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Abstract

In th is  p a p er w e  in v e s t ig a te  m in im a l su ffic ien t fib re  co n d itio n s  fo r a  fin ite ly  g en era ted  fiat 
a lg e b ra  o v e r a n o e th c rian  in te g ra l dom ain  to  be  lo c a lly  A* o r a t least an  A *-fibration . W e also 
d e sc rib e  the  s tru c tu re  o f  fin ite ly  g en era ted  lo ca lly  A *-a lgeb ras.

1. Introduction

In [3, 3.4], the follow ing result has been proved.

T heorem . Let R be a noetherian normal domain with quotient f ield K  and  let A be 
a finitely generated fai thful ly f lat  R-algebra such that
( i)  The generic f ibre K  %-r A is a polynomial ring in one variable over K.

( i i ) For each prime ideal P  o f  R o f  height one, the fibre ring k{P)®gA is geometrically 
integral over k (P )  (where k (P )  ~  Rp/PRp).

Then A is R-isomorphic to the Rees algebra R[IT] o f  an invertible ideal I  o f  R; in 
particular, A is an A' - fbrat i on over R, i.e., the fibre at  every point P  o f  Spec R is a 
polynomial  ring in one variable over k(P).

The result is som ewhat surprising as conditions on merely the generic and codimen
sion one fibres im ply that all fibres are A '. This phenom enon had also been observed



earlier in  [2, 3 .10  and 3.12] fo r su b a lg eb ras o f  p o ly n o m ia l a lgeb ras. In this p a p e r  we 
show  th a t an analogous resu lt h o ld s  w hen  the generic  fibre is A' (i.e .. w hen k  i; A 

is a L au ren t po lynom ial ring  K \ T ,  7’- 1 ]). M ore p rec ise ly , w e p io \e .

T h eo rem  3 .1 1 . Let  R be a noe ther ian  normal  domain  with guoi ieni  he ld  k  aiul  let 

A be a f in i t e l y  generat ed  f l a t  R -a lg ebr a  sueh that
( i )  The generic  fibre K  & R A is a  Laurent  p o l yn om ia l  ring in one variable ove r  A.

( i i)  For  each p r i m e  ideal P  o f  R  o f  height  one. the f i b re  ring k ( P )  r A is g e o m e t 

rical ly integral  but  is no t  A 1 over  k (P ) .
Then there exis ts  an invert ible i dea l  I in R sueh that  A is a X - g raded / { -algebra  
i somorphic to the R-subalgebra R[IT , / _ l T ~ l] of  K[T ,  r - 1 ]. In part icular.  A is l o a i l l y  

A* and  hence an A? -fibration ov e r  R.

The c rucia l step  in  the p ro o f  is a  pa tch ing  L em m a 3.1. A s an ap p lica tion  o t the 
patch ing  lem m a w e shall a lso  p ro v e  th e  fo llow ing  s tru c tu re  theorem  for lo ca lly  A' 

a lgebras o v e r noetherian  do m ain s.

T h eo rem  3 .4 . L e t  A be a f i n i t e l y  genera t ed  algebra ove r  a  noether ian domain R such  
that  f o r  each m ax i m a l  ideal  M  o f  R, A M is a Lauren t  p o l y n o m ia l  ring R \ t [T\ i .  T u ' ]. 
Then there exis ts  an invertible i deal  I  in R sueh that  A is a  7^-gradcd H-ah/ebra  
i somorphic to R \ I T , I ~ l T ~ 1].

The above resu lt is an a n a lo g u e  o f  a resu lt o f  E a k in -H e in z e r  [4, 3.1] that affine d o 
m ains w h ich  are locally  A1 are  th e  sym m etric  a lgeb ras o f  invertib le  ideals. (In  fac t, a 
little  m od ifica tion  o f  our p ro o f  w ill g iv e  an alternative  p ro o f  o f  the Eakin Ile in z e r  th e o 
rem  fo r noe therian  dom ains.) F in a lly , w e investigate  m in im al sufficient co n d itio n s  for a 
finitely  g en era ted  flat algebra o v e r  an arb itra ry  n o e th erian  d o m ain  to be an A '- f ib ra tio n  
and p ro v e  the fo llow ing  a n a lo g u e  o f  [3, 3.5].

T h eo rem  3 .1 3 . L e t  R be a noe ther ian  domain with quot i en t  f ield K  and  let A be  a 
f ini te ly  genera t ed  f l a t  R-algebra  sueh that

( i )  The generic  f i bre  K  <E>r A is a  Laurent  p o l yn o m ia l  ring in one variable ove r  K.
( i i)  For  each p r i m e  ideal P  o f  R  o f  height  one, the f ibre ring k ( P )  '■ r A is g e o m e t 

rical ly integral  but  is not  an A 1-form over k (P ) .
Then al l  the f i b re  rings are A t - f o rm s .  In fac t ,  there ex i s t s  a  f inite birat  iona/  ex t ens ion  
R' o f  R  a nd  an invertible i deal  I  o f  R' such that  R' A is a  Z -g ra d e d  R ' -a lgebra  
i somorphic to R ' [ I T , I~ ] T ~ 1]. Further ,  i f  R contains a  f i e l d  o f  charact er i s t i c  zero ,  
and  if al l  the f i bres  have mor e  uni t s  than the r espect ive  res idue fields, then A is an 
A* -fibrat ion over R.

W e also  g ive exam ples to sh o w  th a t the  conditions in o u r th eo rem s canno t be  re lax ed .



2. P re lim in a rie s

In th is section  we set up the notations, deline the term s used in the paper, state a 
tew e lem en tary  resu lts an d  p rove a result on A '- to rm s . T hroughout our p ap er w e will 
assum e o u r rings to be com m uta tive .

N o ta tio n . I or a ring R. R'  w ill denote the m ultip lica tive  group o f  units o f  R. For a 
prim e ideal I’ o f  R. k ( P )  d en o tes  the residue field RpiPRp.  The notation  A =  R ^  will 
m ean that A is a p o lynom ia l ring  in n variab les over R.

D efin ition . An W -algebra A is defined to be A* i f  it is a Laurent poynom ial ring in 
one indeterm inate  over R. i.e., i f  there exists an e lem en t T in A w hich is a lgebraically  
independen t ox er R such th a t A =  R[T.  7 '~ 1].

