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Abstract

Characterization of catastrophic fault patterns (CFPs) and their enumeration have been studied by 
several authors. Given a linear array with a set of bypass links, an important problem is how to count the 
number of CFPs. Enumeration of CFPs for two link redundancy G =  {l,g}  has been solved for both 
unidirectional and bidirectional link cases. In this paper, we consider the more general case of link 
redundancy G =  {1,2, g}, 2^ k < g .  Using random walk as a tool, we enumerate CFPs for both 
unidirectional and bidirectional cases.

Keywords: Catastrophic fault patterns; Combinatorial problems; Random walk

1. Introduction

A standard technique to lower the production costs of VLSI circuits is the provision of on-chip 
redundancy, and accompanying mechanisms to reconfigure the chip component at the occurrence 
of fabrication faults. W ithout the presence of reconfiguration capabilities, the yield of very large 
VLSI chips would be so poor to will make their production unacceptable. In the case of linear 
arrays of identical processing elements (PEs), redundant ones (called spares) are often placed on 
the chip to replace faulty PEs and, therefore, preserve the network connectivity. Besides the
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regular links between neighboring PEs, bypass links are also included to recreate the array 
topology in the reconfiguration phase. However, regardless o f any am ount o f redundancy and 
configuration capabilities, there are always sets o f faults occurring at strategic position which 
affect the chip in an unrepairable way. Such sets o f faults, called catastrophic fault patterns 
(CFPs) has been extensively studied in [1-3] for linear arrays with different varieties o f link 
redundancy.

Let A =  {p0,p 1, p N} denote a one-dimensional array o f  processing elements. There exists a 
direct link (regular link) between p i and p i+1, 0 p i < N . Any link connecting p i and pj, where 
j  > i +  1 is said to be a bypass link o f length j  — i. The bypass links are used strictly for 
reconfiguration purposes when a fault is detected. The links can be either unidirectional or 
bidirectional.

Given an integer g e  [1, N], A is said to have link redundancy g, if for every p i a A with i p N  — g, 
there exists a link betw eenp i a n d p i+g. Let G =  {g1,g 2, gk}, where g j< g j+1 and g je[1,N ]. The 
array A is said to have link redundancy G if A has link redundancy g1,g 2, gk. Notice that 
g1 =  1 is the regular link, while all other gi’s correspond to bypass links. A fault pattern for A is a 
set o f integers F =  {f 0,f 1, f m}, where m p N ,  f j< f j+ 1 and f i e[0, N]. An assignment o f a fault 
pattern F  to A means that for every f  eF , pf  is faulty. The width WF o f a fault pattern F =  
{fo ,f1, . . . ,f g—1} is defined to be the num ber o f PEs between and including the first and the last 
fault in F; that is, WF =  f g—1 — f 0 +  1. A t the two ends o f the array, two special PEs called I  (for 
input) and O (for output) are responsible for I /O  function o f the system. It is assumed tha t I  is 
connected t o p 0,p 1, p gk—1 while I  is connected t o p N—gk,p N—gk—1, p N—1 so tha t all PEs in the 
system have same degree and reliability bottlenecks at the borders o f the array are avoided. Given 
a link-redundant linear array A, a fault pattern F =  {f 0,f 1, f m} is catastrophic for A if and 
only if no path  exists between I  and O, once the faulty p i, ieF ,  and their incident links are 
removed.

Characterization o f catastrophic fault patterns (CFPs) and their enumeration have been 
studied by several authors, e.g. in [2-5]. Given a linear array with a set o f bypass links, an 
im portant problem is to count the num ber o f CFPs. The knowledge o f the num ber o f CFPs 
enables us to estimate the probability that the system operates correctly. Enum eration o f CFPs for 
G =  {1, g} has been done in [1] for bidirectional case and in [6] for unidirectional case. A method 
of enumeration o f CFPs in the m ore general context is given in [7], but no closed form  solution 
has been obtained. Using random  walk as a tool, we derive the num ber o f CFPs for 
both  bidirectional and unidirectional linear arrays with link redundancy G =  {1,2, k,g},  
2 p k < g .

