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A B S T R A C T

T w o versions of  Y a t es -G r un d y  t ype  variance es t ima tor s  are usually employed for 
large samples  when e s t im a t in g  a  survey populat ion  total  by a generalized regression 
(Greg,  in brief) predictor  m o t iv a te d  by considerat ion of  a linear regression model .  
Thei r  two a l ternat ive  modif i cat ions  are developed so t h a t  the l imit ing values of 
the design expec ta t ions  of  the  model  expec ta t ions  of var iance es t ima tor s  ' ma t ch '  
respectively the (1) model  e xp ec ta t i on s  of the  Taylor  appr ox imat ion  of the  design 
variance of the  Gr cg  predic tor  a n d  t he  (II) l imit ing value of the design expecta t ion  
of the model  expec ta t ion  of the  sq ua red  difference between the Grcg predictor  and 
the populat ion total .  T h e  exercise is ex tended to yield modif icat ions needed when 
r andomized response ( RR)  is only  available r ather  t han  direct  response ( DR )  w hen 
one encounters  sensi t ive issues d e ma n d i n g  protect ion of privacy. A compar at ive  
s t udy based on s imulat ion is pr esen t ed  for i l lust rat ion.
AMS subj ec t  classification: 62 D05.

1. INTRODUCTION
W e  c o n s id e r  a s u r v e y  p o p u l a t i o n  U  =  (1 o f  N  i n d i v i d u a l s  l a ­

be l l ed  i b e a r i n g  u n k n o w n  v a l u e s  y,  a n d  k n o w n  p o s i t iv e  va lue s  t , w i t h  r e ­

s p e c t i v e  t o t a l s  Y  a n d  A'. T h e  p r o b l e m  is t o  e s t i m a t e  Y  o n  s u r v e y i n g  a s a m p l e



> f ro m  /' i ]idm'ii a i  i m i l t i n '  t o  a  - u 11.l 1 > 1 <■ <t«>iu;11 ;> w i l t ;  p r o b a b i l i t y  ]> {s ) ha v ing  

p o M t u e  in c lu s io n  |ii i iIm l u l l ! i<-> r< ■>.[><■(■ t i ve) v f( .i j ,t; i c 1 i i . j ) .  A  model

is po-t u l . i ted  a.s p l a u s ib l e  for w I , h  o n e  m ; , v  w n t e

V, j l )

1 i <• r<■ .) is an u n k n o w n  c o n s t a n t ,  i . ’s ; ir<■ u n c o r r e l a t e d  r a n d o m  var iables  with 

e xpe i  t a t i o n s  /.’,„(»») ; (I a n d  varian< es I „ , ( # , )  =  o f , i t- / ’ By £  wo
d e n o t e  s u m s  o ve r  i . i , j (  i • j  ) in / r e s p e c t  i vc ly  a n d  l>y  ̂J .  ̂ the  same 

over  t h o s e  in ,s. Hy V’, , ) we sha l l  d e n o t e  d e s i g n  e x p e i  t a t  ion (var iance)  
o p e r a t o r .  F u r t h e r ,  A , ; -  j t z } -  7T1; a n d  Q t{ >  0)  a re  c o n s t n t  s to choose at 
d i sc re t  i o n ,

V  v.x.Q,  j
J q  =  y ^ rQ~<~ ’ =

H q  -  T x ^ Q7 ’ / ; - =  ! / . - ' V -

T h e n  S a r n d . d ' s  ( 1 9 * 0 )  G r e g  p r e d i c t o r  for } is

%/(,

E  — </3, w h e r e  g si =  1 4- ( A  -  E  — ) = ^ — r —  (3 )
"i ’ i L  ■r i V i

T w o  usua l  c ho ic es  of  Q,  g i ven  hy H a j e k  ( 19 i  1) a n d  B r e w e r  MOT!)] are  r e s pe c ­

t ive ly  Q t =  ~ ~ - Q ,  =  — -p1 aJid t w o  o t h e r s  a r e  Q t — j -  a n d  (}, =  - p . i  <E f ■ 

S a r n d a l  ( 19R2)  c o n s i d e r s  t h e  T a v l o r  a p p r o x i m a t i o n  t o  t h e  v a r i a n c e  I 
o f  l a  given hv

a n d  gave  t w o  Y a t e s  a n d  G r u n d y  ( Y G , 1 9 5 3 )  t \ rpc  v a r i a n c e  e s t i m a t o r s ,

