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SUMMARY. The notion of mixing is extended to flows of o-algebras. Suppose a sto-
chastic process is mixing in some sense. Conditions under which this process, observed
at random times, inherits mixing property are discussed. Moment inequalities for mixing flows
of o-algebras are obtained. Applications to random fields are studied.

1. INTRODUCTION

The concept of strong mixing for sequences of random variables was
introduced by Rosenblatt (1956) to study long range dependence or indepen-
dence. This concept was generalized and several applications are discussed
in the literature. Our aim here is not to give a survey of these results but
to study a more general concept of mixing for o-algebras. For a nice survey
of mixing sequences and their properties, see Roussas and Ioannides (1987).
In order to motivate the reason for developing the noting of mixing for
o-algebras (not be be confused with mixing transformations on measure spaces),
let us consider the following problem.

Suppose {X(t),¢ > 0} is a stochastic process defined on a probability
space (Q, &# P) and the finite dimensional distributions of the process are
determined by a parameter §. If the process X is continuously observable
over [0, T'], asymptotic properties of maximum likelihood estimator and other
types of estimators of § are studied for certain classes of processes by several
authors. For instance, see Basawa and Prakasa Rao (1980), Kutoyants
(1984), Grenander (1981) and XKarr (1986). Nonparametric inference for
stochastic processes, based on continuous realization of X over [0, T'], is
discussed in Prakasa Rao (1983). In practice, the entire sample path is not
available and suppose the process is observed only at random time points
{r,}. The problem is to infer about the characteristics of X based on
{X(7¢), 1 <7 < n}. In general, {X(r;),¢ > 1} does not possess all the infor-
mation about X. For instance, if 7,,, > 7,+s for all n and some s > 0, then
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2 B. L. S. PRAKASA RAO

it might not be possible to get information about (X(0), X(s)) unless some addi-
tional information on the process X is available. This problem has been
considered earlier by several people. We will discuss nonparametric and
parametric inference aspects of this problem in a separate publication.

The problem of interest in this paper is to find out whether a mixing condi-
tion on a process X is inherited by the sequence {X(r,),n > 1}. In general,
it need not hold. We extend the notion of mixing to flows of o-algebras and
obtain some consequences. We restrict our attention to extending the notion
of ¢-mixing (or some times referred to as uniform mixing). Other concepts
of mixing can be developed and studied in this larger frame work of g-algebras.

2. MIXING FOR FLOWS

Let (Q &, P) be a probability space. Let {&:, ¢ > 0} be an increasing
flow of o-algebras contained in sFand {{;, ¢ > 0} be a decreasing flow of
o-algebras contained in &, that is,

FC Fif 0t <s< oo,
and GDE if 0gtgLs <.

Definition 2.1 : The increasing flow {& } is said to be ¢-mizing weakly
with the decreasing flow {{s}, if for every 4 e &, t > 0

|P(4 N B)—P(A)P(B)| < ¢(|s—1t|)P(4) . 20

for every B e &5, s > 0 where ¢(u) | 0 as u— 0.
Definition 2.2. For any real-valued non-negative random variable 7,
defined &, to be the o-algebra generated by sets 4 € & such that 4 M[7 < ¢]
€ &, t >0 when {&}is an increasing flow of o-algebras and ¢, to be the

o-algebra generated by sets Be . such that B()[r > sl€{;, s > 0 when
{Cs} is a decreasing flow of o-algebras.

Definition 2.3 : Let {r,,» > 1} and {S,,n > 1} be increasing sequences
of non-negative random variables. The increasing flow {&;} is said to be
@-mizing strongly with the decreasing flow {¢;} with respect to {r,} and {S,}
if, for every Ae 3-‘,”’ n > 1 and Beg’s ,

| P(AN\B)—P(4)P(B)| < E{$(|7,—5Sm|)}P(4) . (2.2)

and E{¢(|7,—Sm|)}—> 0 whenever |7,—8;,| 2 o0 as m — co.

Definition 2.4 : If the increasing flow {&;} is ¢-mixing strongly with
the decreasing flow {{;} with respect to every pair {r,} and {S,} of increasing
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sequences of non-negative random variables, then the increasing flow {&} is
said to be @-mixing strongly with the decreasing flow {{}.

