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Abstract

K.G. Ramamurthy [4] showed that the number of minimal path sets of a linear
consecutive-2-out-of-n:F system is the rounded value of the

expressionp” (1+ p)2 / (2p +3) where p is the unique real root of the cubic

equation x3 _ x —71=p. This paper gives two others formulae for the same.
The first formula is in terms of the binomial coefficients. While the second
formula is in terms of the number of minimal path sets with known size of
a linear consecutive-2-out-of-n:F system. it is shown that the number of minimal
path sets of a circular consecutive-2-out-of-n:F system is the rounded vaiue

of p”, for n>10.
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1. Introduction

A linear consecutive-k-out-of-n:F (con/k/n:F) system consists of n linei
ordered components and the system fails if and only if at least k consecul
components fail. If components are arranged on a circle we have a circular conjk/
system. This system has been studied by various authors since 1980 3] and fi
applications in telecommunication and pipeline network [2], vacuum systems
accelerators, computer networks, design of integrated circuits [1] etc. We assu
binary state. All components and the system are in operating or fail state. Supp
P denotes the subset of components, which are in operating state. We call !
path set of a system when the system itself is in operating state. A path s¢
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of the system is said to be a minimal path set if g~ p implies that S is not a
path set. In this paper, we confine our attention only to minimal path sets of conl2|n:F
system. In Section 2, we give a closed formula for determining the number of minimal
path sets of a linear conl2in:F system. In Section 3, we give a closed formula for
determining the number of minimal path sets with known size of a linear coni2in:F
system. Similar results for a circular conl2in:F system are given in Section 4.

2. Minimal Path Sets of a Linear coni2in:F System

Suppose p. denotes the number of minimal path sets of a linear conl2in:F
system. The following lemma is required in the sequel.

Lemma 1. We have:
p,f = p,f;z + p,f_s fornz3

Proof. Let p,L, =/aL(n)/ where aL(n) is the collection of minimal path sets
of a linear conl2in:F system. We note that:

a'(n) = {P:P e o*(n) and neP} u {P:Pea’(n) and n ¢ P}

and the collections on the right hand side are disjoint. If neP then n-7¢P
and n-2eP. And if neP then n—-1eP. We have:

o'(0) = a'(1)=(0}, o' (2) =({1}, {2}}, o"(3)={({1,3},{2}} and

a'(4) =({1,3},{2,3},{2,4}}
It is easy to verify that for n > 3 we have:

{P:Pea-(n)andn e P}={P:P=Tu{n-2,n} and ‘TeaL(n—S)}

and for | n>2 we have:

(P:Peal(n) andnePj={P:P=Tu{n-1} and Tea" (n-2)}
Therefore we have:
pt=lo(n)i=1{P:Peoa(njandn eP}I+I{P:Pea (n)andneP}I

= |{P:P=Tu{n-2,n} and Teat (n-3)}I+IP:P=Tu{n-1} and Teal(n-2)}!

That isiph =l al(n-3) 1+ /o (n-2)1=ps_o+Pha; N2 3. This completes the
proof of the lemma.
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'm
Suppose [x] denotes integer part of x and ( r) is usual binomial coefficient,

m
We assume that (r):o form<rorr<0.

Theorem 1. We have :
. [n/2] n-2i i
i-> 5[]
f= [0/3] j:n—2i—2 j
Proof. Let g(x) denotes the generating function of p% the number of minima
path sets of a linear conl2In:F system. Noting that pj =pf=1, p5=2 we have
g(x) = p5 + prx + p5xZ+ phx3+... + phx" +...
x2g(x)=p5x? + pEx® + ...+ phox" +...
x3g(x)=p5x® +...+ p5_ax" +...

Using Lemma 1, we have: (1-x?-x®) g(x) = 1+ x+x? This implies that

T+ x+x% 1+ x+x?