An /^-algebra I is defined  to  be locally A* \f  A m is A* over RM for every  m axim al 
ideal \ I  o f  R.

A finitely  generated  flat /?-algebra A is defined to be an A*-fibration o v e r R  if, at 
each  point P  o f  SpccR.  the  fibre ring  k ( P )  ■ !t A is A* over k(P).

Let k be a field and let k denote  the a lgebraic  c lo su re  o f  k. A  i-a lg e b ra  B is said 
tii be geomet r i cal l y  int egral  ( over  A ) if  A7 ,-.k B is an in tegral dom ain. B  is defined to 
he an A' -fo rm over k i f  k t B is A* over k.  A &-a lgeb ra  C  is said to  be  an At-form 

nvcr k if  k t C -- k 1

L em m a 2 .1 . Let  />’ I he integral  domains.  Suppose  that  there exis t s  a  non-zero  
e lement  tt in B such that  B[ 1 n] = A { \ / n \  and the canonical  map  B /nB  —> A/nA is 

injective.  I  hen B =  A.

Proof. Since the m ap B nB  — A/nA  is injective, it is easy  to see that B  n nnA =  n”B 
for all n - I. Let a £  A. T hen  a =  bin" for som e b  €  B and non-negative in teger n. 

T herefo re  h --- n"a E n"B. H ence  a £  B. □

L em m a 2 .2 . Let B he geome t r i ca l l y  integral  over the f i e l d  k. Then k is algebraical ly  

c losed  in B.

Proof. Let 1. be the a lg eb ra ic  closu re  o f  k in B. T hen  L B is an in tegral dom ain. 
S uppose  that L f k  and le t a €  L \ k .  Let /  be th e  m in im al polynom ial o f  a over k 
and let /_, =  k (a )  =  k [ X ] l ( f ( X )). Then L\ *>k £ ( - >  L ® k B)  is an integral dom ain . On 
the o th er hand, L\ :■:* B { ^  B [ X ] K f ( X ) ) )  cannot be  an in tegral dom ain since  ( X  -  a)  

is a fac to r o f  f ( X ) in B[X] ,  T he  contrad iction  show s tha t L =  k. □

W e now  show  that o v e r a p e rfec t field k,  any A *-form  hav ing  non-triv ial un its  is A*.

Proposition 2.3. Le t  k he a  f i e l d  and  let B be a k -a lgebra  such that  B* ^  k ■. Suppose  
that there exis ts  a  s eparab l e  f i e l d  extension L o f  k such that  L B is A* over L. 

Then B is A* over k.



Proof. L et L(g>k B =  L [T ,T~ ' ] .  W e iden tify  B w ith  its im ag e  in 1. k B. It is easy  to  see 
tha t B  is fin ite ly  generated  o v e r k.  H ence, there  ex is ts  a fin itely  g cnc ia ted  sep a iah le  
ex tension L\  o f  k  such that L\ x\( B  =  L][T. T ~ y\. T hus, rep lac in g  I. by l . \ .  w e m a\ 

assum e L  to  be  finitely  genera ted  o v e r k to start w ith.
W e first consider the case w h en  L is finite a lgeb ra ic  o v e r A. R eplacing L by its 

sp litting  field, w e m ay assum e L to  be finite G alo is o v e r k w ith  G alo is group  ( / .  s a \ .  
A ny a £  G  can  be  extended to  a 5 -au to m o rp h ism  o f  L k B ( —L\T. T 1 ]) by defin ing  

o(x  ® b ) =  a (x )  ®  b fo r x  £  L, b e  B. Let

T  =  ClQ 0  1 +  a 1 55 C\ +  ' ' ■ +  Or i  &r-

w here l , e \ , . . .  , e r form  part o f  a &-basis o f  B and a, £  L. S ince  L is G alois, the b ilin ea r 
m ap L x L  —> k g iven by  (x, v ) —> Trace(xy )  is n o n -d eg en era te . H ence, rep lac in g  T 
by  aT  (a  £  L ) i f  necessary , w e  can  assum e that Tr(cij) ^  0  fo r som e / >  1. T hus.

W  =  ^  a ( T )  =  Tr(a0) ® 1 +  T r (a \ ) x  < ? !+ •• •  +  Tr{ar ) e r

is an e lem en t o f  B \ k ; in p a rticu la r, W  0.
W e n o w  show  that B =  k[W,  1 j W \  Let /  £  B* \ k * .  S ince  k is a lgebra ica lly  c lo sed  

in  B b y  (2 .2 ) , /  is tran scen d en ta l o ver k and  hence o v e r L. T herefore , f  =  aT'" for 
som e a £  L* and  som e no n -zero  in teg e r m. R ep lac ing  /  b y  1 /  i f  necessary , w e m ay 
assum e m >  0. S ince B is in v a rian t u n d er every  a  £  C , w e have

a T m =  f  =  G ( f ) - - = a { a ) ( o ( T ) ) m.

Since a  ( a )  £  L*, the above re la tio n  show s that ( ( a ( T ) ) / T ) m £  L*\ and hence ( o ( T ) )  T  ; 
L* . T here fo re , a ( T )  =  a„T  fo r som e a a G L*. H ence, W  =  a T  fo r som e a £  L. S ince 
W  7  ̂ 0 , a £  L * . T herefore, L[W,  1 j W ]  =  L[T\ =  L B. N ow , L be ing  a fin ite  e x 
tension o f  k, L(8ikB  is integral o v e r  B.  H ence, B D ( L  X/,- B)* = B * . T herefore , 1 IV £  B. 
N ow , as k[W,  l / W ] C B,  by  fa ith fu l flatness o f  L over k,  it fo llow s that B =  k[lV.  1 Il'J.