=  E ' E —  ( - - ^ ) 2 a n d  (4)

VG2 =  E V — )2 (5)
^  Tt.j *i  ^3

w h i c h  a re  d i s c u s s e d  i n  d e t a i l s  b y  S a r n d a J ,  S w e n s s o n  a n d  W r e t m a n  (1992) .  
B e s i d e s  h a v i n g  a  Y G  f o r m  t h e s e  d o  n o t  s e e m  t o  h a v e  a n y  p a r t i c u l a r  p r o p ­
e r t i e s  b u t  a re  s u p p o s e d  t o  se r ve  v a r i a n c e  e s t i m a t i o n  p u r p o s e  well  in l a rge  
s a m p l e s .  O u r  i n t e r e s t  h e r e  is t o  i n v e s t i g a t e  t w o  spec i f i c  d e s i g n - c u m - m o d e l  
m o t i v a t e d  a s y m p t o t i c  p r o p e r t i e s  o f  t h e m .  F o r  t h i s  w e  fol low B r e w e r ’s ( 197 9)  
a p p r o a c h  t o  c a l c u l a t e  t h e  ‘l i m i t i n g ’ va lues  o f  t h e  de s i g n  e x p e c t a t i o n s  of  t h e  
m o d e l  e x p e c t a t i o n s  o f  a n d  v q ? a n d  c o m p a r e  t h e m  t o  t h e  m o d e l  e x p e c ­



t a t i o n  o f  V  a s s u m i n g  c o r r e c t n e s s  o f  (1)  a n d  a l s o  t o  t h e  ‘l i m i t i n g ’ v a l u e  o f  t h e  
d e s i g n  e x p e c t a t i o n  o f  t h e  m o d e l  e x p e c t a t i o n  of  t h e  s q u a r e d  e r r o r  ( t G -  V )*’. 
S i n c e  w e  find ‘n o  m a t c h ’ in e i t h e r  case  we  p r o c e e d  t o  a p p l y  ‘a d j u s t m e n t s '  on 
vG j , j  =  1 , 2.  B y  ‘l i m i t i n g ’ e x p e c t a t i o n  we m e a n  t h e  f ol lowing in a c c o r d a n c e  

w i t h  B r e w e r ’s ( 1 9 7 9 )  a p p r o a c h .
T h e  p o p u l a t i o n  U  a n d  Y  = ( y x, . . .  , y,-, . . . ,  y N ), X_ =  ( x , , .  . . , x , , .  . . , x / v ) .  

Q  =  ( Q i ,  • •.  , Q , ,  • ■ • , Q n ) a re  s u p p o s e d  t o  p r o d u c e  t h e m s e l v e s  T ( >  1) t i m e s  
so a s  t o  y ie l d  t h e  f o l lo wi ng  e nt i t i e s :

Ur  =  ( d / ( l ) ------- U ( j ) , U ( T ) ) ,  Y t  =  ( V ( 0 ,  • • - , Y ( j ) ,  ■ • ■ > Y ( T ) h
V ( j )  =  (( ;  - 1 )A’ + 1 , . . . ,  ( j  - l ) t f  + i , . . . ,  ( j  - 1)JV + JV),

1 1 0 )  ~  ( y ( j _ i ) , v + i , - • • > y ( j - i ) N + i , • • • , y ( j _ i ) N + N ) i
j  =  1 , . . .  , T  w h e r e  ( j  — l ) N  + i for  e a c h  j  — 1 , . . .  , T  s t a n d s  for t he  s a m e  
u n i t  : for  e ac h  r e s p e c t i v e  t ( =  l , . . . , A r ). S i mi la r ly  for X_r  a n d  Q r . F r o m  
e a c h  U { j )  a  s a m p l e  s ( j )  is ‘i n d e p e n d e n t l y ’ c hos e n a c c o r d i n g  t o  t h e  s a m e  p 
a s  n o t e d  ea r l i e r .  T h e  T  s uc h  s a m p l e s  a re  a m a l g a m a t e d  i n t o  a  s a m p l e  s j , 
s a y ,  w h i c h  c o n s e q u e n t l y  is s e l e c te d  a c c o r d i n g  t o  a  des i gn  p j  such t h a t

p T ( s T ) =  p ( s ( l ) ) . . . p { s { T ) ) .