Definition 2.5: Let {X; ¢ > 0} be a stochastic process defined on a
probability space (Q, &, P). Suppose {X;, ¢ > 0} is progressively measurable
and {r,, n > 1} is an increasing sequence of non-negative random variables.
Define &¥ and (¥ as in Example 2.1 given below. If {&:)}is ¢-mixing
strongly with the flow {{,X} with respect to {7,}, then {X;} is said to be ¢-mixing
strongly with respect to {r,}.

Example 2.1 : Let {X;t > 0} be a stochastic process defined on a
probability space (Q,&, P). Define

FE = o-algebra generated by Xy, 0 < u < ¢
and {X = o-algebra generated by X,, v > s.

Clearly {&{} is an increasing flow and {{¥} is a decreasing flow of
o-algebras. If {X;, ¢t > 0} is ¢-mixing in the classical sense, then {&F} is
¢-mixing weakly with {{} in the sense of Definition 2.1.

Example 2.2 : Suppose {X;, ¢ > 0} is a stationary ¢-mixing stochastic
process defined on a probability space (Q, &, P). Let {r,,n > 1} be an
increasing sequence of non-negative random variables defined on (Q, &, P)
independent of {X;, ¢ > 0}. We assume that {Xr,, » > 1} is well-defined and

| Tn—Tntm| 5 o0 as m— oo for every n > 1. Further assume that the condi-
tional distributions indicated in the following exist. For any = > 1,

P(X, <2 Xq,, <)

= 1.;2}. P(ka < z, ka_,.” < y ITk =1, Tptn = S)d/l'gk’ 'k+n(t, 8)
where ,u,k a is the joint probability measure of (74, 7;,,).
+7

Hence
P(X, < =, X,,H_n <)
= 1.3[2 PX: <z, Xy <yl =14, Tisn = 8) d:uqk’ 1,‘“‘( )
+
= j‘2 PX: <z, Xs <y)du - Tk+n(t’ 8)
R+

(by independence of {X;} and {r,})
= ] [P(Xe < 2) PXs < )05, 2, 9) iy, (6:9)

R}
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where
[¥(s, t 52, 9)]| <@(|s—t])P(Xs < 2) (since X is ¢-mixing)

= ¢(|s—t|)P(X, < ®) (by stationarity of X).
Therefore
[PX, <X <y)—PX, < 2)PX, <y)]

<{ 1 #(s—t)du, , (&)} PX,<2)
R}
= Blg(|75—Tksn )] P(X, < 2). . (23)
Note that, for any & > 1,
<

PX z) = Rf P(XT z| T = 1) d,u,r (]
+

= [ PX;<z|me=1t)dp, ()
L

Tk

= | P(X; < @) du, ()
2

= [ P(X, < 2) du, (0
Ry

= P(X, < ). . (24)
(2.3) and (2.4) imply that

|P(X, <X, <y9-PX,<oPX, <y

< PX,, < 2) Blg(| me—Tksnl )] - (2.5)
Observe that

El¢(|T6—Tk.n])]—> 0 as n—> oo for fixed k > 1

by monotone convergence theorem since ¢(-) | 0 and |7x—7%,,] 5w as

n— . It can now be shown that, for any A e gx and Be tf
k+n

| P(A (N B)—P(A)P(B)| < P(A)E[H(| Te—Tr1n|)]

where E[P(|Tx—T41,])]-> 0 as n—oco. Hence {X;} is ¢-mixing strongly
with respect to {7,}.

Example 2.3: Suppose {X; t> 0} is a stationary ¢-mixing process
defined on a probability space (L, &, P). Let {r,,n > 1} be an increasing
sequence of non-negative random variables defined on (Q, &, P). Let ¥
be the o-algebra generated by Xy, 0 < u < fand {; be the o-algebra generated
by sets of the form [7x > s], k> 1. Suppose the flows {FF, ¢t > 0} and
{7, s > 0} are Y-mixing in the sense that

| P(4]B)—P(4)| < $(|t—s]|)P(4)
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for all Ae¢ &FX and Beg? and y(s) > 0 as s—> 0. With the same notation
as in Example 2.2, let us compute, for » > 1,

P(Xﬁ < =z, Xﬂm <)

= | PXi<a X <ylme=bThpn=9)dp,, . (55)

R}
= _[2 [P(X: <2, Xs < y)+Hot, 852, 9)ldp, T,M(t, s) ... (2.6)
R% ’
where |Hyt, 852, y)| < Y(|t—s]) P(X: < 2, Xs < 9).
Similarly
P(X, <9)= [ PO <aln=0du, (0
= 1 [PLX, <L N0 .o 2])
+
where |Hy (¢ 2)| < ¥(0) P(X; < ). ... (2.8)