2. Preliminaries

F or G =  {g1, g2, ..., gk} with g1 =  1, CFPs with exactly gk faults are considered because o f  their 
minimality [5]. A fault pattern F =  {f 0, f 1, ..., f gk—1} is represented by a Boolean m atrix [3] W  o f 
size (W p ,g k) where W£  =  J WF/g k ~\ and

W  [i,j] I0 otherwise.

1 if  (igk +  j ) e F ,



Notice that W [0,0] =  1 which indicates the location o f the first fault. Each column of W  con
tains exactly one 1. Let W[hi, i] =  1 for all i and define mi =  hi—1 — hi. We call {m1 , m2, mgk} 
the catastrophic sequence o f F .

Definition 2.1 (Feller [8]). A random  walk is a sequence fe1, e2,e3, ...} , where each si =  +1 or _1. 
The sequence is normally represented by a polynomial line on a X - Y  plane where the kth side has 
slope ek and the kth vertex has ordinate Sk =  X^k=i. e '> such lines are called paths. For example, the 
row {1, _1 , _ 1 , 1, _1 , —1} is represented by a path  from  (0,0) to (6, —2), with intermediate points

Definition 2.2. A subsequence {es+1, es+2, ..., £s+r} o f {e1, e2, ..., en}, rX 1 is called a run o f length r 
if ss a e s+1 =  es+2 =  ••• =  es+r a e s+r+1. Let p 1 and p —1 denote the numbers o f runs whose elements 
are 1 and —1, respectively, and R =  p 1 +  p —1. N ote that R  is the num ber o f runs.

Notations. We assume m X0.
En,m: a path  from  (0,0) to (n, m),

ERm: an Enm path  with R  runs,

ER++: an ERm path  starting with a positive step,

ERm: an ERm path  starting with a negative step,

ER+ ’u. an ER+ path  crossing the line y  =  t , t > 0 at least once,

ER_’t: an ER_ path  crossing the line y  =  t , t > 0 at least once,

N(A): the num ber o f all A paths, e.g.

(1,1) , (2 , 0) , (3, —1), (4 , 0) , (5 , —1) in the given order.

Theorem 2.1 (Feller [8]). Among the ( 2n ) paths joining the origin to the point (2n, 0) there are

exactly [1/(n +  1)] (̂ 2nnj  paths such that S 1 p 0 ,S 2p 0 ,  . . . , S2n—1 p 0 , S2n =  0. 

Theorem 2.2 (Vellore [9]). For m p t < ( n  +  m )/2 and m X 0,



Theorem 2.3. The number o f  paths from the origin to the point (2n, 0) such that S 1p 0  , 
S2p 0  , . . . , S2n—1 p 0  , S2n =  0 and there are exactly 2r runs, is

2
n 

r — 0  - ( n —0 ( n — ' ) ■

Proof. The required num ber o f paths equals

N  (E2r— 
2n, 0) N & ' * ) ,

where E2r—,0n 
2n 0

N (E22n—0) =

is an E 22n 0 path  crossing the line y  =  0 at least once. It is known that

( n — D

(1)

(2)

(see W ald and W olfowitz [10]). To find N ( E ^ ’0*) , let P  be an E ^ ’0* path, i.e., a path  from  (0 , 0) 
to (2n , 0) with the first step negative, with 2r runs and crossing y  =  0 at least once. Then dropping 
the first step and taking (1, —1) as the new origin, we have an E2n—1>1 path  Q. N ote tha t Q crosses 
the line y  =  1 (w.r.t. the new origin) and has 2r — 1 runs if it starts with a positive step and 2r runs 
if it starts with a negative step. Moreover, any path  Q with these properties arises from  an unique 
E2— * path  P  as above. Thus,

N  ( E n / * )  =  N  ( i S —i1,) +  N C E ? / - ^ 1)

n

r — 2
21 n —r 2 — nr —— 21 nr —— 12 

2 )  ( n —O -
(3)

The theorem follows from  (1)-(3). □

n

3. The case of bidirectional links

Proposition 3.1 (Pagli et al. [11]). Necessary and sufficient conditions for {m1, m2, . ,  mg—1} to be a 
catastrophic sequence o f  a minimal CFP for a bidirectional linear array with link redundancy 
G =  {1, g} are

(1) mt =  —1, 0 or 1, for 1 p i p g  — 1,

(2) Sk =  Y a=1 mi P 0  for any 1 p k p g  — 2,

(3) Sg—1 =  Eg—1 mt =  0.