I f  t o  is b a s e d  on s j - ,  t h e n  t a ( s T )  is p u r p o r t e d  t o  e s t i m a t e  T V .  T h e  l imi t i ng  
v a l u e

l im E p ( - < g ( s t ) )
T —*oo 1

d e n o t e d  as  l i m / ? p( / G )  t h e n  e q u a l s  Y  a s  on e  m a y  check - t h i s  p r o p e r t y  of  
t o  is k n o w n  as i t s  ‘a s y m p t o t i c  de s i g n  u n b i a s e d n e s s ’ ( A D I J ,  in b r ie f ) .  In 
c a l c u l a t i n g  s i m i l a r  l i m i t i n g  e x p e c t a t i o n  of  o t h e r  f u n c t i o n s  o f  s u r v e y  d a t a  d = 

6  s ) a n  e a s y  a n d  f r u i t f u l  w a y  is t o  a p p l y  S l u t z k y ’s (cf,  C r a m e ’r 19G6) 
t h e o r e m  a v a i l a b l e  in p a r t i c u l a r  for  c o n t i n u o u s ,  e s p e c i a l l y  r a t i o n a l  f u n c t i o n s  
a n d  we  sha l l  p r o f i t a b l y  u se  i t  t h r o u g h o u t  b e lo w t o  d e r i v e  c o n v e n i e n t  r esu l t s  

o f  i n t e r e s t  in  s e c t i o n  2.  F i na l l y ,  in  s e c t i o n  3 we  sha l l  e x t e n d  t h i s  a p p r o a c h  to 
c o v e r  s i t u a t i o n s  w h e n  j/,’s r e l a t e  t o  s t i g m a t i z i n g  i ssue s  a n d  so t h e y  a re  n o t  
d i r e c t l y  a v a i l a b l e  a n d  o n l y  R R ’s r e l e v a n t  t o  t h e m  m a y  o n l y  be  p r o c u r e d .  
I t  is n o w  w e l l - k n o w n ,  e sp e c i a l l y  f r o m  re ce n t  b o o k s  by  S a r n d a l ,  S w e ns s on  
a n d  W r e t m a n  ( S S W ,  in br ief ,  1992)  a n d  C h a u d h u r i  a n d  S t e n g e r  ( 1992) ,  
w h y  o n e  n e e d  n o t  i n s i s t  on  des i gn-  u n b i a s e d  e s t i m a t o r s  l ike H o r v i t z  a n d  
T h o m p s o n ’s ( 1 9 5 2 )  for a  s u r v e y  p o p u l a t i o n  t o t a l  a n d  s h o u l d  r a t h e r  e xp lo r e  
i m p r o v e d  a l t e r n a t i v e s  w i t h  c o n t r o l l e d  m e a n  s q u a r e  e r r o r s  u t i l i z i n g  ava i lab l e  
a u x i l i a r y  d a t a .  S a r n d a l ’s ( 1 9 8 0 )  g r e g  p r e d i c t o r  is s u c h  a n a l t e r n a t i v e  even 
w h e n  o n l y  o n e  r e g r e s s o r  is a v a i l a b l e .  T o  c o n s t r u c t  c o n f i d e n c e  i n t e r v a l s  o ne  
h a s  o f  c o u r s e  S a r n d a l ’s ( 1 9 8 2 )  t w o  v a r i a n c e  e s t i m a t o r s  for i t  t h o u g h  wi th  
n o  k n o w n  t h e o r e t i c a l  p r o p e r t i e s .  O u r  m o t i v a t i o n  h e r e  is t o  seek f u r t h e r  
i m p r o v e m e n t s  a n d  if  p o s s i b l e  e x t e n d  t h e  i n v e s t i g a t i o n  t o  c ov er  ‘r a n d o m i z e d  
r e s p o n s e s ’. T h e  e x t e n t  o f  o u r  su c ce ss  is r ev ea le d  be low.



2 . A L T E R N A T I V E  V A R I A N C E  E S T I M A T O R S  

=  Ac;,  say.

2 , i , q „  _  r , 9 . ,

£ '  x? Q, 1 *. A *• T) ; J '

P u t t i n g  g 3, = 1 in /-■„,( t'G’2) we  g e t  311 e x p r e s s i o n  for K m ( v c; i ) -  N o t i n g  t h a t

l i m  E p( g „ )  =  1 a n d  \ \ m  E p{g23t) =  1 +  j ^ r ~ ^ V p( Y , '  we ha ve

K m  K PE m {vCn) = E - V ^ t f + c ^

_______ 2_____ r r  A . . / L  _  £ i V  r ‘Q'al _  Li9a1l)

' T’ *' T‘
=  V c 2, s ay  .