W e n o w  consider the case w h en  L  has positive tran scen d en ce  degree o ver k.  N ow , 
since L is a  fin itely  generated  sep arab le  ex tension o f  k,  th e re  ex is ts  a purely  tra n sc e n 
dental ex tens ion  K  =  k (X \ , . . .  ,X „ )  o f  k  such that L is a  fin ite  separab le  ex tension  o f  K.  
Since L ® K( K ^ kB )= L [T ,  7’- 1 ], b y  the prev ious case, it fo llow s tha t K J i  K \ U .  I II 1 
for som e W £  K  B. S ince B  is fin ite ly  generated  o v e r k,  it is easy  to see th a t there  
exists a  po lynom ial F ( X U . . . , X „ )  £  k [ X u . . . ,X „ \  such  th a t

B \ X U .. ,X„,  1 / F ( X { , . . . , X n) } = k [ X u . . .  ,X„, l / F ( X i  , . . . , X n), IV, 1 ) W \  (* )

I f  k is an  infinite field, th e n  w e can  choose e lem en ts  £  k su ch  tha t
F ( c \ , . . . , c n) /  0. L et N  be the  m ax im al ideal o f  k [ X \ , . . .  , X „ , \ / F ( X \ , . . .  , X n)] g e n e r
ated by  X\ —ci , .  , . , X n — c„, \ / F ( X \ , . . , ,X „ )  — l / F ( c i , . . . ,  c„).  F rom  Eq. (* ) , it fo llo w s, 
by  tak in g  quo tien t m odulo  th e  id ea l N ,  tha t B is A* o v e r k.

I f  k  is a finite field, let N  b e  any  m axim al idea l o f  k [ X u . . .  , X „ , \ / F ( X U . . .  , X n )] 
and le t k' =  k [ X u . . , ,X„,  1 / F { X x ,X„)] /N.  T hen  k'  is a  fin ite vec to r space o v e r  k by  
H ilb ert’s N ullste llensatz  and sep a rab le  over k.  S ince k'  ® k B  is A* over k'  b y  E q. (* ) , 
it fo llow s, by  the previous ca se , th a t B  is A* over k. □



R e m a rk  2 .4 . T he a ssu m p tio n  th a t B* ^  k* is essen tia l in the above result. F o r  instance, 
consider the co -o rd ina te  r in g  o f  th e  real c ircle, i.e ., B  =  R [X , Y ] / ( X 2 +  Y 2 — 1). T hen 
C  r  B is A' over C , th o u g h  B  is no t A* over R.

3. M a in  th eo rem s

In th is sec tion  w e shall p ro v e  o u r m ain  results. W e first p rove a pa tch ing  L em m a 3.1 
and deduce  a struc tu re  T h eo rem  3.4 for locally  A *-algebras. N ext w e p rove o u r result 
(3 .1 1 ) on A“-Iteration  o v e r K ru ll dom ains and finally  w e investigate the g enera l case 

(3 .13 ).

L em m a 3 .1 . Let  R be an int egral  domain with quot i en t  f i e l d  K  and let  A be a flat  
R-algehra.  Suppose  that  there  exi s ts  non-zero e lement s  x , y  in R such that
( i )  .r an d  y  ei ther f o r m  an R-sequence or are co m a x i m a l  in R.

( i i)  A[  1 .y] is A* over  /?[l/.v],

(iii)  A[  1 v] is A* over  /? [ l /v ] .
Then there exis ts  an invert ible ideal  I  in R such that  A =  ( C K [ T , T  ' ] )

us a Z -graded  R-algebra.

P ro o f. Let

^ .v =  0 i ( t r  and  A r =  @ R v W".
WE'/. hGZ

Then

4v.v =
n^/  n£Z

T herefore , it is easy to see th a t W  is e ither / .T o r / . T ~ ] for som e /  £  R*y . R ep lac ing  
T by T - '  i f  necessary , w e assu m e  th a t W =  /.T. L et ?. =  a /xmy m w here a G R  and  m is 
a non-negative  integer. A ga in , rep lac ing  IV by y"'W and T  by  T/xm, w e assum e that

W  =  aT  for som e a & R n R*v.

Since A is /f-flat and (Rx T")y =  (Ry W n)x, using co n d itio n  ( i) , it is easy  to  see tha t

A =  Ay PI Ay =  A„,
fl(EZ

w here

A„ =  RxTn n  R y W ” =  (Rx n  anR y ) T n =  {R n anR y ) T n. (* )

T hus A„ is /?-flat for every  n. N o te  that, by  cond ition  ( i) , A q( ~ R x D Ry ) =  R,  show ing 

that A is a Z -g raded  7?-algebra. N ow  let

I =  R P i a R r and  J = R H a R x.

Therefore,

IX =  RX, l v =  aRy , Jx =  aRx and J y = R y .



W e n ow  show  tha t IJ -= aR.  S in ce  Rx n  R y — R. c lea rly  I f'\ J  — aR  so that U  ~ aR.  
Let M  d eno te  the m odule aR/IJ.  R eca ll tha t A\ =  IT  is /?-flat so  that I is flat o \e i  R. 
H ence I/IJ is flat over R/J.  F rom  the construction  o f  J  it fo llow s easily  that .v is a 
non-zero  d iv iso r in  R / J . H ence, by  fla tness, x rem ains a n o n -ze ro  d iv iso r in /  /./ and  
hence in the subm odule M.  B ut M x =  aRxjIxJx =  0. H ence M  =  0. i.e., IJ — ciR. Thus 

/  is an invertib le  ideal o f  R.
L et 5  =  ® „ e z  FT" .  S ince F C R C \ a nR y for all «, by  (* ) , B Q . 4 .  I b e ing  invertib le . 

B is 7?-flat. H ence , from  cond ition  ( i ) ,  it fo llow s that B  =  Bx n  B v. N ow , since a is a 
unit in Rxy and  JX= R X, it fo llow s fro m  (* )  that (A„)x =  RXT" =  I" RXT", so  that i . />’ . 
S im ilarly  (An) v =  a ”R vT" = I nR v T ”, so  tha t A v =  B v. T h ere fo re . A =  A,  O .1, =  B y 
B y = B  =  ® n e z r r ’:  □

E x am p le  3 .2 . T he assum ption o f  fla tness  is essen tia l in  L em m a 3.1. F or instance , let 
R — C [ X , Y , Z , W y { X Y  — Z W )  an d  le t x , y , z  and  w be th e  im ages in R o f  A’. Y . Z  and  
W,  respective ly . L et I =  (x , z )R  a n d  le t A ~R[1T,I~' '  T - 1 ]. T hen  c lea rly  A is no t /?-llat 
although Ax and  A v are A* over Rx and  R y, respectively .

W e shall n ow  app ly  the p a tc h in g  L em m a (3 .1 ) to  p ro v e  a s truc tu re  theo rem  fo r 
locally A* a lgebras. For conven ience , w e first prove the s tru c tu re  theorem  over sem i-lo ca l 
noetherian  dom ains.