1-xX2—x°  1-x2(1+x)°
we then have:

.=1 2 M2i7 i=1 2 c“32:'1.’.)1'
g(x) (+x+x)l:i=zox (+x)] (+)‘(+x)l:2x Z(I,x}

i=0 j=0

For sufficiently small x such that / x? (1+x) /<1,

9(x) =

For a given i, the maximum value of power of x is 3i + 2. Hence for getting
coefficient of n, the minimum value of i is the nearest integer greater than or equal

n-2 ‘
. That is [n/3]<i. Similarly, the minimum value of power of x is 2i. Hence

to

i<[n/2]. it is easy to see that coefficient of 4 in g(x) is:

. " [n/2] n-2i i
P, = Z 2 (j, nz0.

i=[n/3] j=n-2i-2 1
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(1+p)
Remark 1. We note that in Ramamurthy's formuia, Pﬁ =[—2p—f3‘0" +0.5 | for
higher values of n, calculation precision of p should be increased. For example,

it p = 1.324717958 then Ramamurthy's formula gives exact values only for n <
58. This is not case for our formula as stated in Theorem 1.

3. Minimal Path Sets with Known Size in a Linear coni2in:F System

In this Section, we first give a recursive relation for the number of minimal
path sefs with known size of a linear coni2ln:F system and then we derive a closed
expression for it. The next lemmae are also required in the sequel

lemma 2. Let R=(a, a,,...,a,} be a subset of components such that
4<a,<...a,. R is a minimal path set of a linear conlkln:F system if and only if:

i a-a_, <K, for i=1,2...,r+1
M a -a_ =k+1,for i=1,2...,r
where we take a, =0 and a,.; =n+1.

Proof. Recall that a conlkin:F system fails if and only if at least k consecutive
components fail. Hence a minimal cut set of a conlkimF system is of the form

{i,i+1,..., i+k=1}, i=1,2...,n-k +1. It is known that for any coherent system
asubset Rc N ={1,2...,n} is a path set if and only if it has non-empty intersection
with every minimal cut set. (i) <& R is a path set of a conlkin:F system. (i) < R
- {g} is not a path set. This means R is a minimal path set.

Remark 2. If R is a minimal path set of a linear conlklmF system then:
) 1RN{1,2....k}I=1
@ IRN{j,j+1,... j+k}I <2 forj=12,...n—k
iy '1Rn{n—k+1,n~k+2,...n}I =1

‘It can be seen that:

i} ifweputi=1inLemma 2, we then have a, <k (from Part (i)) and a, 2 k +1
from Part (ii)). Therefore /RN{1,2,....k}I=1{a}I=1.

i) Suppose there exists 1< j*< n—k suchthat [R~{J*, j* +1,..,j*+k}l =23
ad let {j,ja.isbc RO(j* j " +1, ., j +k}(j*Sji<j,<j;<j+k) We
have {ji, j», js} < R and note thatj; — j, < k. This contradicts the second part
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of Lemma 2. Therefore IRN{j,j+1,...,j+K} < 2 foral 1<j<n-k.

(i) 1f we puti=r+ 1 in Part () of Lemma 2, we have n+1-a <k.
Therefore a,2n-k+1. And if we put i = r in Part (ii) of Lemma 2 we
then have n+171-a, ,>k+1. Hence a,_, <n-k. We get result
[Rafn-k+1,n-k+2, ...n}| = |{a )] = 1.

Lemma 3. Suppose Fk""- and r‘,f'L denote the maximum and minimum size of
a minimal path set in a linear conlkimF system respectively. Then we have:

2[ n ] p n+l [n+1]

_nl k+1 k+1 k+1

k 2[——" ]+1 i 2 {”*7} and 77" =[n/K)
k+1 K+1 k+1

Proof. From Lemma 2, we note that R, ={k, 2k, 3k, ....k[n/k]} is a minimal
path set of size [n/k]. Now suppose AcN and A is a path set of a conlkinf
system. We note that C, ={sk +1,sk+ 2, ...,(s+1)k}, for s=0,1 ..., [n/k]-1,ae

[n/ k] disjoint minimal cut sets. From Lemma 2, we have:

IA A Cyl>1Vs.

Hence
[n/k}-1 : [n/k}-1 [n/k]-1 [n/k]-1
1A= (AnC,)u [N— ﬂCS]mA > |J (Ancy)| = i|AmCS‘2[n/k]=|n,|_
s=0 s=0 s=0 s=0 ‘

Hence R1 is a minimal path set of minimum size.

on+1 [n+1
OIf————-z___.