By stationarity and ¢-mixing properties of stochastic process X, it
follows that
|P(X: < 2, Xs < y)—P(X; < 2) P(Xs < )
< @(|t—s|) P(X; < @)
= @(|t—s|) P(X, < @), . - (2.9)
lHl(t’ 85, ?I)l
< ¥(lt—s]) [P(X: < 2) P(X, < y)+é([t—s]) P(X, < )]

— (| t—s]) P(Xo<2) P(Xo<y)+U([t—5])$(| t—8| P(X,<2). ... (2.10)
Relations (2.7) and (2.8) prove that, for any k > 1,
P(er < 2) = P(X, < x)+Hy(x), .. (2.11)
where |Hy(z)| < ¢ (0) P(X, < 2).
Relations (2.6), (2.9) and (2.10) show that
POy, <Xy, <

= [ [P(X, < 2) P(X, < y)+H G 85, y+H s @ y)ldpn,, . (9)

Ry
(2.12)
where |Hyt, 85 2,9)] <@(lt—s]) PX, < ). .. (2.13)
Hence
P(Xu < 2, Xﬂm <y) = PX, < 2) PX, < y)+Hyx,y) ... (2.19)
where

|Hs(x, 9)| < I{¢(|t-8l ) P(Xy < 2)+9(|t—s]) P(X, < ) P(X, < 9)

S Wlt=s) g (11=s]) P, < D}y dp, . ()
< P(X, < %) B[] Te—Trin )] ... (2.15)

whore 1 = p+¥+.
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Note that, from (2.11),

P(X, < 2) P(X, < y) = [P(X,, < 2)—Hy@)][PX,, <y)—Hyy)]

= P(X, <2)P(X, < 9)+Hyz9) .. (216)

Tk
where

|He(w, )| < |Hj(@)|+ | Hs(y) |+ | Hs(x) Hyy) |
< ¥(0) [P(X, < 2)+P(X, < y)+¢(0) P(Xp, < 2) P (X, < )] ... (217)
Relations (2.14)—(2.17) show that

P(X, <z X, <y—PX, <PX

Tren

<)

= H7(x9 ?/),
where

| Hy(z, Y| < |Hylz, y)| + | Hg(x, y) |
< P(X, < 2) B[n(re—Ti40)]
+9(0) [P(X, < 2)+P(Xy < 9)+Y(0)P(X, < 2)P(X, < 9] ... (2.18)

Hence
|P(X, <=X, <y)-PX, <2)PX, <yl
< {P(X < @)—Hy(x)} E[??(ITk—TMI)]
+¥(0) [P(X < 2)+P(X, < y)
+Y(0)P(X,y < y)P(X, < y)l. .. (2.19)
If, in addition y(0)= 0, then Hy(x) = 0 and
|PX, <zX, <y—PEX, <o)PX, <y
< PX,, <2) E[p(1 76— Ti1n |)] . (2:20)
where 1= ¢+Y+4Y.
This proves that X is 7-mixing strongly with respect to {r,} provided ¢(0) = 0.
Example 2.4 : Let {X; t > 0} be a stationary ¢-mixing process and
T, = § Y, where Y; are i.i.d. non-negative random variables independent of
{X4, t‘; 0} with E(Y;) > 0. Then {X ,i>1}is ¢-mixing strongly with res-

pect to {r,}. Assume that the conditional distributions in the following
exist.
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Note that
PX, <X, <y)

= jz P(er <@, X"'k+n LYlte =1t Tk, =8)du (¢, 8)

Tks Tk+n
+
= j' PX, < 2, Xs Lyl = ¢, Thypy = ) d'”"rk, Toen (¢, 8)
‘R+
=11‘2 PX, <z, Xs<y)dp, rean (5 8)

(By independence of {X;,¢ > 0} and {r,})
= j" PX; <z Xs < y)dp (t, s—1)

Tk> Tk4n—Tk

=] PX.< % X <y)dp,, Odu,, _, (6~

Th4n—Tk

(By independence of {Y;})

=1 PE < Xt <9, O dn,,, ., (6=
+
(By stationarity of X)

—I {P(X, < 2,) P(Xs—¢ < y)+0@(]5—t] )P(X, < @)}

dﬂfk (t)du (s~1)
(By ¢-mixing property of X)
= P(X, < 2)P(X, < )+ P(X, < 2)0{E ¢ Tern—76 )]}