L em m a 3 .3 . L e t  R be a semi - l oca l  integral  domain an d  le t  A he an R-algehra which  
is local ly  A* over  R. Then A is A* over R.

P ro o f. C learly , A is finitely g en era ted  and flat over R. L et b e  the m ax im al
ideals o f  R. W e prove the resu lt b y  induction  on n, the n u m b e r o f  m ax im al ideals o f  R.

I f  n =  1, there is noth ing  to p rove . So let n >  2 and  assu m e  the resu lt w hen  the 
num ber o f  m ax im al ideals is <  n -  1. Let Si =  R \  (P\  U • • • U j ) and S2 =  R \  P „ . By 
induction  hypo thesis, S ] ]A and  are A* over S ^ l R an d  S/ f 'R ,  respective ly . S in ce  
A is fin ite ly  genera ted  over R, it  fo llow s easily  that th e re  ex is ts  a p a ir  o f  e lem en ts  
x £  S \ , y  €  S2 such that A[  1/x] an d  A [ \ / y ]  are A* over R [ \ / x ]  and  R [ l /y ] ,  respec tive ly . 
C learly , x  and  y  are com axim al so  th a t from  (3 .1 ) it fo llo w s th a t A is A* o v er R. □

W e now  p rove  the structure th eo rem  fo r locally  A* algebras.

T h eo rem  3 .4 . L e t  R be an int egral  domain which is e i ther noetherian or a  Kru l l  
domain.  Le t  A be a f ini tely gener a t ed  R-algebra which is local ly  A" over R. Then  
there ex is t s  an invertible ideal  I in R  such that A is i somorphic to R [ I T , I ~ l T ~ ' ]  as  
a Z - gr a de d  R-subalgebra o f  K [T ,  7 " 1], where K  is the quo t i ent  f i e l d  o f  R.

P ro o f. S ince A is finitely g enera ted , from  the g iven co n d itio n , it is easy  to  see  th a t 
there ex is ts  x  6  R such that ^4[l/x] is A* over R 11 x  j. I f  x  c R ’ . w e are th ro u g h . I f  
not, then  since R  is either n o e th erian  o r a K rull dom ain , xR  has fin ite ly  m an v  c r im e



d ivisors. Let P \ ........P„ be th e  p rim e div isors o f  xR.  L et S — R \ ( P \  Li ■■■ L i P n). Then
S lR be ing  a sem i-local in teg ra l dom ain , by (3 .3 ), is A* over .S'- 1 ./?. H ence there 
exists v c. S such that .([1 v] is A* over ^ [1 /y ]-  B y  construction , x and y  either fonn  
an W -sequence or are c o m ax im a l. H ence, A be ing  fiat, the result follow s from  (3 .1 ).

□

By a resu lt of A san u m a [1, 3 .4 ], an A '-fib ration  o v e r a noetherian  ring  R  is neces
sarily  an fl-subalgeb ra  of a p o lynom ia l a lgebra o ver R\  in particular, there is a retract 
trom  A to  R (i.e ., an /^ -a lgeb ra  hom om orph ism  from  A to  R).  By contrast, th e  fo llow 
ing co ro llary  show s that ev en  w hen  A is locally  A* o v er a noetherian  dom ain  R , there 
w ould  be a re tract from  A to  R  i f  and  only  i f  A is its e lf  A* over R.

C o ro lla ry  3 .5 . Let  A he a fini tely generat ed  local ly  A* algebra over a  noetherian  
domain  R. Suppose  that  the re  ex i s ts  a  ret ract  f r o m  A to R. Then A is A* over  R.

P ro o f. By (3 .4 ) . A =  © „ eZ  I " T ” fo r som e invertib le  ideal /  o f  R. L et </> b e  a retract 

from  A to  R. Let =  (j)(IT) an d  J2 =  <p(l ' T ~ { ). W e show  that the ideals J\ and J2 
o f  R are actually  the u n it ideal. L et a t , . . . , a n e l  and  b \ , . . . ,  b„ e / “ ' be such that 
1 =  £  cfbj =  '}2(ai T ) (h j T ~ 1). T herefore ,

1 =  </>( 1) =  ] T  (j> (a,T )<P (bJ-] ) e J\J2

show ing  tha t J \ J2 =  R and  h en ce  J\ = J 2 =  R. T hus there  is an /?-surjection from  1 to 
R show ing  that /  is p rinc ipal. T herefo re  A =  R[T, T ~ 1]. □

E x am p le  3 .6 . The a ssu m p tio n  o f  finite generation  is essen tial in T heorem  3.4. For 
instance, consider R =  Z  and  A =  Z [X /2 ,2 /X ,X /3 ,3 / X ,  . . . , X / p ,  p / X , . . .  ] w here  p  varies 
over the set o f  prim e in tegers. T hen  Q t i z A = Q [ X ,  \ / X \  and  Z ( P)!8)zA =  Z (p ) [X /p ,  p / X ]  
for each prim e in teger p. T h u s A is locally  A* o v er R. B ut A is not fin itely  generated  
over R.

W e now  investigate m in im al sufficient conditions fo r a finitely  generated  overdom ain  
o f  a d iscre te  valuation  rin g  to  be A*.

P ro p o s itio n  3 .7 . Let  R  be  a discrete  valuation ring wi th uniformising p ar a m e t e r  n 
and  residue f i e l d  k. L e t  A be  a f ini te ly  generat ed  overdomain o f  R such that
( i )  The generic f i bre  A [ \ / n ]  is A* over R [ \ / n \

( ii)  The closed f ibre A /nA  is geomet r i cal l y  integral  over  k.
Then there are preci se ly  two  poss ibi l i t ies:

(a )  I f  (A/nA )* ^  k* , then A is A* over R.
(b ) I f  (A/nA)* = k * , then A =  R [ X , Y ] / ( n mX Y  +  olX  +  [ 1 Y + y )  f o r  some a, [3 G R *, y & R  

an d  posi t i ve  integer m. In part icular,  A/nA =  k^K

Proof. L et A = R [ t ] , . . . , t p]. S ince n is a p rim e e lem en t in  A  and A [ \ / n \  is fac to rial, it 
follow s tha t A is factoria l. F ro m  the factoriality  o f  A,  it is easy  to  see th a t th ere  exists



an elem ent T  £  A  such that T ~ l G A and  A [ \ / n \  =  / ? [ l /7t ] [ 7’, T 1 ]. Let Att = R\ I . I |. 