Theorem 3.1 (Nayak [1]). For G =  {1, g}, the number o f  CFPs for bidirectional links is given by

L(g—1)/2J

£
n=0

2n

n +  1
) ( *  — )  ■

1

n

Proposition 3.2. Necessary and sufficient conditions for {m1, m2, ... , mg—1} to be the catastrophic 
sequence o f  a minimal CFP for a bidirectional linear array with link redundancy G =  {1 2 g } are

(1) mg—1 =  0,

(2) mj =  —1,0 , +1 for j  =  1 ,2,3 , . . . , g — 2,

(3) E /=1 m jP 0  for k =  1,2,3, . . . , g — 3,

(4) E g—2 mj  =  0 ,

(5) mt +  mi+1 =  —1,0 , +1 for i =  1,2,3, . . . , g — 3.

T hat is, two or m ore consecutive + 1 ’s or —1’s are no t allowed.

In general, we have the following characterization.

Proposition 3.3. Necessary and sufficient conditions for  {m1, m2, ..., mg—1} to be the catastrophic 
sequence o f  a minimal CFP for a bidirectional linear array with link redundancy G =  
{ 1 2 . k g } k <  g are

(1) mg—1 =  mg—2 =  ••• =  mg—k+1 =  0 ,

(2) mj =  —1,0 , +1 for j  =  1 ,2,3 , . . . , g — k,

(3) E /=1 m jP 0  for k =  1,2,3, . . . , g — k — 1,

(4) E g r f  mj  = 0 ,
(5) mt +  mi+1 +  ••• +  mi+s =  —1,0 , +1 for s =  1,2 ,3, . . . , k  — 1 for i =  1,2 , . . . , g — k — s.

Theorem 3.2. The number o f  CFPs for a linear array with bidirectional bypass links o f  lengths 2 and 
g (i.e., with link redundancy G =  {1,2, g}) is

L(g—2)/2 J n
F  b(1,2, g) =  1 +

n=1 r=1

n

r
11 2— nr —— 21 n —r 1 g — 2(n — r) — 2 

2n

Proof. The num ber o f catastrophic fault patterns is equal to the num ber o f catastrophic 
sequences {m^ m2, . ,  mg—2} satisfying the conditions o f Proposition 3.2. Let the num ber o f —1’s 
(and so the num ber o f +  1’s) in the sequence be n. Clearly then the num ber o f zeroes is g — 2 — 2n. 
We start with a path  from  (0 ,0) to (2n ,0) such that S 1p 0  , S2p 0  , . . . , S2n—1p 0  , (S2n =  0) and 
having 2r runs. R(run) =  1 +  num ber o f changes o f the type (—1, +1) or (+1, —1).



So, the num ber o f paths from  (0,0) to (2n , 0) having (2r — 1) changes o f the type (—1, +1) or 
(+1, —1) and satisfying S 1 p 0  , S2p 0  , . . . , S2n—1p 0  , (S2n =  0) is

2
n

r 0  - ( n —0 ( n — 1

All these paths have 2n — 1 — 2r +  1 =  2(n — r) identical pairs o f the type (+1, +1) 
or (—1, —1). So, to satisfy condition (5) o f Proposition 3.2, we have to plug in a 0 between 
every two consecutive + 1 ’s and every two consecutive —1’s. So the num ber o f zeroes plugged in 
are 2(n — r). The remaining g — 2 — 2n — 2(n — r) =  g — 4n +  2r — 2 positions are also to be 
filled with 0’s. There are (2n +  1) distinguishable positions in which (g — 4n +  2r — 2) 0’s can be 
distributed in

g — 2(n — r) — 2 

2n )
ways. Since n can vary from  1 to L(g — 2)/2  J , the total num ber o f such paths is

L(g—2)/2 J n

E E
n=1 r=1

n —

r —
11 — nr —— 21 n —r 1

g — 2(n — r) — 2 

2n .