=PX, < oPX, < y+PE < )OEB(|Tirn —7x])]}

Te+n—Tk

since
P, <2)=] P(X, <oln=1dp, (0
By
=[ PX;Kzlre=1) d,u,r’c ()
By
=] P(X; <) dp, ()
By
— | P(X,< ) du,, ()
By
= P(X, < @)

forall k > 1. Hence
[PX, <o X ) -—P(X,k < 2)P(X Teen < 9|

< P(X'r,c < x) E[¢(|Tk+n_7kl)]°
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Since Tg,, —Tk —> 00 as n — oo for any fixed £ and ¢ (s) | Oass — o0, an
application of monotone convergence theorem implies that

{X.,, i > 1} is ¢-mixing strongly with respect to {r,}.

Definition 2.6 : A process {X;, ¢t > 0} is said to be ¢-mizing stably if,
for every set E with P(E) >0, and for every 4e&F¥ and Belf,
0K i<s< o,

‘ | P(4 (\ B|E)—P(A|E)P(B|E)| < 4(|t—s|)P(4]E)
where ¢(-) | 0 as s— oo and ¢(-) not depending on E.

Example 2.6 : Suppose {X;, ¢ > 0} is a progressively measurable stationary
stochastic process adapted to an increasing flow {;} of o-algebras defined
on a probability space (Q, &, P). Let {r,, » > 1} be an increasing sequence
of discrete-valued non-negative stopping times adapted to {&;}. Further
suppose that, for all a > 0,

P(X Lzltg=a)= P(X,k < %)

and P(X, o S Y Thyn 2 Ti|Te = a) = P(X <y

Assume that {X,} is ¢-mixing stably in the sense of Definition 2.6. Then
{X,k, k > 1} is ¢-mixing strongly with respect to {7,}.

Tk+n

As in the earlier examples, let us consider
PX <zX_ <y

k+n =
= IP(X KtB=a;X_ <Y Ten 2> k|6 =0a)dp_ (a)
(here By () is the proba,bllity measure of 7)
_IP(XG T, Tg = a,; X n<y,7k+n>"/|7k=a)dﬂ:k(a)

= j" PXe < 2,76 = a|Tk = a)P(X _— LY Thn > a|Te = a) d,uTk (@)

+

+I { IO(¢(Ib—aI))P(Xa , Ty = a) dp (b)} du,, (a)

Tkin l Tk=a

e < U Then > Te| e = @) dp, (@)

D) 1, 0

= [P, < a|m = P(X
;}q{ Ifz+0(¢(lb—al))P(X,k L %|1p=a)dp
=PX < 2)PX, <y)
+ {RI+ O(B[$(|Tsn—al) |7k = a]) du,, (@}P(X, < ).

Tkin

= P(X,, < 9)P(X,, < 9)+OEB(| 7] )]) PX,, < 2).
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Remarks :  If the process X in Example 2.6 is ¢-mixing but not necessarily
$-mixing stably, it is not clear how to relate the finite dimensional distributions
of stopped sequences and the original process. One expects the mixing to

Tk

hold for stopped sequene if |75| < K¢ < oo a.s.and Iim-Tﬂﬁnz—— >d>0as.

We have not been able to formulate the result under these conditions.

3. MoMENT INEQUALITIES

Theorem 3.1 :  Suppose {F;} is an increasing flow and {{s} is a decreasing
flow of o-algebras defined on a probability space (Q, &, P). Further assume
that { &} and {{s} are ¢-mizing weakly in the sense of Definition 2.1. Let ¢
be Zi-measurable and 1 be {s-measurable real valued random variables such that
E|E|? < oo, E|n|9 <o with 1/p+1jg=1, p>0. Then

|EEn)—EE)Em)| < 2[p(|t—s|)]VP(E|E|P)VD(E || 2)V. - (3.1)

Remarks : Proof of this theorem is the same as the classical proof for
¢-mixing processes as the standard proof does not make use of the fact that
the o-algebras under consideration are generated by a stochastic process
{Xi,t > 0}. For ¢-mixing processes {X;, ¢ > 0}, see Theorem 5.1 in Roussas
and Ioannides (1987). We now give a sketch for completeness.