R e p l a c i n g  o n l y  t h e  e x p r e s s i o n  in t h e  s q u a r e  b r a c k e t s  by  <7f x ‘l Q ^ 7T' a l u  ̂
k e e p i n g  t h e  r e s t  i n t a c t  give a  f o r m u l a  for  Vg i  -  l im E FE m ( r G \)-

Y n n E p E n i t c  -  V ) 2 =  l i m  E „ E m [(fG -  E , n ( l G )) + ( E m ( t a ) -  E m ( Y ) )

- ( Y  -  £ m ( y ) ) ] 2 
=  K r n E pV m ( t G ) - V m { Y )

— ^ G i  s a y  ,

f o l lowin g G o d a m b e  a n d  T h o m p s o n  ( 1 9 7 7 ) ,  n o t i n g  t h a t  ( 1) l im /-Jp a n d  E lr, 
c o m m u t e ,  ( i i ) E m ( t G -  Y )  -  0 a n d  ( i n )  l im E p( t G ) = Y.

So,

j  _J i t  J ________ i \  1 Y1 1 w  f \ r ^ '  x < \
^  , V 7r, ) +  £ P( £ ' * 2Q , ) 2 p ( ^  * ? '

For  p r a c t i c a l  p u r p o s e s  wc  a s s u m e  f r o m n o w  on



o f  =  a 2/ . , « ' €  V  (fi)

w i t h  a ( >  0)  u n k n o w n ,  h u t  / , ( >  0 )  k n o w n ,  t =  f o r  e x a m p l e ,
f o l lo wing  S m i t h  ( 1 9 3 8 ) ,  B r e w e r ,  F o r e m a n ,  M e l lo r  a n d  T r c w i n  ( 1 9 7 7 )  i t  is 

useful  t o  t a k e  / ,  =  i ® , 0  < g  <  2,  i =  1 , . . . ,  N .  In  p r a c t i c e  g  is n o t  k n o w n  
b e y o n d  t h i s .  B u t  we  t r e a t  b e l o w  a  s pe c i a l  case  w h e r e  g  is ful ly k n o w n  as  g 0 
in [0,2] a n d  i t  is o f  i n t e r e s t  t o  e x a m i n e  t h e  c o n s e q u e n c e  i f  g  is in [0,2] b u t  
d i f f e r en t  f r o m  §0 - S u c h  a  s t u d y  o f  r o b u s t n e s s  is n o t  y e t  u n d e r t a k e n .  W r i t i n g

A q g  =  £ p( £ ' * & . - ) 2 , b  =  V ' p ( £ ' %  C q g  =  E v C £ * i Q i )
— — 7T,-

a n d  a s s u m i n g  (G) w i t h  / ,  k n o w n ,  we ge t

=  c’'2QGi/ ,  say  ,

Vb2 =  -  ! )  +

+  E  / ' x 2 Q 2,r>(1 +  +  X; Q ; ) ) }

2 v ^ V ^ A  t x < x j \ , f > x <Ql I ] x j Q j ^
' 2 ^ I s , . aC q g  Ifi JTj

a 2a.G7h say

~i ° Q G

C(JG »i  * i

=  ct26g / , say.  (7)

So,  t w o  p r o p o s e d  a l t e r n a t i v e s  t o  t ' G i , t ’G2 a re

/ bGf  , , &G7
l’Gi =  «g i --------, a n d  r G2 =  vG2 -

aGl f

N o t i n g

L g  =  ^ 2E / . ( i -  

=  o 2C g j , s a y  ,

t w o  m o r e  a l t e r n a t i v e s  t o  dG i , 1)G2 fol low as



3 .  R A N D O M I Z E D  R E S P O N S E
In c a s e  ; / , 's r e l a t e  l o  s e ns i t i v e  i ssue s  l ike a m o u n t  sp en t  on gambl ing,  

a m o u n t  of  t a x  e v a d e d  e t c . ,  o f t e n  i n s t e a d  o f  ‘d i r e c t  r e s p o n s e s '  ( I)R ), ' r a n d o m ­

ized r e s p o n s e s ’ ( R U )  i u e  g a t h e r e d .  T h e  a b o v e  d e v e l o p m e n t s  m ay  e x t en d  as 
f ol lows t o  c o v e r  t h e m .