N ote that these paths do not include the trivial path  corresponding to the sequence (0 , 0 , . ,  0). 
Hence the theorem follows. □

The next theorem is a straight forward generalization o f Theorem  3.2.

Theorem 3.3. The number o f  CFPs for a linear array with bidirectional bypass links o f  length 
2,3, ..., k and g (i.e., with link redundancy G =  {1,2, ..., k, g}, k < g )  is

L(g—k)/2 J n
F b(1 ,2 ,3, . . . , k ,g) =  1 +  £  £

n=1 r=1

n

r

g — k  — 2(n — r)(k — 1) 

2n

O ' - ( n —0 ( n - ' )  

) .

4. The case of unidirectional links

Proposition 4.1 (Pagli et al. [11]). Necessary and sufficient conditions for (m1, m2, ..., mg—1) to be 
the catastrophic sequence o f  a minimal CFP for a unidirectional linear array with link redundancy 
G =  {1, g} are

(1) m jp 1  for j  =  1,2, ..., g — 1,

(2) E /=1 mj P 0  f o r k  =  1,2, ..., g — 2,

(3) E g—1 mj  = 0.



In general, we have the following characterization for k  > 1 .

Proposition 4.2. Necessary and sufficient conditions for (m1, m2, . . . , mg—1) to be the catastrophic 
sequence o f  a minimal CFP for a unidirectional linear array with link redundancy G =  
{ 1 2 3 . k g } k <  g are

(1) mg—1 =  mg—2 =  ••• =  mg—k+1 =  0 ,

(5) mi +  mi+1 +  ?  +  m jp  1 if  1 p j  — i p k  — 1 .

Theorem 4.1 (De Prisco [6]). The number o f  CFPs for a linear array with unidirectional bypass 
links o f  length g (i.e., with link redundancy G =  {1, g}) is

Proof. The p roof given here is little different from  tha t o f De Prisco [6] and is relevant to the proof 
o f theorems to follow. The theorem is proved by establishing a bijective m apping between the set 
o f all sequences (m1, m2, . . . , mg—1) satisfying the conditions o f Proposition 4.1 and the set o f all 
paths from  (0 , 0) to (2g — 2 , 0) such that S 1p 0  , S2 p  0 , . ,  S2g—3 p  0 , S2g—2 =  0 since the num ber o f

Let s(mi) be the string —1, —1, ..., —1, +1 o f length 2 — mi. To the C FP F  associate string s(F) 
obtained by concatenating s(m1) , s(m2) , . . . , s ^ ^ ) .  F rom  Proposition 4.1 (with k  =  1), it is clear 
that s(F) corresponds to a path  from  (0 , 0) to (2g — 2,0) with the properties stated above. □

Theorem 4.2. The number o f  CFPs for a linear array with unidirectional bypass links o f  lengths 2 
and g (i.e., with link redundancy G =  {1,2 , g}) is

Proof. The num ber o f CFPs is equal to the num ber o f catastrophic sequences (m1 , m2, . . . , mg—2) 
satisfying conditions (2)-(5) o f Proposition 4.2 with k  =  2. Given such a catastrophic sequence by 
using the above m apping we get s(F) =  (x1 , x2, . . . , x2(g—2)) with the following properties:

(2) m jp 1  for j  =  1,2, ..., g — k,

(3) E j =1 m jp 0  for p  =  1,2,3, . . . , g — k — 1

(4) E ^ m /  =  0 ,(4) e :

such paths is (1/g) ^2gg— 2j .  Let F  be a CFP and (m1, m2, . . . , mg—1) be its catastrophic sequence.