=1 )
K41 k+1] then we note that:

Ry={1,k+1,k+2,2k+2,2k+3, ..., pk+p, pk+p+1} is a minimal path

- n
set (by conditions of Lemma 2) where P=[;:—1:I and we have [Rp|=2p+!
+

Suppose
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C=(12,..., Kk}

Co={k+1,k+2, .. 2k+1}

Cs={2k+2,2k+3, ..., 3k+2}

Co={(t-1)(k+1), ... (t—1) (k+1)+k=n}

and Let P be a minimal path set of a linear conlkln:F system. By Remark 2,

t
we have: 1Ph5,|=1 and PNC; for <2<j<t. We note that P=JPnC))
J=1
hence:

{

—_ n+1
|P|= PmC~S1+2(t—1)=2t—1=2[———]—1
/Z_,'l '| k+1]

1
=2(:+7)_1=2{[n/(k+7)]+1}—1=2[n/(k+1)]+1:2p+1___lRz ,
+
Hence in this case R, is a minimal path set with maximum size.

n+1 n+1
if —— >{——|=t then we note that:
K+1 k+1

Ry={1,k+1,k+2, 2k+2, 2k+ 3, ..., (p—-1)k+ p, pk + p} is a minimal path

set (by Lemma 2) and |Rs|=2p=2 [n/(k+1)] We have : 'n+1=(k+1)+s and
0<s<k. In this case we have :

Co={(t-1)(k+1),...(t-1)(k+1)+ k=n—s}

We define C,,, ={n-s+1,n-s+2,...,n}.

Suppose P c N is a minimal path set. By Remark 2, we have
PAC|=1.[PAC|<2, for j = 2, 3, ..., t and
PnC, ., <

..<1(sinceC,,,c{n-k+1,n-k+2,...n} and
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t+1

IPn{n-k+1,n-k+2,...,n}|=1). We note that P=U(P“Ci). Hence
j=1

n+1

|P|<1+(2(t—1)+1=2t=2[;—;—1]=2[n/(k+1)]=2p=|R3|, Therefore in this

case AR5 is a minimal path set with maximum size. This completes the proof
of the lemma.

Lemma 4. Let pr’;L denotes the number of minimal path sets of size rina
linear con|2|n:F system. We have :

r,L __ _r-1,L r-2,L =n,L =n, L
P, =Pns *Png .NZ23, 0, Srsr, .

We assume that :

0 if n<O

0 if n=20,1 and r=0
prt =31 if n=01 and r=0

0 ifn=2 and r=+1

2 fn=2 and r=1

Proof. If n = 3, we have :

rL |1 ffr=1orr=2
Py =
n 0 otherwise

‘and if n = 4 we have :

p -
n 0 otherwise

Hence the lemma is trivially true for n = 3 and 4. Now consider the case whet
nz 5. Let P/ denote the collection of all minimal path sets of size rin a conl2jn:F
system. We note that :

Pl ={S:SeP,andneS} v {S:SeP; andngS)

and the collections on the right hand side are disjoint. We have : .
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;{S.'Se P/ andneS}’=|P,,’_'32| = p;fg'L (sihce n—-1¢8,n-2¢8)

(S:SePyandneS) =

.2 - 4
Pn'_gi:p;j (since n-1e8)

It follows that : pLt =|Pr| = Prsb|=pi st + Pt

Pz | +

This completes the proof of the lemma.
Theorem 2. We have :

L [(n-r+t1 L =nL
Po =\ op_gp ) for o <r<it and n22

Proof. Let g{x,y) denote the generating function of p,’,'L, the number of minimal

path sets of size r in a linear con|2|n:F system. We have :

- i
g(x’y)zz an yr p,rvL
n=0r=f2"‘L
=1+ x+2X2y + X3 (y+y2 )+ Bx Y2 + x5 (y2 + 3y° )+ xP (4y® +y? )+ ...

