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A NOTE ON ORDER STATISTICY FOR NOXNDENTICALLY
DISTRIBUTED VARIATLES

By SAYAIY HANDE
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SUMMART. Inm this note wa glve simplor proofs and actanmiong ol seme cesaliy prsuntea]
by Dapat and Iieg (WORS} an omder stalislica for noaddeodically distribmied warisbles ueing
PALThA TR

Let Xy, ..., &, be indepoudent random variables and let ¥, <7 ... < F,
denote the assonisted ordered valnes, For the sake of vomploleness we state
and provo the following well Enown resalt.

Theavem 1. If X's are symmaetric abowt zerg thon — ¥, ond Y, 41 BT
idanticatly distribufed,

Proof. Note that (X, ., X)) and (—X,, ..., —X ) have the same dig-
tribution,  Henee the r-Lh ordered value of Xy ford = 1, ..., %, has the same
disgtribution as the rth ordered value of —X; for §= 1, ..., n. This
completes the eoof, ]

Bemark 1. Note that if X, .. X are arhitrary random variahbles (not
nevessarily independent) sueh that (X, .., X} and (- -Xy, ..., —X;.} hove
the same distribution for some permutation {4, 4, ..., 4.} then —¥, and
¥ oz 1 hawe the same distribution for every v =1, 2., n.

Bapot and Beg (1080) [BB] proved a pactial eonverss of the abovo
theorem (Theorom 3.1 in their paper), where they sssume absolute sontinuity
of bhe distribufion funetions. In the following we give a simpler proof for
Theorern, 5.1 of BB, without assuming soutintity of the distribution fune-
tiong. In Theorem 5 we present o gensralized version of Theorem 2, and in
Theprem 4 we give a partial sonverse of the statement in Remark 1. Honeoo-
Forth, we sssumo that P{Xy == He (0, 1) for all 2 and for alli = 1, ..., =

Thearem 2. Let X, ..., X be independent random wariables, Suppose
Xy for i = 2, ..., n, arve symmetric about zevo. I —Yyand Y, 4., have the spme
distrifution fhen X, 18 symmedric chout zero.



a6 AATAIT TTAKEE
Lroaf.  XNoto thak
Plo= Yol th=H (Y2 —) =Pz —ffor ot least n—r+ 1 indicns iefl, ..., w})
= P(X, = —tP{X; = - = for at loast w—r indiees 12 {2, .., 2})
+-PX D P p—t for at least n—rF L indives 5 ¢ 2, #6})
and
BY, v 8 = P{X; = { for all most r—1 indices £€ {1, ..., 6})
= P, & 20X = Do ab most o+ -1 indiees i {2, .., ul)
- P, = AP(X = ffor at Mot r—2 indines 4 & {2, .., n}).
Trom Theorom |, wo have
By 2 — for at least n—r dieea {2, ..., n})
= P(X; =t for at most r- -1 indiees 4 ¢ {2, .., #}) and
PlX; > —t for at lesst w—r 41 indives £ 6 {2, ..., 5}
= P(X; = t for ot most . -2 indlices 6 {2, ..., n}}
This shows that for all 1< r £ n,
[P(X, o )L, < )Ty = —f for at least n—r indiscs i e {2, ..., 6}
=[P X = ) —PE < — )P (Ko —t for at lowst »e —r-] 1 indices for 1ef2...., w).

Note thel P(X; 2 ) P{Y, < 8 — PE, = O0—D(X, = —#) and
P(X; = — for ot least n—r indiccs § e {2, . u})
# PX; = —for al lewst ve o+ ]-1 dudices for {642, .., 5l)
Henoo P(X, » —4—F(X, «£ £) = 0. This completes the proof. [

In the light of Romark Lit i vlear that the strisl eonverss of Theorom 1
i noti trus in genrral.  Consider the following example. Lot X, be & X(3, 1),
Fpbea N{—3 1), Fyheayfand X, bea —yf Lol ¥, ¥, Fpa Yy be
the orderad Xo's. From Romatd 1 il follws that-—F, and ¥oor.y posacay Lhe
gatao distribatien,  Wote that none of the X's ave synunetrie shout zero.

Thoorem 3. Lol Xy .., X, be independent random variables.  Suppose
Xi for i = k41, . 0 oame syrundric abowt zero, X, L, Ky are 4.4, ff—Y,
and ¥, .., have the saine distribution then X, ..., Xp are symmetric about wero.