[ f  Ao = A ,  th en  A  is A* over R.
Suppose th a t A q ^  A. L et xq=T ,  y o = T ~ 1 and Fa(X. Y ) = X Y  — 1. For an elem ent a A. 

denote its im age  in  A/nA  by a. S in ce  A $ \ \ / n \ =  A [ \ j n \  and  A o ^  A by hypo theses, the 
canonical m ap  A 0/nA0 —> A/nA  c an n o t be in jective by (2 .1 ) . T herefo re , d i m ( k |.v^. TTi | )
0. Since k  is a lgeb ra ica lly  closed  in A/nA  by (2 .2 )  and .% T o=  1, it fo llow s that .v(), yo • 
k*.  H ence th e re  ex is t x \ , y \  €  A and  /-o,/io £  R* such tha t .\'o =  7t.V| + / .o and yn =  7r V| fh>. 
L et A \ = R [ x i , y \ ] ,  C learly  A 0 C A f .  S in ce  /.0/70 = .v 0y  0 =  1, it fo llow s that -  I --=ny, 
for som e e lem en t 71 €  R. N ow ,

F0( n X  +  /o , n Y  +  //0) =  ( n X  +  /.0) ( n Y  +  /<0) -  1

=  n2X Y  +  njjgX +  n/.0Y +  ny\  =  nF\ (X .  Y).

w here F\  6  Rp^. N o te  that, by  co n stru c tio n , F\(X,  Y )  =  n X Y  +  y. \X +  ( i \Y  +  71. w h ere  

ai(=jU o) €  R * , ( i \ { = / . 0) £  R* and  71 €  R. T herefo re , F\  is irred u c ib le  and hence p rim e , 
and F \ ( x \ , y \ )  =  Q (s ince  F(xo, y o )  =  0 ). H ence it fo llow s th a t A\ =  R[X. Y] {F\ (X.  >’ )). 
I f ^ i  = A ,  th en  w e are th rough  (s in c e  in  th is case, (A/nA)* = ( k 1^)* =  k* and s ta tem en t 
(b ) is satisfied).

I f  A] A,  th en  w e show  th a t there  ex ists a fin ite increasing  chain  o f  rin g s 
Aq C A i  C  ■ ■ ■ C A „  c A „ + i C  • ■ • CA„,  =  A w ith  A„ =  R [x „, v„], and  a sequence o f  ir
reducible po ly n o m ia ls  F„ (X ,Y)  £  R[X,  K ](= /? [21), (1 <  n <  m) ,  sa tisfy ing  c o n d itio n s  
(I )  and (11) b e low  for 1 <  n <  m,  and  the recu rrence  re la tions (III) and ( IV )  for 
1 <  n <  m — 1.

(I )  F„(X, Y )  =  n”X Y  +  anX  +  f j„Y  +  y„, w here y„ £  R and  x„, /}„ £  R ’ .
(II)  F„(x„ , y„ )  =  0 and the m ap  R[X, Y]/F„(X, Y )  —> A„ d e fined  by  X  — .v„. Y — y„ 

is an  isom orphism .

(III) x„ =  Tixn+X +  a „, y„ =  n y n+\ +  for som e £  R.
(IV ) F„(x„+ i, y n+\ ) =  t f „ + i(j:„+ i j „ +1).

W e have a lready  defined A\  an d  F\ sa tisfy ing  co n d itions ( I )  and (II)  fo r n =  I . 
A ssum e th a t w e have defined u p to  A„ = R [ x „ , y „ ]  and  F„,  fo r som e in teger n >  1, 
such tha t co nd itions (I )  and ( I I)  ho ld . W e show  that i f  A„ ^  A,  then  it is p o ss ib le  to 
construct A„+l =  R[x„+ \ , y n+\ \  an d  Fn+X u sing  re la tions ( I I I )  and  (IV ), such tha t A„ is 
a p roper sub ring  o f  A„+] and co n d itio n s  ( I )  and (II)  a re  sa tisfied  by  An+, and F„ t ,.

S ince A n\ \ / n \  =  A [ \ /n \  and  A„ ^  A,  it fo llow s, by  a rg u in g  as in the case n =  1, 
that x „ , y n g  k.  L et G R  b e  such  th a t x„ =  an d  ~y// =  Jl//. H ence th ere  ex is t
x t!+i ,y„+,  e A  such that re lation  ( I I I )  holds. Let  A„+ ,= R [x „ + i ,  y„+ ,].  C learly  A„ C  A„ , ,. 
Since b y  in d uc tion  hypothesis, c o n d itio n  ( I )  is va lid  fo r F„,  w e  have

F „( nX  +  a „, n Y  +  [i„) =  % \ % X  +  ) ( nY  +  fi„) +  ot„(nX +  ) +  jJn( n Y  +  /;„) +  y„

=  n"+ 2 x Y  +  nX(cc„ +  n”n")  +  nY( / ] n +  n"l„)  +  F„(A„, ).

N ow  since  ( I I )  is valid for F„,  w e  have, 0 =  F n(x n, y n) = F „ ( n x n+x +  ny„+t +  

w hich show s th a t F„(l„, j i„)  G nA D R  =  nR.  L et y„+l =  F„(l„ ,  j . i„)/n(e R).  N ow  b y  th e



p rev ious equations we can define

F„ . i ( .V. Y ) =  F„(nX  +  nY  +  / /„ ) /7i

=  tt" 1 X Y  +  yn . | X  +  ji„ | i Y +  y„ : i ,

w here y.n . \ ( =  y.„ +  n"fi„) G R*. ji,n , (=/!„ +  n"/.„) G R* and  yn ] \ are all e lem en ts  o f  R. 
Thus construction  show s th a t F„ , i is an irreducib le  (an d  hence a p rim e) e lem en t o f 
R[.\.  } ] w hich  satisfies co n d itio n  (1) and the recu rrence  relation  (IV ). M oreover,

F>, ■ i (-v„. i . y „ . i ) =  F„(.y„, y„ ) /n  =  0.

It fo llow s that there is an ^ -iso m o rp h ism  R [ X ,Y ] / ( F „ ^ \ ( X ,Y ) )  —> A„+ \ m ap p in g  the 
im ages o f  X  and Y to  .v„, i and  y „ - i ,  respectively . T hus ( I I)  holds for the p a ir  F„ ,i 
and A „ . i .

