiable
in fe¢0.

Assumption 11 : Lot
a2
10) = B, |~ 55 log f(z, 0)]

then 0 < I(0) < co for G @ and 1(6) is continuous in ¢ ©.

Assumplion III: For overy 0o¢®,3a neighbourhood (nhbd) C, of
0 such that

d
Ey|5510gf(X,0)]% < o0.
55-%30 ol 35106 /(X, 0)]
Assumption IV : For every 0,¢ @, 3 & nhbd Cy, Of 8y such that

| o og iz, 0)| < Atz 06 Gy,

| o g, 0)— - t0g f1s,6)] < 160" At

for %6, ¢’ e(,‘,o; and for some 6> 0

sup ByH*H(X) < o0, sup Eyd(X) < c0.
secq, 81 cq,

Assumption V : If ¢ is uny test function based on n observations
then Eyp, is twice continuously difforentiable in §¢© ; moreover

[f n
B X ) = [l ) T o Ot . 5

d? n
T EdXs X) = [l w) B 1 et . z)

for overy 0e@ and n > L.
234-3
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Assumplion VI : The maximum likelihood estimato (mle) 0,, of 8 exists
and for evory 6,6 ® and € > 0.

) d _=»
P {18.~00) < €. 55108 1 a8, - 0} 51 08 ns .

Remark: VI holds if conditions of Wald (1949) or Bsahadur
(1971, p. 34) hold.

We quote a lomma of Ghosh, Sinha and Wieand (1980) to bo used later.

Lemma 1 : Let C be a compact inlerval and let Uz, !) be a real valued
funclion measurable in x for each te C and conlinuous in U for each x. Let
X,, X, ... be a sequence of i.i.d r.vs having a common d.f. Fy, 8¢ © and H(x)
and A(x) be measurable functions such that |U(z,1)| H(z) for teC
| Uz, )= Uz, )|  |t—t'| Alz) for 1,4 €C, and for some §> 0

sup B H*'%(X) < o, sup Epd(X) < co.
bco 6co

Then for any & > 03 ng and K0 < K < o0) such that
P, [.mp] 212 UIXG = By UK, 1] < e} > 1-Kn woe0
teC 1

and % n > ng and some 8, > 0.

Nole : The assumptions I1 and 1V enable us to apply lomma !
to Way.

Wo also quoto a vorsion of Theorem 3 of Michol (1976) which will bo
needed in tho sequol.

Lomma 2: Lel X, X,. ..., be a sequence of i.i.d r.v's having a common
d.f. Fg 0O such that By(X,) =0, Ey(X}) = 1. If for some §>0

sup By| X,|* <
Qee
then there viisls a constant f such thal for n > 1, % 0¢® and for all 16 R,

| Fup)—0()|  fu-4[1 1 |¢] 2]
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. .  exp(—22)
where F g is the d.f. of n"‘:‘.X‘ under Fg. O(l)z‘L V=

and 8* = §min (3, 1).

Nole: The assumptions II and [II enablo us to apply Yemma 2 to
the d.f. of Zg,.

Let
X = (X, .., X}

Roy = (X : 22+ Way > Kyt KonsZng)s

Ry = (X% : 34+ Wy = Kinet KangZoghs

Fog = (X : 28 > Ky gt EsngZng+1}
and AAB = (A€ ()) B){(4 () BE) for any two sots 4 and B, C being the ususl
notation for complement.

We fix a f,¢© and & bounded open set Q containing 8, QC © such
that sssumptions III and IV hold on the closute of Q.

Lemma 3: Uniformly in 66Q

PRa o o (21)
and
Ey[I5;, Zng) > 0- e (22)
Proof: Note
| Byl1 7,y Zne) — Byl $p Zng)| < PYR.,AR )+ PhRs,)
and

| PR o)~ Eydy| € Pyl RughR )+ PylBrg).
Hence (2.1) and (2.2) are proved if we prove uniformly in
060, Py(R,4AR,) 0 snd Py(Ry,) > 0.
In view of assumptions IT and IV it is olear that for every ¢ > 0

Py(| Wog+1]< &) 1 uniformly in 8¢ Q. (2.8)
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Note that,

2
A= (X Ky g 1

K )69

< (2ay-"2m)'¢ Ky

DR Ragl N (1 W1y +1[ < ).
Also,
An, €0 :)(l Wn9+1 I <e) n Rr’w-

On the other hand

Ane g C{Xm (2, Kem) el it Bk, g1 <

and
Anco= (X0 femepr Bim g g < Kooy o)
U {xm: Eem_rep < 7, < Kot ooy
. Koo
ifz=—"+K,+l>e

Now uso tho Borry-Essen theorem for Z,, along with assumption III.

(24)

Sinco @ < 1, from Lomma 2 and (2.1) it is clear that 3 n, such that

2
K;""-}-K,,w > 0% > ny, Y0 Q.
Let
1 i
Crng = 50+ Khrot Kina't 1)
and

Crng = = L Kbyt Kyt 1)
2na=?K2np—(; yu+ ln0+

for » > n,
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Lemma 4: Let Z be normal with zero mean and unil variance. Then
uniformly in 0e Q
E[I(Ciny < Z2< O] > 1~ . (28)
and
E[1(0n < 2 < 0,0 2] > 0. . (27)
Proof : Note for n > n,, §,,, = (219 € Cang) ) (25 > Cpg) and honceo
Py(Cang < Zny < Crnp) > 1 —a uniformly in 0 Q by (2.1). Tho Borry-Essen
theorom along with assumption I1I completos tho proof of (2.6).

