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SUMMARY. Thoe purpuso of this 1oto is to anawor a qusition of Dorothy Maharam
soncoring tail flolds by gonnralizing hoe mothod in Maharam (1977).
1. DEFINITIONS AND NOTATION
Wo uso tho notation (4, m) to denoto n measure spaco (X, A, m).
Lot A G ¥ Vo asubo-algebraof 4. A monsuro spaco (@, z2) (on X) is said
to bo a natural comploment of (_A,, m) in (A, m) if
(i) 8V A = Awhoro @V 4, denotes the o-nlgebra gonornted by 8
and 4, and
(ii) m(BM) A)=p(B)-m(d) for overy Be g nnd Ae A4,

If (8,p) is n natural comploment of (LA, m)in (4, m) thon wo writo
(8, 1) V (A, m) = (A, m). IE{(B, s1)}a 5, it & soquonco of monsuro spaces

then by ;/ (.8 /1) Wo donute tho moasuro apaco ( \7 B.,/L) whero \7 8, i
n=1 a=1 a=t

tho g-algobra gencratod by (O ,6,,) and 2 on .\7 8, i8 & measuroe, whenovoer it
A=t =)

oxists, such that if B e.8,, B, B3y, ...B, €8, thon (B, (\By()... B.) =

B By)po(By)...po(B,). (In goneral, such a 2 may not oxist but in our set-up

it doos. Sufficiont conditions for the oxistonco of such a z can bo found in

Theorom 3 of Marezowski, 1051. \Wo howover do not uso this result.)

All moaswres considerod in this noto aro o-finito. For thoe dofinition and
oxamples of perfoct and nonperfoct probabilitics wo refur to Sazonov (1962).

2. PRELIMINARIES

Considor the moeasuro spuco (g, m) and lot {_#,}%_, bo a soquonco of sub
o-algobrag of 4 such that ¢, = 4 and for ovory n » 0, A, C A, Lot
{(-8,.,11,,)},‘,’_. bo a soquonco of moasuro spacos on X such that for cach = > 1,

(&4 12,) i3 & natural complomont of (A, m) in (Fa_ys 7), 1.0, 4V A= An_y
and m(B () 4) = p,(B)m(Ad) for overy Be.@,, 464, Wo then have for
onchn=1,2,,..
(A m) = (umy) V (B ) V .. V(B fta) V (A ).
Ad-1
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Wo aro concerned with tho quostion of oquality of

(A )=V (8o 1) - ®
n=1

given that (ﬂ A m) is trivial in tho senso that for overy A eﬁ A, oithor
ne0 n=0
m(d) = 0 or m(d€) = 0. This question presents itealf in o certain formulation
of non-lincar prediction theory as pointod out in Masani (1966, pp. 90-94).
If oquality in (*) of (A, m) with V (8, 1.) = ( V 8. /t) is interproted
n=1 n=l

to moun A = Q B, mrl m = p thon oxamples aro known (sco Nadkarni,
Rnnmchnmlrnn'-uln(l Blaskara Ruo, 1973) whero oquality fuils to hold. In
this noto wo intorprot oquality in (*) in tho following two scnses :

(i) thero oxists a o-isomorphism ¢ botween £ ond v A, such that
me=t=p; "

(ii) thero oxists & moasure algobra isomorphism U lotwoen the
moasuro slgobras A/m and ('y‘: .8,,)//; such that mU-1 = p.

Wo givo oxamplos to show that probability spaco (4, m) nced not bo

cqual to ( Vl 8o /l) whero (A, m) is intorprotod in any of tho abovo sonsos.
=

3. A OENERAL CONSTRUCTION AND THE EXAMPLES

Let (Y, @, A) Lo o o-finite moasure spaco and lot 7' bo a 1 —1 bimoasurablo,
moasure prosorving, orgodic transformation on (Y, @, A). Lot {{—1, 1}¥,
2. P), whero N is tho sot of natural numbers, stand for tho unilatoral product
of tho discrote two olomont spaco {—1, 1} with tho measure giving mass } to
{—1} and {1}.

Lot

X =Yx{—1, ¥,

A= EX3,

and
m=AXP.
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For each k=1,2,..., wo defino n 1—1 bimeasurablo monsuro preserving
trasformation Tx : X— X, of period 2, by
)
Tuls Prs Pas -oos Ph Praas o) = (T2, P Py oors =P Py )

whero oach pr = 1. Tot Gp bo tho abelian group of order 2% goneratod by
Ty s Tk

Let for ench A2 1,

Ar={de g :Td = A for overy TcGy).