W e now  show  that A„ /  A,n i . R ecall that A = R [ t j , . . tp\.  L et I  „ be the least in teger 
such tha t G A„ V/. 1 <  j  <  p .  Such an in teger ex ists since A„[ \ /n \  = A [ l / n \ .
M oreover, f n >  0 since A„ ^  A.  H ence there exists 4> G such that

n " t j  =  (p(x„,y„)

=  <p(nxnll  +  z y n+] +  /<„)

=  <£(/.„,/<„) +  n0(x„  M ,y „+ i)  

fo r som e 0 G S ince /„  >  0, (/>(/.„,/;„) G nA n  R =  nR.  T hus if  

M X Y )  =  n„) /n  +  6 ( X Y ) ,

then

7T tj lj/(xn  ̂ | , V/,1 ] ) G A„+ \ 

show ing  that

0 <  < / „ - \  <

T his show s that A„ ^  A n+\.
Since the chain o f  in tegers

0 <  ■ ■ < ( „ < ■ ■ ■ <  A)

obviously  cannot be infin ite, there  exists a positive in teger m for w hich  t m =  0 , i.e., 
A„, = A .  In particular, A/nA =  by  construction  o f  A m.

W e can now  deduce co n c lu s io n s  (a )  and (b).
(a )  I f  (A/nA)* k* , th en  A = A q (fo r o therw ise, by  our p rev ious argum ents, A —A m 

for a positive in teger m and  h en ce  (A/nA)*  = ( & ^ ) *  = k * ,  a  con trad iction). T hus A is 
A* over R.

(b ) I f  (A/nA)* =  k*,  th e n  obv iously  A A 0 and  hence  A =  A m for som e positive 

integer m and therefo re  b y  co n d itio n s (I )  and  (II), A  =  R[X, Y ] / ( n mX Y  +  a X  +  fiY +  y)  

for som e a, ft G R* and  y G R.  □



R em ark  3 .8 . U nlike the case o f  A 1-fibration , the cond ition  o f  g eom etric  in teg ra lity  on 
the closed  fibre is no t sufficient to  ensu re  that a finitely g en era ted  overdom am  o f  a 
discrete va lua tion  ring , w hose g eneric  fibre is A*, is i ts e lf  A ' . In lact it is easy to  see 
that i f  (R, n , k )  is a  d iscrete v a lu a tio n  ring , then for any y.. ft e  R \  y € R and p o sitiv e  
in teger m, R[X,  Y ] / ( nmX Y  +  aX  +  f lY +  7 ) is a finitely g en era ted  fiat tf-a lgebra w hose  

generic fibre is A* and closed fibre is A1.

C o ro lla ry  3 .9 . Le t  R be a Princ ipal  Idea l  Domain with quot i ent  f i e ld  K  and suppose  
that A is a f in i t e l y  generated ove rdomain  of  R such that
( i)  The generic  f i bre  K  CEjrA is A* over K.

( ii)  Each c losed  f i bre  A/PA is geome t r i ca l ly  integral  hut  is not  A1 over R P.
Then A  is A* over  R.

P ro o f. L e t P  b e  a m axim al ideal o f  R. By the hypo theses. Rp  is a discrete va lua tion  
ring  and A P is a finitely  generated  fla t /?/>-algebra w hose generic  fibre is A”. and w h o se  
closed fibre k{P)<g)nA is geom etrica lly  in tegral, but k ( P ) Z r A ^  k ( P )•'!. But then , by 
part (b ) o f  P roposition  3.7, ( k ( P ) ' S R A)*  ^  k(P)*.  T herefo re , by  part (a )  o f  (3 .7 ) . A r  
is A* over Rp.

T hus, A is locally  A* over R. S ince every invertible ideal o f  a PID  is p rinc ipal, by 
T heorem  3.4 , it follow s that A is A* over R. □

R em ark  3 .10 . Suppose that R  is a  P ID  and A is a fin ite ly  generated  flat tf -a lg e b ra  
such tha t th e  generic  fibre is A* and  all the closed  fibres are geom etrica lly  in teg ra l. 
Then, b y  (3 .7 ) , each  closed fibre is e ither A* or A1. It is possib le  that som e are  A ' 
and som e A 1. F o r instance, le t i ? b e a  P ID  w ith tw o m ax im al ideals ( n \ ) and (n 2 ). Let 
A =  R[X, Y ] / ( n 2X Y  +  n tX  +  7i27  +  1). Then the generic  fibre o f  A is A*, the c lo sed  
fibre A/tz]A is A* but the closed  fibre A/njA  is A1.

W e n ow  p rove  our m ain th eo rem  o ver K rull dom ains.

T heo rem  3 .11 . L e t  R be a Krul l  domain with quotient  f i e l d  K  and  let A he a f ini tely  
generat ed  f lat  R-algebra such that
( i )  The generic f ibre K  ® R A is A* over  K.

(ii)  For each p r im e  ideal P  o f  R  o f  height  one, the f i b re  ring k ( P ) A is g e o m e t 
rical ly integral  but is not  A 1 over  k(P) .

Then there exis ts  an invertible i deal  I  in R such that  A  is i somorphic to © „ e z  T'T" 
as a Z -g ra d ed  R-algebra.  "

P ro o f. S ince A  is finitely g en era ted  over R, by cond ition  ( i ) ,  th ere  ex ists a  n o n -z e ro  
e lem ent x  e  R such that A[ \ /x }  is A* over R[  1/x], I f  x  e  R*, w e are th rough . I f  not, 
then le t P x, . . . ,  P m be the prim e d iv iso rs  o f  xR  and le t 5  =  R \  (/>, u  . . .  u  p m). S in ce  R  

is a K ru ll dom ain , ht P t =  1 V/', 1 < i <  m. T herefore S ~ ]R  is a  sem i-local D e d ek in d  
dom ain  and  hence a PID. It fo llow s, b y  (3 .9 ), that S ~ ’A  is A* over S ~ lR.  H en ce  th ere



ex is ts  y  t  S such that A v is A ' over R v. S ince by construction  x and y  e ith e r form  a 
sequence  or are com ax im al. the result now  follow s from  ( 3 . 1). □

R e m a rk  3 .12 . N ote that th e  exam ple in (3 .1 0 ) show s that, in the sta tem ent o f  T heorem  
3.11. it is necessary  to  im pose  the condition  that the codim ension  one fib res are not 
A1. From  Proposition  3 .7 , it fo llow s (assum ing  all o th e r hypotheses in (3 .1 1 ) )  tha t any 
cod im en sio n  one fibre w h ich  is no t A1, is au tom atica lly  A*. A lso note that, by  (3 .7 ), 
the cod im ension  one fibres are A1 if  and only i f  th ey  do not have n o n -triv ia l units. 
T hus, condition  ( i i)  in T h eo rem  3.11 will be satisfied, for instance, u nder e ith e r o f  the 
fo llow ing  hypotheses on the fibres at the prim e idea ls P  o f  R o f  heigh t one:
( i i ) ' iA ( / 'i  ■ R A y  /  l A i / ’ ) I .
( i i) "  k ( P )  - R A are A M o rm s.