As  desc r i b e d  b y  ( ’h a u d h t i r i  ( 1 9 8 7 )  a n d  C h a u d l i u r i  a n d  Mu ke r j e e  (19S-SI 
it is c o n c e i v a b l y  p o s s i b l e  ( o  elici t  R R  f r o m  s a m p l e d  i nd iv i du a ls  i o f  V  as r , . 

say,  i n d e p e n d e n t l y  o f  o n e  a n o t h e r ,  s u c h  t h a t ,  w r i t i n g  E r { V r )  as o pe ra t o r  
for e x p e c t a t i o n  ( v a r i a n c e )  w i t h  r e s p e c t  t o  ‘r a n d o m i z a t i o n ’, one  m a y  have 
( i ) E n ( r , )  =  ?/,, ( n ' ) V / f ( r , )  =  a , y 2 +  3 , t/, +  B, =  V,-, say,  w i t h  o , a s  pre- 
a s s i g n e d  c o n s t a n t s ,  ( i n )  Vt =  ( n t r 2 +  /?, r ,  -f 6 , ) / ( 1  + o , ), p rov id ed  ( 1 + 0 ,) f- 0, 

s a t i s f y i n g  E j t ( V , )  =  l ; , i € :  V .
G r a n t i n g  a v a i l a b i l i t y  o f  r ,  w i t h  ( i )  — ( l i t ) ,  we  def ine  a n d  wr i te

B Q ( r ) , p Q ( r ) , t G ( r ) , V G ( r )

e tc .  t o  d e n o t e  B Q , 0 Q , t G , v c  e tc .  w i t h  y , in t h e  l a t t e r  j u s t  r e p la ce d  by 
r, t h r o u g h o u t  in  t h e  f o r m e r  k e e p i n g  e v e r y t h i n g  else in t a c t .  As  a m ea ­

s u r e  o f  e r r o r  o f  t G ( r )  in e s t i m a t i n g  Y  we  in ay t a k e  E p E {} (1 u( r )  ~   ̂ )2 or 
E , n E p E n ( t G ( r ) - Y ) ' 2 u s i n g  t h e  e x t r a  o p e r a t o r  N o t i n g  t h a t  £ / { ( ( c’( r )) = 
(a , we o b t a i n

E p E R { t G ( r ) - Y ) 7 =  E pE R [( tG ( r ) - t G ) +  ( t G - Y ) } 2

=  E PO G - Y ) 2 +  E ^  +  E p[ p ^ ( J ^ r ^ ) ' 2

+ r i ^ (A' _ r - ) E  -  ] '
=  E p( iG — 1 )2 -f- E)q (\ ), say.

A p p r o x i m a t i n g  E p ( t G - F ) 2 by  V,  we  a p p r o x i m a t e  E m E p E f t ( l c ( r ) ~  ^")2 ^y

M  =  A a +  E m D Q ( V )  (8)

^ l ( r )  =  E ' E ~ ( e ‘( r )  C j ( r ) ’

So,

So,



r n- r  r / \ i E  ? i  ̂ , ■r > X J
l i n ^ A ^ K ^ r )  -

t t . j  * ?  * }  ( T !  x i Q<) 1 7r- 

^ i £ i  x i ^ 1 _
£ ' l - Q ,  7T, 7Tj 7T,

l im E p E m E j i ( v ' G l ( r ) ) ,  s a y  

l im E p E m ( v G \ )

a aG\ / ■  ( ^ )

>o. c o m b i n i n g  ( 7 ) ,  ( 8 ) ,  a n d  ( 9)  it f ol lows t h a t

=  6g / — - - r-  -f O q (V' ) ,  s a y  , ( 1 0)
a c i /

maviy be  t a k e n  a s  a n  e s t i m a t o r  for  a  m e a s u r e  o f  e r r o r  o f  t G( r )  as  a n  e s t i m a t o r  
of y  b e c a u s e  l i m  E p E m E f i ( v G l ( r ) )  e q u a l s  M .  A g a i n ,

v G2( r )  =  ( C^ r ^g“  -  ej- r- ^  ) 2
7T,j X j  7Tj

V Gj( r )  =  t,G2 +  E ' £ ' ^ [ ( ^  +  ^ ) + g ^ ( ^ - ^

T
So.