Ll
2

=1+x+2x2y+ix” >y byt

— _ .t
n=3 r=r,

Using Lemma 4, we have :

}%n,L
d 2
2 r r-1,L r-2,L
9x,y)==1+x+2x°y + Y x" >y (p,,_2 +pi )
=n,L
n=3 r=ry
oo fzn'L — 3 fz"-L 2 _r-2,L
- - -1,L 3,2 n- r— e
=1+x+2x2y+x2y§x"2 Ey"P,’,_g + X7y E,X Z«V Pn.3
n=3 r=f2n,L n=3 r=i; L

=1+x+2x2y+x2y{g(x,y)—1}.+ Xy (g(x,y )}
it implies that :
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For sufficiently small x and y such that lxzy(1+ xy)I<1, we then have :

9(x,y)=(14x+ x%y) {ixz’y" (1+ xy)"}

=0
=(1+x+x%y) {ixz" y' i(xy)"(;,)}'
i=0 j=0

For finding coefficient of ,n as in the proof of Theorem 1, we note tha
[n/3]<i<[n/2]. We have :

it . (72 [ n-2i . i
Syat= St Sy(ere( L)
r=i"t i={n/3] |j=n-2i-1 ] n-2i-2

Let ¢ = [n/2]-i then

=n,L | _2in + ‘
rzz'y' ot [n/z]zl’n/:i]y[n/zl_[ n zli?] 21 y/,[[n / 2] - ,ﬂ) o iAoz [nr2)-¢ \iis
j n-2[n /2]+2(~2}j{

=m L

r=iy =0 j=n-2[n/2)+2¢~1

For a given r, suppose r=[n/2]+ k' for some k'=0,1,..., FZ”'L ~[n/2]. Then

[n/2}+k

the coefficient of is :

( n-[n/2]-k'-1 }+[n~[n/2]—k'*1]+( n-[n/2}-k ]

2[n/2)-n+2k'+1) \2[n/2]-n+2k') \2[n/2]-n+2K

(n-r-1 . n-r-1 . n-r

“{2r-n+1 2r-n 2r-n

First and second binomial coefficients are corresponding to ¢ =2 [n/2]-n+k+!
@ k'sn-[n/2)-[n/3]+1 ). We note that ¢ >0, the third binomial coefficent

corresponding to  ¢=2[n/2]-n+k' (ifk'=n-2[n/2]). We also note i
r<2[n/2)-n+i,t =[n/2]= [n/2]-n+7) "t <[n/2]-[n/3]
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Theretore we have :

ne_[ -1 N n-r-1 . n-r-1 n-r+1 o
Pn = 2r-n 2r-n+1 2r-n ) l2n-3rl (after simplification)
This completes the proof of the theorem.

Remark 3.

(i) If n is odd then the minimal path set with minimum size (r=F2”‘L =[n/2) )

is unique. Since in this case we have p;'L =1.

(ijif n/3=[n/3] then the minimal path set with maximum size (r=7Z'L ) )
is unique. Because we have (n+1)/3>[(n+1)/3]=n/3. From Lemma 3 we

have 7't =2[n/3]=2n/3. it implies that
’;'zn,L n_f;‘L+1 n-2n/3+1 ;

p = _ = =

" len-sipt 2n-2n :

(iii) We can introduce second formula for pﬁ, the number of minimal path sets

_n, L _znL
r=r, r=rp

=n.t
L CE— _ ’z‘ n-r+1
of a linear con|gn:F system as follows : Pn = Pn = 2n-3r/

The number of minimal path sets of a linear conjkin: F system (k2 3) is difficult
to compute directly. We have the following special cases.

Lemma 5. Let p¥ denote the number of minimal path sets of a linear conjk|n:F
system, where k>2 and k< n< 2k, we then have

K _ (n-k)}n-k-1) _ n-k
pr=k+ > _k+( 2 )

Proof. Suppdse n=k+t,0<t<k then minimal path sets of size 1 are :
{t+1},t+2},....{k}(t < k). And the minimal path sets of size 2 are : (if 0<t)

{1, k+1}
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{2, k+1},{2,k+2}

{t,k+1},{t,k+2},....{t,K+1}.