(1) x i = —1 or +  1 for i =  1,2, . . . , 2(g — 2) ,

k
(2) £ x,-p0 for k  =  1,2, . . . , 2(g — 2) — 1,

i=1



2(9-2)
(3) ^  ^  =  0 ,

i=1

(4) Xi +  Xi+1 +  Xi+2 p  1 for i =  1,2, ..., 2(g -  2) -  2. (A)

Given any sequence (x^  x2, ..., x2(g-2)) satisfying (A), let y i be the num ber o f + 1 ’s between the 
ith —1 and (i +  1)th —1 and zj =  y i — 1. Then (4) , (2) and (3) o f (A) give

(a) z i =  —1, 0 or +  1 for i =  1,2, g — 3,

(b) Z1 +  Z2 +  ••• +  zk p 0  for k  =  1,2, ..., g — 4,

(c) Z1 +  Z2 +  ••• +  zg—3 =  0 or — 1, (B)

respectively. It is also clear tha t any sequence (z^ z 2, . . . , zg—3) satisfying (B) arises from  a unique 
sequence (x^ x2, ..., x2(g—2)) satisfying (A). So the num ber o f CFPs is equal to the num ber o f 
sequences (z ^ z 2, . . . , zg—3) satisfying (B). Now the num ber o f such sequences is equal to the 
num ber o f sequences (z^ z2, ..., zg—2) satisfying the following conditions (where zg—2 is taken to be 
0 or 1 according as z 1 +  z2 +  ••• +  zg—3 is 0 or —1).

(a) z t =  —1, 0 or — 1 for i =  1, 2, . . . , g — 2,

(b) z1 +  z2 +  ••• +  zk P 0  for k =  1,2, ..., g — 3,

g—2

(c) E  z i =  0:
i=1

Any such sequence with n — 1’s has n +  1’s and g — 2 — 2n 0’s and can be obtained by starting 
with a path  from  (0 ,0) to (2n ,0) such that S 1p 0  , S2p 0  , . . . , S2n—1p 0  , S2n =  0 and plugging in 
g — 2 — 2n 0’s in the (2n +  1) distinct places (2n — 1 intermediate places and two m ore places

before and after the sequence). Clearly the num ber o f such paths is [1/(n +  1)] and for each

path, the num ber o f ways o f plugging in the 0’s is

2

V n

(g — 2 — 2n) +  (2n +  1) — 

2n 0  - ( g — 2 ) -

Hence the theorem follows. □

Theorem 4.3. The number o f  CFPs for a linear array with unidirectional bypass links o f  lengths 2 , 3 
and g (i.e., with link redundancy G =  {1,2 ,3, g}) is

L(g—3)/2J n
F U(1,2 , 3, g) =  1 +  Y ,  E

n=1 r=1 ( n — O H  • — 0  ( : —0  K g

3 — (n — r) 

2n .

Proof. The num ber o f CFPs is equal to the num ber o f catastrophic sequences (m1 , m2, . . . , mg—3) 
satisfying conditions (2)-(5) o f Proposition 4.2 with k =  3. Given a catastrophic sequence by using



the m apping given in the p roof o f Theorem 4.1, we get s ( F ) =  (x1 , x2, ... , x2(g—3)) with the 
following properties:

(1) x i =  —1 or +  1 for i =  1,2,3, . . . , 2(g — 3) ,

k
(2) £ xi P 0  for k  =  1,2, . . . , 2(g — 3) — 1,

i=1
2(g—3)

(3) Y  xi =  0 ,
i=1

(4.1) x i +  x i+1 +  x i+2 p  1 for i =  1,2, . ,  2(g — 3) — 2 and

(4.2) xi +  xi+1 +  xi+2 +  xi+3 +  xi+4 p  1 for i =  1,2 , . ,  2(g — 3) — 4. (C)

Given any sequence ( x ^ x 2, . . . , x2(g—3)) satisfying (C), let y i be the num ber o f + 1 ’s between 
ith —1 and (i +  1)th —1 and z i =  y i — 1. Then (4.1) , (4.2), (2) and (3) o f (C) give