_  2  Xjg,j  ^  x j9 i j  \ t x ' ̂ 'Q '9‘ i _  x 3  ̂jQ jQ‘3 j  j  j

T , ' x l Q i  *■ Tj  *• ^

=  l im E p E m Ef i (v 'G2( r ) ) ,  say  ,

=  l i ra E pE m ( v G2)

=  <72aG2/ -  (11)

So, combi ni ng  ( 7 ) ,  ( 8 ) ,  ( 1 0)  a n d  ( 11 )  i t  fol lows t h a t

t>G2( r )  =  bG{ - G-2- —  +  J 5 q ( K )
<*G2/



m a y  be  t a k e n  as  a n o t h e r  e s t i m a t o r  for  a  m e a s u r e  o f  e r r o r  o f  t G( r )  as  an 
e s t i m a t o r  o f  Y  b e c a u s e  l im E p E m E f i ( v G2( r ) )  e q u a l s  M .  A g a i n

l im E p E m E / i ( t c ( r )  -  Y ) 2 =  F G ,

say,  w h i c h  e q u a l s

L a  +  I nn  E p E m [ J 2  ^  +  ( £ ' ( A ~  ^  T t ]'

+ F 4 r ( - v - r 7 ) E ' v ; x , 0 i l

r G i ( r ) =  + d q ( vSo

a n d , i ^ ' 2( r )  =  v'G.2( r ) ^  + D q {V) 

m a v  be  t a k e n  as  a l t e r n a t i v e  e s t i m a t o r s  for  F G b e c a u s e  it is eas i ly  chocked 

t h a t
l im E p E m E n ( v G l { r ) )  =  F G =  l i m  E p R m E r { vG2( t )).

4 .  K O T T ’S E S T I M A T O R
F i na l l y  we c o n s i d e r  K o t t ’s ( 1 99 0 ,  a , b )  v a r i a n c e  e s t i m a t o r s

= rT7--x£m(tG-y)2, j= 1,2,
& m \  v Gj  )

w h i c h  a re  ‘f r e e ’ o f  m o d e l  p a r a m e t e r s  u n d e r  (C).  N o t i n g  

£ „ , „ 0 _ r | .  =  

f o r m u l a e  for i>a.] a n d  v ^ 2 e a s i l y  fol low w i t h  D f t  b u t  n o t  wi t h  Rl ( .

5 .  A  S I M U L A T I O N  S T U D Y  
For  a  c o m p a r a t i v e  s t u d y  o f  t h e  a l t e r n a t i v e  p r o c e d u r e s  w i t h  DR, we resor t  

t o  s i m u l a t i o n .

T r e a t i n g  t h e  m o d e l  ( 1)  as  va l i d ,  we t a k e  ( i ) c , ’s as jV(0,  a 2 ), a 2 -  f f 2x !’ }a  =  
1 . 0 , g  =  1 . 5 , /3 =  5 . 5 , ( t t ) x , ’s as  i n d e p e n d e n t l y  i d e n t i ca l l y  e x p o n e n t i a l l y  d i s­
t r i b u t e d  w i t h  a  d e n s i t y

1 X
f ( x )  =  — e x p (  —— ) , x  >  0.



T a k i n g  N  =  50,  A =  7.0,  u s i n g  t h e s e  we first  g e n e r a t e  t w o  v e c t o r s  Y_ -  
a n d  X_ =  ( x u . . . , X i , . . . , x N ). T o  d r a w  a  s a m p l e  .s o f  

size n  =  11,  we  a p p l y  t w o  s e p a r a t e  s a m p l i n g  s c h e m e s  n a m e l y  (1)  d u e  t o  
La h i r i ,  M i d z u n o  a n d  S e n  ( L M S ,  in  br ief ,  1951,  1952,  1953)  a n d  ( 2)  H a r t l e y  
a n d  R a o  ( H R ,  say ,  1962) .  Fo r  t h i s  we g e n e r a t e  a  v e c t o r  o f  r eal  n u m b e r s  

Z_ =  ( z i , . . .  , Z { , . . . ,  z n ) ,  z , ' s  i n d e p e n d e n t l y  i de n t i ca l l y  d i s t r i b u t e d  w i t h  a 
c o m m o n  d e n s i t y  ( 1 2)  w i t h  A =  15.0.  We  t a k e  w,  =  5 +  z , , i  £  £/, as t h e  
s i z e - m e a s u r e  n e e d e d  for t h e  s a m p l e  se l ec t i on .  We d r a w  R  — 100 r e p l i c a t e s  
o f  t h e  s a m p l e  c h o s e n  by  eac h o f  t h e s e  t w o  m e t h o d s .  T o  s t u d y  t h e  r e l a t i v e  

p e r f o r m a n c e s  o f  v q j ,  v G j ’ v Gj  a n d  v ^ j , j  — 1 , 2 ,  we p r o c e e d  as  e x p l a i n e d  
b elow.