Remark 4. For k=3 we have next recurrence relation :

3 3 3 3 3 .
Pn =Pp2*Pps+Ppy= Pne N26 With pj=pi=pl=1p]=pi=3 ad

pi=4-
4. Minimal Path Sets in a Circular con |2/ n:F System

In this Section, we establish a relationship between number of minimal path
sets of a linear con|2|n:F system with that of in a circular conj2|n:F system. Using

this, we derive a closed formula for pS (number of minimal path sets in a circular

coni2|n:F system) and p,’,'C (number of minimal path sets in a circular con|2n:F
system of size r). We further show that the same recursive relation holds in a linear
con|2|n:F system as well as a circular con|2/n:F system but with different initil
values.

In a circular con|k|n:F system we have n minimal cut sets as given below:

C,=(1,2,...,k}

C,={2,3,...k+1}

Crket ={”—k+1,n—k+2v,...,n}
Chrkez={n—k+2,...,n,1}

C,={n12,.. k-1}

Lemma 6. Let R={a,,a,,...,a, } be a minimal path set of a circular conlk{n:F
system such that a,<a,<.. a,. We then have : a +n-a <k and
a,+n-a,_,2k+1.

Proof. We note that we should have : {a,+1,a +2,..,n1,2,..a}<k

otherwise R is not a path set of a circular con kin: F system. Therefore n—-a, +a <k.
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On the other hand we also note that :
{a, +1,8_,+2,...8.,a +1,..,n,1,2, .., a,} 2k+1 otherwise we can delete a,
from R and still be path set, that i1s R is not a minimal path set and this results
in a contradiction. Therefore we have n-a, ,+a, 2 k+1.

Lemma 7. Let R={a,,a,,...,a,} be a subset of N={71,2,...,n} such that

a<a<..<a,. Then R is a minimal path set of a circular conk:n:F system if
and only if we have :

(|) a,'— i_,Skal’ i=1,2,...,r
(ii) a,—a_2k+t1for i=1,2,...,r
where a;=a,-n ad a,,,=a; +n.

Proof. The proof of part (i) for i=2,3,...,r and the proof of part (ii) for
i=1,2,...,r—1 are same as that of Lemma 2 and in view of Lemma 6 the proof
of part (i) for i=1 and the proof of part (ii) for i=r are trivial.

Remark 5. If R is a minimal path set of a circular conlkin:F system then:
(i) RN {12, k}[<2

(ii) [RAfj,j+1,..J+kj|s2 for j=1,2,.,n-kK

(iii) [Rn{n-k+1,n-k+2,...,n1)}<2

IRn{n~k+2,n-k+3,...n2}|s2

Rn{n1,2,..  k-1}<2

Let P, and P, denote minimal path sets in a circular conlk|n:F system and
in a linear conkin: Fsystem, respectively. We note that the only difference between
F.and F, is:

(|) IC,ﬁPCSZ for i=1,2,-..,n
(i) IC;n P =1 for i=1,n—k+1

(iii) ICinP|<2for i=2,3,...,n-k
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‘Lemma 8. We have : pS =2pt .+ pt s n=6 where pl is the number of
minimal path sets in a linear con|2n:F system.

Proof. Suppose P, is a minimal path set of a circular coni2n:F system. We
have the following mutually exhaustive cases.

(i) let 7eP; and 2¢Fs..

We then have ne P, and 3¢ F,. Hence n-T71e R, and 4e F,. In this case
P. is a minimal path set for a circular conj2in:F system if and only i
P-n{5,6,...,n-2} is a minimal path set for a linear con2.n—6:F subsystem with
{5,6,...,n-2} component set. Hence we have : p& =pt .. If n=6 we know that
the only minimal path set in this case is : Ps =(1,2,4,5} and also we note that
Py =pre=1

(ii) let 7e P, and 2¢ Fg.

We then have 3 e P.. Similarly £, is a minimal path set for a circular con2n:F
system if and only if P ~ {4, 5, ..., n} is a minimal path set for a linear con/2n-3:F
subsystem with {4,5,..., n} component set. Hence we have : Pf:p,ﬁ_s.

(i) Let 17¢P, and 2¢Ps.

We then have ne P, and F. is a minimal path set for a circular conZn:F
system if and only f Pon{3,4,...n-1} is a minimal path set for a linear
con2in-3:F subsystem with {3,4,...,n—1} component set. Hence we have

Py =pp_s-
From these cases we get the result : PP = p- , +2ph , for n>6.