W e now  investigate  th e  general case.

T h eo rem  3 .13. Let  R be a noetherian domain with quotient  f i e l d  K  an d  let  A be a 
finitely generat ed  f i at  R -a lgebra  sueh that
( i )  The generic f ibre K  .'.r A is A* over K.

( i i)  For each pr ime i deal  P  o f  R o f  height  one, the f i b re  ring k (P )  H r A is geomet 
rically integral but is not  an A 1-form over k (P ) .

Then the fo l lowing resul ts  ho ld :
(a )  Al l  the fibre rings a re  A*-forms.
(b )  There exists  a f ini t e  birut ional  extension R' o f  R and  an invertible ideal  I  o f  R' 

sueh that R' v.r A is a  Z - gr a de d  R-algebra isomorphic to R ' [ I T , I~ l J - 1 ].
( c )  I f  R contains a f i e l d  o f  characterist ic zero,  a n d  al l  the fibre rings have more  

units than the respect ive  residue f ields , then A is an A*-fibration over  R.

P ro o f . Suitable m od ifications in the argum ents in  [3, 3.5] w ould give a p ro o f  o f  (a). 
For the convenience o f  th e  read e r w e sketch the p ro o f  below .

Fix a prim e ideal P  o f  R. R eplacing  R by Rp,  w e assum e that R is a local noetherian  
dom ain  w ith m axim al idea l P.  W e prove (a ) by  induction  on ht P  =  d im  R.  The case 

h t P  — 0 is trivial.
I f  ht P ( = d i m R )  =  1, then , from  the K ru ll-A k izu k i theorem  ([5 , 3 3 .2 ]) , it w ould 

fo llow  that the n o rm alisa tion  R o f  R is a PID  and  k { P )  are algebraic ex tensions o f  
k ( P )  fo r all m axim al id ea ls  P  o f  R. T herefore, from  condition  (ii) , it fo llow s tha t for 
all P  €  MaxR,  k (P )  (R ® r A )  are geom etrica lly  in tegral bu t are n o t A 1 over k(P) .  
M oreover, by  condition  ( i ) ,  the generic fibre o f  R<S>r A  is A* over R.  H ence , by  (3 .9), 
R %r A  is A* over R. In  particu lar, k ( P )  A is A* over k (P )  \ /P  €  M ax R .  H ence 

k (P )  S ir A is an A *-form  o v er k (P) .
I f  ht P  >  2 , then, b y  in d u c tio n  hypothesis, w e assum e that the fibre rings k(Q)<S)RA 

are A*-form s for all n o n -m ax im a l prim e ideals Q  o f  R.  L et R  denote th e  com pletion  o f  
R and let A = R & r A.  N o w  R is a  com plete local rin g  w ith  m axim al ideal P  such that 
R/P  =  R /P  and A  is a  fin ite ly  generated  flat .R-algebra w hose non-closed  fibres are all



A*-forms. M oreover, i f  Q  is a m in im a l p rim e ideal o f  R , then , since  R is /?-Hat. by 
the “go ing-dow n theo rem ”, Q  co n trac ts  to  (0 )  in R. H ence, it fo llow s from  co n d itio n  
( i )  that, the fibres o f  A at all m in im al p rim e ideals o f / ?  are  A ’ . Let be a m in im al 
p rim e ideal o f  R  such tha t dim R =  d i m ( R / Q a). T hen, rep lac in g  /? by /? and A by 
A / Q qA , w e m ay  assum e R to be a co m p le te  local noe therian  d o m ain  to start w ith , and  
assum e A to  be  a finitely  generated  flat 7?-algebra such tha t th e  generic  fibre of . / is A ' 
and the fib res at all non-m axim al p rim e  ideals o f  R a re  A *-form s. In ( |5 . 3 2 .11). the 
norm alisation  R  o f  R  is a finite /? -m odu le  and  hence a n o e th e rian  norm al local d om ain . 
N ow , as be fo re , it w ould  fo llow  th a t R Hr A is A* over R sh o w in g  that k ( P )  r A is 

an  A*-form o v er k (P) .
W e now  p rove  (b ) . L et R d eno te  th e  norm alisa tion  o f  R and  let A =  R « A. By a 

theorem  o f  N ag a ta  [5, 33.10], R is a K ru ll dom ain. C lea rly  A is a finitely gen era ted  
flat algebra o v e r R and  its generic  fibre is A*. M oreover, s ince  the residue fields o f  /? 
are a lgebraic  o v e r the residue fields o f  R,  by  resu lt (a ) , all fib res o f  A are A’ -fo rm s  
over their resp ec tiv e  residue fields. H en ce , by  T heorem  3 .11 , there  ex ists an in v e rtib le  
ideal I  in  R  such  tha t

R ® r A  = R [ J T , r ' T - ' ] .  ( * )

/ ,  being invertib le , is finitely  g enera ted , say, /  =  ( a , , . . . ,  a„,)R.  Let b \ ........b,„ e  K  be

such that a \ b \  +  • ■ • +  ambm =  1, so th a t I  is generated  by  b \ , ___b,„ as an ^ -m o d u le .
Since A is fin ite ly  generated  o v e r R, A =  R [ t \ , . . . ,  t p] fo r som e t \ . . . . ,  lp £  A. By Eq. 