Lot F,y be the d.f. of Z,,. For a d.f. F(z) we have

Ging Oy
[ zdP(z) = ome(cxw)—Czn,F(cns)‘ [ Fl)dz
Conp [

Hence we have, with ®(z) = P(Z < 2),
1 0, ¢
1 aR e T w0k
Canp Cno
< [ Cragl | Fog(Crng) —O(Ciag)|
+1Comg| | F ogClng) —O(Crg) |

Oyng
+ [ |F oyl —00)| 2. w (28)
Cono

Lemma 2 applied to F , implies,
RH.S. of (2.8) < dn=M| Crag| (14 [ Crag| )74 | Cong | (14| Cong |
C1mp
+ [ (14 ]¢]3)7"de} for somo b > 0.
Csap
Lemma 5: K, 0and Ky, —> 2 — 1 both uniformly in 0 ¢ Q, where
0(5.) =l—a.

Proof : Note that 0 < a < 1 and (2.6) imply oxistence of ny, 0 < M < 0
and 8> 0 such that

Clao—Cirns > 8, ¥ 02 ny, ¥ 06Q .. (29)
min([Cyngl, [Canpl) < M, N0 3 np, ¥ 66Q. ... (2)0)
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Henco3 0 < M’ < o such that

2
max (e_ci"'", e_P'""’) SM. D0 ... (211)
Using (2.7) we get

1 Cyng 22
| [ ozeY da
! Can

1
& 01nrz| | _ MC1ngt Cang)Cypa=0zne f

[

- (,‘dnm |l_,"‘cxno‘*’ctu""xw‘ciull

— 0 uniformly in 0eQ. e (2.12)

(2.12) along with (2.11) implies
Ko = (Cyng+Czn) = 0 uniformly in e Q. .. (213)

To prove the second part, note that if for every n3 M > nand0'e¢Q
such that Cy,e and C) e are on the samo side of zcro then we get a contradic-
tion to (2.7) using (2.9) and (2.10). Henco 3 ny such that

Cong K 0K Crug ¥ 12 m, ¥ 06 Q.
Now

Cine Cing ~Cang \
2 dO(z)—:( [ d0G)+ [0t
0 0 [)

Cyne Cane
+( I I | do(z)).
o o
— 1—a uniformly in 0¢Q
becauso of (2.6) and (2.13) ; hence in viow of (2.13) we have

K\np— 2 —1 uniformly in 0e Q.

S

3. PROOF OF THE THEOREM
Chooso 8 > 0 such that {|0,—0| < 8} C Q. By assumption VI for any
7 > 03 ng Such that

Py(18,=65| <& Zp 3a =0} 3 1—9, 1 3 ng. . (31)
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Chooso € > 0 such that £y > 2¢ and use Lemma 5 to get n, such that
Kipg> e —t—€> — 148,13 5, Y06 Q. . (32)
Using Lemma 1 we get n, such that
Py sup Woe & —14+€ > 1—9, ¥n > n, . (3.3)
['13

Note that
Boew, iff W5, < Kinj, . (34)

Combining (3.1). (3.2). (3.3) and (3.4) wo get part (a) of the theorem.

Under hypothesis of part (b) or (¢) wo have

Py (T e Q) L. . (36)

This along with Lemmas 2 and 3 implies

; Po, Py Poy
Kopr, = 0, Kypp, = @$,—1 and War, = 1. .. (3.6)
S0 thit
. 1, Poy N ;
KlnT"_” T, 1 Agm =S i>00<a<] L (3]

Now expanding Z4p, sround 8, and noting Znj, = 0. we have

(Tocw)) ={Wor + 22y, < Kipz,t Konr, Znr,}

= [{var—8) 5 = 5 togfia 80} 1T

Ky | VAT, ~0,). Ls a‘; log Sz 09} 14T,

EWop =Ky, < u] whero 85 is botwoon 8, and 7,

= {[\/m'n_a")_w,mw;g; 00T P

< Wags (T, [Km'.‘ War +K::T-] } '
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Observo that by (3.5) and Lemma 1,
Wogs A0NT) - (38)
in bounded awny from zoro and infinity with probability tending to one.
Let

z, = {w“. IV@NINT,) [ Iﬁ”:" —( K T.—W”T_-}-Kg;r')l]

7I§n in’
— 1 . K"‘Tu
< VAT, —8,) < W g IO —= +(King, = War,
Kiyp, ) Riur,
) ]} and Kypp =W op 4-—0" > 0. . (39)

Lot X, denoto tho set with strict inequalities replaced by *“ < " in (3.9).
If Py {T, € wn) -1 for each 0 <a <1 then, it ia clear from (3.7) that
P,a {Za) = 1 for oach 0 <@ < 1. This in view of (3.6), (3.7), (3.8) and the

fact £,3 — 0 as ¢ —» 1 gives us part (o) of tho theorem.

Py
Finally, if yn(8,~T,) 0, cloatly Py (E,)—>1 for overy 0 <a <1
and henco Py (Tpew,) > | for overy 0 < < I

Since consistoncy of T, was used only to dorive (3.5), we havo tho following

Corollury :  Suppose Py {TyeCy}—>1 and Py {Tye V )} 1, for all

P,
0,60. Then yn(T,~8,) 20, ¥, ¢ O.
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