Remark 6. We know that : p% = pt_, + pL_, ; n> 3 with pk = pt =1and p; =2
We define : pt =1,pt, =0,pt5 =1,p5, =0, p'5 =0 and pi =1. Therefore the
relation pf = pL , + pS_5 holds true for all n>—-3. Hence using Lemma 8, we g¢!

1 p§ =2pts+ pls=3,pF =0,p5 =2,p5 = 3,p5 =2, and p = 5. Therefore Lemma
8 holds true for all n=o0.



Minimal Path in 2-out-of-nF System 365

Llemma 9. We have :

PR =Pr 2+ Prgin23

Proof. From Lemma 8 and Remark 6, we have : p§ =2pt o+ pL , and
n20and pt=phk ,+ph,for n2-3.

Hence for n>-3 we can write :

Pr = 2(Pr_s + Pr.s )+ (Phog + Pg) = (2ps.5 + Prs) + (2P 6 + Prg)-

If we again use Lemma 8, we get result : p$ = pS , + p< ,.

In other words same recursive relation holds in a circular conj2jn:F system
as well as a linear con2n:F system but with different initial conditions
(bs=pf=1,p5=2 and p§ =3,pf =0,p§ =2)

Up to now we have given closed formulae for the number of minimal path sets

of a linear con.2:n:F system (three formulae are proposed) and also for p,’;L as
stated in Theorem 2. Hence applying Lemma 8 and Remark 3 (part (iii)) we can
derive a closed formula for pf. Now we use Lemma 9, to derive a closed formula

or p¢ directly.
Let g (x) denote the generating function of p,? , the number of minimal path

sets of a circular conZn:F system. By using Lemma 9 we have :

_Ps+prx+(pS -pg)x? _ 3-x°
gC(X)— 2 3 - 2 3
1-x“-x 1-x“~-x

3-x% a b c
= + + ——
1-x2-x% 1-px 1-ox 1-0x
where p is the real root and ¢ and G (conjugate of o) are the complex roots
of the cubic x2 - x-1=0. (We note that 1/p,1 /o and 1/ ¢ are the roots of the
equation y_ x2 43 _ ). It is easy to see that :

For partial fraction expansion of g.(x) let

_ _ 3- 2p+3
poG=1,p+0+G6=0R(c)=-p/2F (6)=7p~9,l9—6|2=‘p—;—.
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We then have :

ae 3-1/p° ___80%-1  _30°-1_p(30%-1) 30°-p 3(1+p)-p
(1-6/p)1-6/p) (P-0)p-5) |p-of  20+3  2p+3 2045

b 3-1/67 __3°-1 __ (p-5)(3c°-1)
(1-p/c)1-0c/6) (o-p)o-0) Z(J"_f)/(c)lp—olz

oo 3-1/56% __88%-1 _ (p-5)(35°-1)
(t-p/c)(1-c/c) (c-p)(c—-o) 2(J-—1)/(o){p_cl2

it follows that :

o€ = - (0=8)(30°-1) ., (P=BN3E"-1) -,
§ 2(J-1) /(o)|p—c5|2 Z(J——1)I(o)|p—c[2

2P d C2 = e e” Itis

2= .
2p+3 2" (2p0+3)J3-p
easy to verify that (see for example Spickerman [5]) :

Suppose 0 = (cos 6 +4-1sin8),¢, =

pS =p" +3h, - h,_,, Where h, =r"(c, cos nd +c, sin o).
Theorem 3. The number of minimal path sets of a circular con|2|n:F system
for all n>10 is given by pS =|_p" +0.5_| where p is the unique real root of the ,

cubic equation x3-x-71=0.