For  l a r g e  s a m p l e s ,  w i t h  e  as  a n  e s t i m a t o r  for Y h a v i n g  v as  a v a r i a nc e  

e s t i m a t o r ,

d = ( e - Y ) / y / i

is u s u a l l y  s u p p o s e d  t o  b e  d i s t r i b u t e d  as  r ,  t h e  s t a n d a r d i z e d  n o r m a l  d i s t r i ­
b u t i o n  Ar( 0 , 1).  A s  a  r e s u l t  w i t h  r a / 2 as  t h e  1 0 0 a / 2 %  p o i n t  in  t h e  r i gh t  tai l  
of  t h e  d i s t r i b u t i o n  o f  r ,  t h e  i n t e r v a l  (e  ±  Ta / 2^ / v )  is t a k e n  t o  p r o v i d e  t he  
100(1 -  q ) %  c o n f i d e n c e  i n te r v a l  ( C l , i n  b r ie f )  for  Y.  He re  a  is a  n u m b e r  in 
(0 ,1) -  we  t a k e  i t  o n l y  as  0 . 05 .  W e  t a k e  e as  a n d  v  as t h e  v a r i o u s  v a r i ­
a nc e  e s t i m a t o r s  m e n t i o n e d  so far .  A s  m e a s u r e  of  p e r f o r m a n c e s  o f  
we c o n s i d e r  t h e  f o l lo wi ng  as  r e c o m m e n d e d  by R a o  a n d  W u  ( 1 98 3 ) ,  a m o n g  
o t h e r s .

1. ‘A c t u a l  c o v e r a g e  p r o b a b i l i t y ’ ( A C P ,  in  b r ie f ) :  T h i s  is t h e  p r o p o r t i o n  

o f  t h e  R (  =  100)  r e p l i c a t e d  s a m p l e s  for wh i ch  ( t G ±  T’.ossv/*') cover s  V'. 
T h e  c lo s er  i t  is t o  0 .95 ,  w h i c h  is t h e  ‘n o m i n a l  c o n f i d e n c e  c oef f i c i en t ’, 

t h e  b e t t e r  f o r  ( t o ,  v) .

2. ‘A v e r a g e  coef f i c ient  o f  v a r i a t i o n ’ ( A C V ,  in b r i e l ) :  T h i s  is t h e  a v er a ge  

ove r  t h e  a b o v e  R  s a m p l e s ,  o f  t h e  v a l ue s  o f  \ f v j t G - ,  w h i c h  r ef l ec t s  t h e  
l e n g t h  o f  t h e  C l  r e l a t i v e  t o  t o  a n d  a s  s u c h  t h e  s m a l l e r  t h e  A C V ,  t h e  

b e t t e r  t h e  ( t c , v ) .

N u m e r i c a l  f i n d i n g s  a r e  g i v e n  in t h e  t a b l e  b e l o w  p r e s e n t i n g  t h e  v a l u e s  b a s e d  

on  H R  s c h e m e  w i t h i n  p a r e n t h e s e s  j u s t  b e l o w  t h o s e  for  L M S  s c h e m e .

6. A SUMMARY OF NUMERICAL FINDINGS
E v e n  t h o u g h  t h e  s a m p l e  a n d  p o p u l a t i o n  6izes a r e  s m a l l ,  for  L M S  s c h e m e  

all t h e  v a r i a n c e  e s t i m a t o r s  s e e m  t o  f a r e  wel l  a n d  a d v a n t a g e s  in u s i n g  o u r  
m o d i f i e d  e s t i m a t o r s  a r e  d i s c e r n i b l e .  F o r  t h e  t h r e e  c ho i ces  of

Q i  e x c l u d i n g  l / x ?  w h i c h  is b a d  s e e m  e q u a l l y  ef fec t ive .  F o r  v^j  t h e  choice