Fraof. Let Fi) be the eddd of X; and let CF)={x : F(z} is eontineous),
Faor ¢ e CG{F), lob

oily = P{X; > — for at lowst T indiees { e [0, .., nl).
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Note that
Pl—Y, < t}

&
=X PiX;> — fur j indiees iefl, .., B
i1
# P > —tlorat leastm—r+l—gindiess d e {41, .., w))

&
= E A, = dforjindieesdie{l, .., B)pin—r |- 1—4).
-0

Bines Xz . ... X, are symmotrie about zoro, by similar argmmont as in the
oot of Theovemy 2, it 1 vasy to aee that
Y, ra <t}

&
=X PX <« fforjindices iefl, .., Bipin—ri-1—9).
Fid

1f — ¥, and ¥ __,, have the same distribution then as in the proof
of Theorem 2, P{— ¥, & H—FF, r % ) =0 van he writhen as

k

L [P(Z, = §i—P(Z, — jl]pln—rT1—f) ~ 1,
i

whers &, is o hinomigl randora veriable with L frials and probability p, =
1—-F(X, = —t) aned Zy i3 8 hinomial random variable with & trials and pro-
balility @, = [—PE, < 1.

Note that the sequenod gn—r “I—4) s inoeeasing in j. Let @, =
pim—r+lpand forg—1, . & define ey — plr—r+1—fl—pln—r1—521),
Henoe wp == 0% 5 and we have

&
;Eu (P&, 2 N—PlZ; = j)le = 0.

If p, 2 pa. then all the terms in the summation have the same gign, which
13 not possibli.  This completes the proof. [

It i well known thab if — ¥ and F v, hevee the same distribotion for
gome ¢ then X's are syounctrie about zero, provided Xf's aro iid {sce for
sxartiple David {19381)). Theoverm 4 iz in Lhal spirvit,.  Before we proeced,
we need a definition, ;

Definition: 1. The random varighles X and ¥ oare said to be stoobasti-
cially ordered If

DX =4y 2 (T == ) %L
o
PY > 813 BY >t v

Tf sbreied incgualily holds above for wll £ bhen they ave said to be steietly
stochastinally orderad,

Theorem 4, Lot X's be sbricHly stochostically ordered independent random
veriables, The following two stalements are eguivalend
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] X X oo X and {8, Kpo oo Ay} Rove the some  distribudion
Jor svme perinuiation iy, fe .., 4

i)  -¥p and ¥, ;. fave the same disteibulion fur every v = 1, 2,..., .
we necd tho following lemma, proof of which is obvions.

Leratna 1. Lef Z be @ s of w fwdepeadent Bernoullt rondom oriebios
with assoeigfed probabilifies gq, i =1, ..., n and Z° be o sum of n independent
Dernoutli random variables with associuted probabilities 2, 1 ==1, ., 5 .JJF
Z and Z' hawve the same distribution then

(D1 Pas ees P = (i”;ls Fro s .pfﬂ::l
Jor some prrmutobion 1, 4, ..., 4.

Praof af Theorem 4. Tat &= ":. HE o thand Z' = E‘a X < 0,
=1 feml

where £{.) denotea the indivator funetion,  From the assumption that —¥,
il ¥, 4, bBave the same distribution for every r, 1 follows that Z and &
havo tho sumo disteibotion, Neow the reanlt follows from the lemmn and from
the fact thet X'a are strictly stochustically ordered. |

In vhe following result we prove log-concavity of the sequenos F(Y, = £
for r=1, ..., # (Theorem 4.5 in BB). Log-soneavity of the sequenec
¥« f) forvr = 1, ..., » aun he proved similarty.

Theorem 5. The sequence P(Y, =) for r =1, ..., n, {2 log-concave.

n
Proof. Let Zy—=f(X; < ) for i —=1,.., woand = % Zi. Note
]

1
that 7 is sum of » independent Bernoulli variables hepoo 1t 35 strongly uni-

modal {soe for example Joag-Dov and Dharmadhikori 1988, pp 109).  Henge
the sequemvez, P& =r) and F{Z < r) are loz-conoave.

Now the proof Tollows from the fact thet

PY, =t)=PZ< n—ril). [
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