Proof. From Lemma 9, we have pC =pS s +pS s, n23 Wil
pS =3,p€ =0, p§ =2. Using this up to n = 12 we get, p% =17, pf=22 and

pS = 29. Applying Cardan's formula to the cubic equation x® - x —1=0, we ha

approximately p = 1.324717958. It can be verified that the theorem is trivially tre
for n=10, 11, 12. Now suppose n=>13. We have already shown that

pS =p" + 3h, - h,_, Therefore it is enough to show that |3h, - h,_,| < 0.5 for n21
We have:

(8 ol < 3lhu] + 1ol < 807G = GF + 772 e B =(3r + 2 NG -4
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2
— 2+p ) p> 2
H(p)=ycf +c2 = ( + = ———— (after
Lot T (PI=NG *€2 =\ 25+3) "(2p+8)(2-p) ~ [2p7+3p19 |
simplitication).
We note that H,(p) is an increasing function for p>3/4
Hence we have H, (p)<H, (1.325)=0.650127 since we know that p < 1.325.

We also note that poG =1, hence pr? =1 or r:1/\/5 f n =13, we then have:

3 1

1 3
= +
Joo®  Jop°  Jp(1+p7 " s (1+p)?

3"+ %< 3 4 =

3 1
Jot+pP "o (s +p a1y (S0e 0% -p=1=0).

3 1
Let Hz(p) = To(1+0) +\/5(p2+p+1). We note that H,(p) is a

decreasing function for p>0. Hence we have
3" +1"2 < Hy(p) < Hy(1.324) = 0.696, since p>1.324. Therefore we have for
dn213 :|3h,—h, o] < H(p)H2(p)<(0.65)(0.696)<0.5 This completes
the proof of the theorem.

We now consider the number of minimal path sets with known size in a circular
="C and 7JC denote the maximum and the minimum

rz
size of a minimal path set in a circular conl2in:F system, respectively.

conl2in:F system. Suppose

temma 10. We have:

. =n,C =n,L
U rz T rz

it =[n/2] if nis even
(i) ¢ = Y.

I, +1=[n/2]+1 if nis odd

Proof.
(i) We consider two cases as follows:
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en+1=3s for some integer s=17.

By Lemma 3, we note that R, = {1,3,4,6,7,9, ..., 3(s-1), 3(s-1)+1}is
a minimal path set with maximum size in a linear coni2lnF system and
|Ry|=2(s-1)+1=2s-1. From Lemma 7, we note that R, is also a minimal path

set of a circular coni2ln:F system. We show that size of R, in a circular conl2Inf
system is also maximum. Let:

C, =1{1,2}
C, = {3,4,5}
C; = {6,7,8}

C,={3(s5-1), 3(s—1)+1, 3(s-1)+2=n}

Let F. be a minimal path set of a circular coni2in:F system. We note that
P. N C; is nonempty and by Remark 5, we also note that [P, nC]s2 for

i=1,2,...,5. We show that there exists 1 < i* < s such that |, NC;:| = 1. Suppose

PonCii=2Vi. We then have: . (1,2} c P.=3eFP,={45})cFk>=
6 ¢Pr=> ... 3(s-1) ¢ Po=3(s-1) +1 =n-1 ¢ P, and n € P,. Hence we
have: (1,2, n—-1,n} ¢ P, that is, P, is not a minimal path set, resulting in a

contradiction. Therefore there exists 7 <i*<s such that [P, n C;| = 1 It implies
that:

|Pe| =

U(Pc n G)
int

s
=2chﬁC,| <1+ 2(s-1)=2s5-1= IF?1|.
i=1

That is R, is a minimal path set with maximum size in a circular conl2inf
system.

en+1=3s+t, s21, 1< t<2 and t and s are integers.
In view of lemma 3, R,={1,3,4,6,7,9,...,3(s-1), 3($-1) +1,3s} is a
minimal path set with maximum size in a linear conl2InF system. |R,|=2s.

- From Lemma 7, R, is also a minimal path set of a circular conl2imF system
We have C,={3(s-1), 3(s-1)+1, 3(s-1)+2} ={n -t -2,n-t-1,n-1}
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We define C,,, = {n—t+1,n}.Let P, be a minimal path set of a circular conl2In:F
system.

By Remark 5, we note that P nC;j<2 for 1,2,...5s+1

f t=1and n eF, then we note that P, nCyi= |Pc n {1, 2}; =1 Hence we
have

s-1

§Pc|=i (Fc 0 Ci)

S+1

=Z]pcmc,\ <1+ 2(s-1)+ 1=2s = |Rz|. Therefore
j:’

R, is a minimal path set with maximum size in a circular conl2ln:F system.