(a.1) z i =  —1, 0 or +  1 for i =  1,2, . . . , g — 4,

(a.2) — 2 p z i  +  Zi+1 P 1 for i =  1,2, . . . , g — 5,

(b) Z1 +  z2 +  ••• +  zkP 0  for k  =  1,2, . . . , g — 5,

(c) Z1 +  Z2 +  ••• +  zg—4 =  —1 or 0. (D)

respectively. It is also clear that any sequence (z ^ z 2, . . . , zg—4) satisfying (D) arises from  a unique 
sequence (x^ x2, ..., x2(g—3)) satisfying (C). So the num ber o f CFPs is equal to the num ber o f 
sequences (z ^ z 2, . . . , zg—4) satisfying (D). Now the num ber o f such sequences is equal to the 
num ber o f sequences (z ^ z 2, . . . , zg—3) satisfying the following conditions:

(a.1) z t =  —1, 0 or +  1 for i =  1,2, . . . , g — 3,

(a.2) — 2 p z i  +  zi+1 P 1 for i =  1,2, . . . , g — 4,

(b) z1 +  z2 +  ••• +  zk P 0  for k  =  1,2, . . . , g — 4,

g—3
(c) £  zi =  0. (E)

i=1

Any such sequence with n — 1’s has n +  1’s and g — 3 — 2n 0’s and can be obtained by starting 
with a path  from  (0 , 0) to (2n , 0) such that S 1 p  0 , S2 p  0 , . ,  S2n—1 p  0 , S2n =  0 and having exactly 
2r runs. The num ber o f such paths is

) ( n —0

by Theorem  2.3 R(run) =  1 +  num ber o f changes o f the type (—1, +1) or (+1, —1). All these 
paths have (n — r) identical pairs o f the type (+1, +1) and (n — r) identical pairs o f the type 
(—1, —1). Now to satisfy condition (a.2) o f (E) we have to plug in a 0 between every two 
consecutive + 1 ’s. So the num ber o f 0’s plugged in is (n — r). The remaining places are also to be

n — 1 2— n — 1

r — 1 — r



filled up with 0’s. There are (2n +  1) distinct places for each such path  in which g — 3 — 2n 
(n — r) 0’s can be plugged in

g — 3 — (n — r) 

2n )
ways. Since n can vary from  1 to L(g — 3 ) /2 j ,  the total num ber o f such paths is

2L(g-3)/2J n

E E
n=1 r=1

n

r
11 — n —r 1 nr —— 21 g — 3 — (n — r) 

2n )
N ote that these paths do no t include the trivial path  corresponding the sequence (0 , 0 

Hence the theorem follows. □
0).

Theorem 4.4. The number o f  CFPs for a linear array with unidirectional bypass links o f  length 
2 ,3, . . . , k and g (i.e., with link redundancy G =  {1,2 , . . . , k , gg) is

L(g—k)/2J n
F U(1,2 ,3, . . . , k ,g) =  1 +  Y  E

n=1 r=1

n

r

g — k  — (n — r)(k — 2) 

2n

0  —( n — 1 ) ( n —2 )  

) ■

Proof. The num ber o f CFPs is equal to the num ber o f catastrophic sequences (m1, m2, ..., mg—k) 
satisfying conditions (2)-(5) o f Proposition 4.2. By using the same argum ent as in the p roof o f 
Theorem 4.3, the num ber o f such sequences is equal to the num ber o f the sequences 
(z ^ z 2, . . . , zg—k) satisfying the following conditions:

(a.1) z i =  —1, 0 or +  1 for i =  1,2, . . . , g — k,

(a.2) — 2 p z i +  zi+1p 1  for i =  1,2 , . . . , g — k  — 1

(a.k — 1) — (k — 1) p z i  +  zi+1 +  ?  +  zi+k— 2  p  1 for i =  1,2, . ,  g — 2k +  2

(b) z1 +  z2 +  ?  +  zp p  0 for p  =  1,2, . ,  g — k — 1

g—k

(c) E  z i =  °-
i=1

(F)

Counting the num ber o f such sequences is done as in Theorem 4.3 except that instead o f 
plugging in one 0 we have to plug in (k — 2) 0’s between any two consecutive + 1 ’s to satisfy 
conditions (a.2)-(a.k — 1) o f (F). Hence the theorem follows. □
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