Remark : Suppose (p,, Py, --» Py} i8 pormutation of {py, Ps ..., px) where
enchpy=41(j=1,2,...,k) then sinmé‘p/ = ,}E‘P‘/ it can be checked
that tho number of coordinates at which py = —1 and Py = —1 is oqual to tho
number of coordinates at which py= —1 and Py = +1. Hence it follows
that

(4, Prs Pav oo or Pl Py o) €A € Ax
—_— (y,p,l.p,z. weor Pigs Pl Lyede A

Let g, = _& and consider tho soquence {_gn}2, 0f sub a-nlgobras of 4.
Wo havo An,, C A for every n > 0. Foreachn > 1, let

BY ={y,p s )ipn=1)

B3 = {(y. pu Pp - ) 1pa = =1}

and lot (8n, sin) De tho mensure spaco with 8n = (X, BL, B;, ¢} and
By = p(B7Y) = 4. Noto that, for each n> 1, TyB) = B;' and
T.B;' = Bl
Novw, if 4 € _#,-; then consider
4, =@ NHUBINTA)-
Sinco
T. A=A, A€ Ann
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and since G, is abolian wo havoe A, ¢ _An.

Thus
BiNA =B 4e8a V SAn.
Similarly
B'(YAec8n V An.
Honce
A=BINAUBII N A)e8a V An,
or,

G V _/fn = Jfﬁ-l‘

If Ae Ay, thon Tpd = A and so
m(By (") A) = m(Ta(BA() A)) = m(TnBi (\ Tnd) = m{(B* () A)
and sinco
A=BNAUBINA)
wo get

(B} () A) = m(Bz! () 4) = % m(d).

It follows that (.@a, stn) is & natural complemont of (g, m) in{(_An_;, m).

Claim : (ﬁ An, m) is trivial, that is, A sr-] An implios m (4) = 0 or
n=0 n=p

m(A4¢) = 0.

Proof: Suppose Ae ﬁ A, ond m{d)> 0. Wo shall show that
n=0
m(A) = m(X). For oeach yeY, if wo lot
Ay = {(p1 P2o ) : (4, D1 Pg. - Y€ A}

thon by tho Howitt-Savago zero-onoe law, P(4y) =0 or 1 and moreover
{ye Y : P(4y) = 1} is invariant undor T



TAIL FIELDS 317

Now, lot C = {ye Y : P(dy) > 0} = {ye Y : P(Ay) = 1}. Sinco m(d) > 0,

by Fubini's thoorem, A(C) > 0. But TC = C and o by tho orgodicity of T
wo got A(C) = A(Y). Agnin, by Tubini’s thoorom, m(d) = m(X).

Wo obsorvo that for thesa (8a, sn), n > 1, thoro oxists x on \7 8n

a=1
satisfying tho roquired conditions and that ( \7 ﬂ.,#) in o-isomorphic to
Ay

(8, P) in faot, Ql.a,, =¥YxA.

Wo uso now the above gonoral construction to got the required oxamples,

Ezamplel : Taking ¥ = N, tho act of all integers, @ = cluss of all subsots
of X, A = tho counting moasuro on  and 7" on N dofinod by Tn = n+41
forovery ne.N, wo get tho oxample constructod by Maharam (1977). Horo
mis an infinito monsure and g is & probability measuro and honce oquality

of (¢, m) with ( \7 B, /t) does not exiat in both tho sonsos described in
L

Section 2. Maharam (1977) thon raisos the question whother o similar
oxamplo is possiblo in a spaco of finito mensure. Wo givo bolow such
oxamples in probability epacos.

Ezample 2: Lot us tako (¥, @, A) to Lo tho countable bilateral product
of a soparable, nonperfoct probability space (3f, Ls¢, @) with product moasuro
and 7 to bo the shift transformation. Then T is moasuro preserving and
orgodic (sco Billingsloy, 1965) and our conatruction hiolds. Thon (A, m)is &
soparable, nonporfeet probability space which is moroover nonatomic. Henco

JAfm and ( \7 Bn)l,u, Loth boing soparablo, nonatoniic measuro nlgohras of
a=) nel
total monsuro one, aro isomorphic (sco Royden, 1968, p. 321). However,
Sinco m is nonperfoct and g is porfect, there is no o-isomorphism ¢ from ¢
to Y n such that mg=t = .
Example 3: Lot us take (¥, @, A) to bo the countable bilateral product

of a nonagparablo moasure spaco (3L, g, Q) (i.o., A/Q is not soparablo)
with product monsuro and 7' to bo the shift transformation. Then (¥, m)

R agamn a nonsoparable probability apaco whilo ( V &n, /l.) i soparablo.
A=l
Thus A[m ix not soparable while ( \Y 5,.)//: ig and henco thoro docs not exist
A=l
8 measuro algobra jwomorphism presorving measuro between f/m and

( v 6’..)//4)-

LE
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