S
=Y |PenCi| < 25 = |Rs| and the

i=1

O(Pc ~ GC)

i=1

if ne P, we then have IFe| =

result is immediate.
Now suppose {=2. We show that there exist

=1

I<i'<s+1,1< j*<s+1,i*# j* such that [FonCp| = |R  C

We note that {1,2,n-1,n}c P; thatis |Pc n Cj|=1 or |Pc n Cs,y|=1 Without
loss of generality we assume that 'Pp ~ C;,,|=7 We have :
Pen Ci|=2 for i=1,2,..,s

(12} cP. 3¢ Pp>{4,5)c P, =>6¢F, = - = 3(5-1)=n-4¢F; =
(n-3,n-2} c Ph=n-1¢ P.= nefFy,

' Therefore we have {1, 2, n} c P, resulting in a contradiction. Hence there exists

s+1
1<i* < s such that [P, n Ci|=7 We then have: IFel = U (Fe n Cj)
i=1
S+1 S
=1+ 2 PenCi| =1 +2]PCmC,-|+ 1<2+ 2(s-1)=2s=|R,|
i=1 it

This completes the proof of part (i).
(i) We consider two cases as follows:

sn=2s for some infeger s=>17.
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let R; ={2, 4, 6, ..., 25} From Lemma 3, we know that A; is a minima
path set with minimum size in a linear coni2ln:F system and by Lemma 7, R; is
also a minimal path set of a circular coni2In:F system. We have |Rs| = s = [n/2]
We show that size of R; is minimum. Suppose P, is a minimal path set of a circular
conl2in:F system. We note that C;, = {2i- 1, 2i}, i =1, 2, ..., [n/ 2], are [n/2)]
disjoint minimal cut sets. We also note that [P ~C;| 2 1 for i=1,2, ..., [n/2].

[n/2]

U(PC N C;)

i=1

Hence IP CI = 2 [”/ 2]=|Ra‘ Therefore the result is immediate.

en=2s+1 for some integer s=>1.

Let R, ={1, 2, 4, 6,8, ..., 2s}. We know that R, is a minimal path set with
minimum size in a linear conl2in:F system and is also a minimal path set of a
circular coni2inF system. We show that size of R, is minimum. We have:

R|/=98+1=[n/2]+1and \FPonC;| 21 for i=1,2,...,s Hence:
4

S
=Y |G|z s

i=1

2

Pel = U (PenCs) w(Po (n})
i=1

O(Pcﬁci)
i=1

If ne P, then |F:| 2 s+7 =|R,| and the required result follows.

If ne P. we show that there exists 7 < i* < s such that ‘Pc 8l C,-.} =2

Suppose [P n C;)| =1 for i=1,2,....s We then have:
nEPC:>1€P0ﬁ2€PC =>3€Pc = 4EPCZ>...$ 25"'1EPC=>
2s ¢ P =2s +1 = neF, and this gives arise to a contradiction. Therefore,

there exists 7 < i* < s such that [Pz n C;| =2. Hence:

S
= ZlPCmCi|é (5—1)+2=s+1=IH4|

i=1

|Pe] =

U(Pc nG;)
i=1

This completes the proof of the lemma.

Lemma 11. We have:
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=n,C
p,’,'c = 2p,’[§'L + Pn’,g'L; n >6. r2"’c <r<re

In view of Lemma 8, the proof of this lemma is easy and omitted.

Lemma 12. We have:

r-1C . 1-3.C ne . =ne
n-

p,’,‘czp + P nz3, T s <z

That is, the recurrence relation for the number of minimal path sets of given
size r in both a linear and a circular conl2ImF system is the same.

Now using Theorem 2 and Lemma 11 we give a closed formula for p/¢ We
have:

(e ool ral _ (n-8-(r=2)+1 n-6-(r—4)+1
Pri” = 2Pp35" * Prg = 2(2(n—3)—3(r—2))+(2(n—6)—3(r—4))

p n-r n-r-1 n n-r-1
= + -
2n-3r 2n-3r) 2r-n \2n-3r
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