Table

A C P  a n d  A C V  f o r  (v,Q)
(<’,<?> A C P A C V (< -.<?) A C P A C V

( " C l  , 7 7 ) . 90

( . 82)

. 016

( . 0 1 8 )
(»'GJ> 7 7 ) .93

( . 8 5 )

. 018

( . 0 2 0 )

(»’Gi , 7 7 ) .93

( . 8 4 )

. 0 1 9

( . 0 2 1 )
( ^ , 7 7 ) .96

( . 8 7 )

TTTTy j 

( . 0 2 1 )

( « & ; £ ) ■  “ .94

( . 8 6 )

. 0 2 0

( . 0 2 2 )
( » ■ « . £ ) .97

( -87)

. 0 2 0

( . 0 2 3 )

( " G l  , 7 7 ) .93

( . 84)

. 079

( . 0 7 5 )

( l ’G2,  7 7 ) 1 .0 0

( . 97)

. 097

( . 0 9 2 )

( ' ’<31 t 7 7 ) . 90

( . 8 2 )

. 067

( . 0 6 8 )

( t,G2 i 7 l ) .98

( -92)

.071

( . 07 6 )

(«&, .$) .94

( . 8 4 )

.081

( . 0 7 7 )

( l ’G2 . J t ) 1 .0 0

( . 96)

. 085

( . 0 8 6 )

(.*■’<^1 - v r r : ) .90

( . 80)

. 016

( . 0 1 8 )
( t ’G2,  7 7 7 7  ) .93

( . 85 )

. 0 1 8  ; 

( . 0 2 1 )

.93

( . 84)

. 019

( . 0 2 3 )
{VG?> 7 7 7 7  ) . 95

( . 85)

. 019

( . 0 2 3 )
/ ll 1 \ 
( «G1.  7777 ) .94

( . 87)

. 0 2 0

( . 0 2 5 )
( w g j .  7 7 7 7 ) .97

( . 8 5 )

. 0 2 0

( . 0 2 5 )

( » G . , ^ ) .89

( . 8 0 )

. 016

( . 0 1 9 )

.93

( . 84)

. 01 8

( . 0 2 1 )

( " C l .  T 7 7 f ) .93

( . 8 5 )

.019

( . 0 2 4 )

.95

( . 8 5 )

. 019

( . 0 2 3 )

( ‘' c i .  tttt1-) .94

( . 8 8 )

. 0 2 0

( . 0 2 7 )
7 ^ )

.97

( . 85)

.0 2 1

( . 0 2 6 )

K > , ^ ) .97

( . 7 0 )

. 0 2 0

( . 0 2 2 )
( « « .  7 7 ) .97

( . 6 6 )

. 0 2 0

( . 0 2 2 )

( !’n . 7 1 ) .99

( . 8 4 )

. 075

( . 0 7 4 )

( « * 2 . “ l ) 1 .0 0

( . 85)

. 079

( . 1 4 5 )

7 ^7 7 } . 97

( . 7 3 )

. 0 2 0

( . 0 2 1 )
( v * 2 , 7 7 7 7 ) . 97

( . 7 3 )

. 0 2 0

( . 0 2 1 )

K > , ^ ) .97

( . 7 3 )

. 0 2 0

( . 0 2 1 )
( » « . ^ ) .97

( . 73)

. 0 2 0

( . 0 2 1 )

Qi  =  1 / x ?  s e e m s  d e c i d e d l y  p o o r .  For  H R  s c h e m e  t h e r e  is de f i n i t e  r e d u c t i o n  
in A C P  t h o u g h  t h e  r e l a t i v e  p e r f o r m a n c e s  o f  t h e  v a r i a n c e  e s t i m a t o r s  fol low 
a  s i m i l a r  p a t t e r n  a s  in  L M S  s c h e m e .  A g a i n  l / x ]  is a  b a d  choice .  So,  we 
c o n c l u d e  t h a t  L M S  s c h e m e  s h o u l d  b e  p re f f e re d  t o  H R  in s i t u a t i o n s  s i m i ­
l a r  t o  t h e  o n e  c o n s i d e r e d  h e r e  a n d  o u r  a l t e r n a t i v e  v a r i a n c e  e s t i m a t o r s  are  
w o r t h  c o n s i d e r a t i o n  as  g o o d  c o m p e t i t o r s  a g a i n s t  t h e  t r a d i t i o n a l  o n es ,  b o t h  
in  t h e o r y  a n d  p r a c t i c e .
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