(* ), 1 ® tj =  J 2 _ Si< i<ri (fji'T1 fo r som e c/7, 6  / ' ,  1 <  j  <  p.  T he  coefficients c/,, m ay  be 
expressed as

9ji

T .  cj i v ..ima \  ■ ■ ■ a!" fo r i >  0
ii H---- \-im~i

y  Cjir-i,„b '\ ■ ■ - bm fo r i <  0 ,

w here cpi ...im £  R. A gain , by  Eq. (* ) , w e have

ai T =  Y L  ui f ® vi/ and  b fT ~ l =  Y 2
!</</,

for som e w,y,w,7 e  R  and v u , z u e  A.

N ow  let R' be the /?-subaIgebra o f  R  generated  by  th e  e lem en ts  a , , . . . , a , c i j b /  
(w here 1 <  / , /  <  m); Cjil. . ,m (w h e re  / , + • • • +  im =  \i\, - Sj <  i <  rh 1 <  j  <  p ) -  U:/ 
(w here 1 <  £ <  q h 1 <  i <  m ) an d  w,y (w here  1 <  £ <  th 1 <  i <  m).  L et I  b e  th e  
ideal ( a \ , . . . ,  am)R' . Then R' is a  fin ite  b irational ex tension  o f  R an d  /  is an in v e rtib le  
ideal o f  R' .

Since A is flat over R, R' <g>R A  m ay  be  identified w ith  its  im ag e  in R ® r A.  T h en  it 
is easy to see tha t R' A =  R ' [ I T J - ' T ~ ]],

Part (c )  fo llow s from (2 .3). □



R e m a rk  3 .14 . The above p ro o f  show s that in the s ta tem en t o f  (3 .13 ), in co n d ition  (i) , 
it is enough  to assum e that the generic  fibre is an A *-form . (In the p ro o f  tak e  R to be 
the in tegral c losure of R in L, w here L is a finite ex tens ion  o f  K  such th a t L-%R A is 
A' o v e r I.. )

S uppose  that R is a one -d im en sio n a l noetherian  do m ain  and A is a fin itely  generated  
Hat /^-algebra w hose g eneric  fibre is A" and w hose closed  fibres are geom etrica lly  
in tegral. W e have seen in ( 3 . 10)  that, in this situa tion , a closed fibre m ig h t be A1. 
M oreover, if  R is a PID  an d  a c losed  fibre is no t A 1, then , by (3 .7 ), tha t c lo sed  fibre 
is n ecessarily  A". H ow ever, the fo llow ing  exam ple show s tha t if  R is not n o rm al, then, 

under the above hypo theses, a c losed  fibre m ight be a non-triv ial A1-form . T herefore  
w e do need the stronger hy p o th es is  in condition  ( i i )  o f  T heorem  3.13 as co m p ared  to 
the co rrespond ing  cond ition  in T heorem  3.11.

E x a m p le  3 .15 . Let k be a no n -p e rfec t field o f  charac te ristic  p.  L et /i G k be  such  that 
Z p — /) is irreducible in k \Z \ .  Let L =  k [ Z \ / ( Z p — ft) =  k(y.),  w here y p =  fi. N ow  let 
R =  k +  ( U  )Z.[[L']]. co n sid e red  as a subring o f  £.[[£/]]. T hen  R is a one-d im ensona l 
local dom ain  w ith m axim al ideal M  ={U )L [ [ U Y[ ,  qu o tien t field K  =  L ( ( U ) )  and  residue 
field k.  B eing a finite m o d u le  over £ [ [ t /] ] ,  R  is noetherian .

Let X\  = X  +  y.Y and Y\ =  Y —X f .  Then it is easy  to  see tha t that K[X\ ,  Y\] =  K[ X, Y]  
and U X }. Y, £  R[X. Y].  L et F(X,  Y )  =  U X IY] +  Yj +  1 and  A =  R[X, Y ] / (F(X,  Y) ) .  O ne 
can verify  that A is i?-flat, th e  generic  fibre K  Z r A  is A* over K  and the c lo sed  fibre 
k n A is a non-triv ial A 1-fo rm  over k.

In [3, 3.5], it w as show n th a t i f  R contains the field  o f  rationals, then cond itions on 
generic  and codim ension  one  fibres are enough to  conc lude  that A is an  A '-fib ration  
over R. B ut below  w e g ive  an exam ple o f  a fin itely  generated  flat a lgebra  A over a 
tw o-d im ensional noetherian  local dom ain  R , w hose fibres at all non -c losed  po in ts o f  
SpccR  are A*, but w hose c lo sed  fibre is a non-triv ial A *-form . Thus in  the non-norm al 
situa tion , w e need a con d itio n  on al l  fibres (i.e ., the ex is tence  o f  non-triv ial u n its) to 
conc lude  that all fibres are  ac tu a lly  A*.

E x am p le  3 .16 . Let R and  C  deno te  the field o f  real num bers and com plex  num bers, 
respective ly . Let R =  R  +  (U,  K )C [[(7 , V]] (considered  as a subring  o f  C [[ t / ,  V]]) .  T hen 
R is a tw o-d im ensional local dom ain  w ith m axim al ideal M  =  (U,  V) C[ [ U,  V]\ ,  quotient 
field K  =  C( ( U,  V) )  and res id u e  field R . B eing a  fin ite  m odule over R[[C7, V]],  R  is 
noetherian . Let A =  R[X, Y ] / { X 2 +  Y2 -  1). T hen  A  is a  finitely genera ted  ^ -a lg e b ra  

and being  a free m odule o v e r  R[ X] ,  it is also  flat o v e r R.
N ow  le t R denote the n o rm a lisa tio n  o f  R.  T hen  ^  =  C [[ti, V]]  and M  is the  conducto r 

o f  R in  R.  C learly  R ® R A is A* over R and hence  k ( Q )  <g)R A is A* o v er k ( Q )  for 

every  p rim e ideal Q  o f  R.
Since M  is the co n d u c to r o f  R in R,  for every  non-m ax im al prim e idea l P  o f  R,  

Rp =  Rp so that k ( P)  %R A is A* over k (P) .  B ut k { M )  ® R A =  R[X, Y \ f { X 2 +  Y 2 -  1) 
is an A *-form  over & (A /)(= R ) b u t is no t A* over k ( M) .  □
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	On A*-fibrations

	3.	Main theorems

	Proof. Let


	F„(nX + a„, nY + [i„) = %\%X + )(nY + fi„) + ot„(nX + ) + jJn(nY + /;„) + y„
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