Proof : Let

k
E.= 21 E.liIA.:Aie\’ybP(A‘)>Oal <'&<k,
i= i

!
and n= X 9;IB;, Bje§s, P(By) > 0,1<j <,
j=1

where &; and 7; are real numbers and I, denotes the indicator function of a
set A. Note that

|E@n)—EE) E()|
= IEI jz Es{P(A¢ () By)—P(A)P(By)}|
= | ? ,Z €y P(4q) [P(Bs| A¢)—P(By)]|
= |§ EwiP(4y) | (where y; = 12 75 [P(Bj| 4:)—P(By)))

= |EEY)|(where ¥ = g‘.yi I,
1e=1 4
SEEY|
< (B|E[2)V? (B] Yaa, . (32)
Al1-2
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It can now be checked by arguments similar to those given in Theorem 5.1
of Roussas and Ioannides (1978) that

(B Y9 L 2P(1i—s|)]V? (B || e (3,3)
and, hence from (3.2) and (3.3), it follows that
[EEn—EE)EM)| < 2(p(|t—s|)V2 (B [E|2)V/2 (B |n|2)Ve.

This proves the theorem a for simple $;-measurable random variable £ and a
simple {s-measurable random variable 4. The general case again follows
from Lemmas 4.1 and 4.2 of Roussas and Icannides (1987). [J

Theorem 3.2 :  Suppose { F} and {{s} are ¢p-mixing weakly as in Theorem
3.1. let & and n be F-measurable and {s-measurable real valued random vari-
ables respectively such that

E] < Myas., || < Myas.
Then

|EEn)—EE)EMm) | < 2¢(|t—s|) MM, .. (34)

Remark : Proof of this theorem is same as that of Theorem 5.2 in Roussas
and Joannides (1987) by replacing &* by & and &g, by {. A more general
version of Theorem 3.2 is as follows.

Theorem 3.3 : Suppose an increasing flow {F} and a decreasing flow
{Cs} are p-mizing weakly as in Theorem 3.1.

Further suppose that
118 3tl-measumble,
g8 &’t‘-measumble and § Si-measurable for 2 i n—1,
and € 18 &, -measurable
where t; T and sy T. Assume that
8] <K Mias,l i n
Then [B(E1Es - En)—E(E) EEs) ... EE,)|

<2 { b B(lsta—t1 M, ... (3.5)
i=1 i=1
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Proof : The result holds for n = 2 by Theorem 3.2. Suppose it holds
for n—1. Then

|BEy e ... 8,)—BE) EEy) ... BE,)]
< |BE By Ep)—BE Ep ... By a) BE, |
FEEn| |BE; ... Epa)—EE) .. BCpa)]

= I, +1, (say).
Observe that
E1oobpoy 18 \sﬁtn_l -measurable,

and £.i8 ¢ an-measurable.
Hence I <28(]sp—tua | VE 81| E|Es.. .8, ]
< 2¢(|8p—tpal|) M{M,y.. M,. .. (3.7)

By induction argument,
| Bs Eu) =BG BGna)| < 2 {5 glloa—tel)} Moo By . (39)
Hence I, < 2{Eqsusm_m)}M1M2...Mn. .. (39)
Combining (3.6)—(3.9), we have
| By £ )~ BEDEEy)... BE,)|

n=1 £y
<2{’Z psea—t)} MMy My O o (310)

Theorem 3.4 : Suppose the flows {Fi} and {{s} are as defined in
Theorem 3.3. Define &;, 1 < ¢ < n as before. Further suppose that

2n 1
E|Ei|Pi< o0, pg>1and T — =1.
i=1 Pi

Let r, = max (p;..., b,). Then
| BEy. £)—EEy)...BE,)|

n—1 n .
<2{ Z Bllsa—tiD e 1L (B2 e (311)
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Proof :  Clearly the theorem holds for n = 2 by Theorem 3.1. Assume
that the theorem holds for n—1. Then

| EEks-- £n)—EEr) BE,).. . BE,) |
< VEGEiEs. - £0)—EEy) B Ey) |
T B8] | EEs.. £,)—EE,)... BE,)|

= I3+1, (say). . (8.12)
Note that

I, < 209 sy—t )T "HE |5, | ) "B |, £, |9) (where 1/p+1/p, = 1)

< 23| sa—t, NI HE |8, |7 PHB |5y 1) 2 (B 1E, )T L (3.13)

by Holder’s inequality. On the otherhand
[EE,.. 8n)—E ). BE,)|

n—1 » n
<22 {[#(lsua—t] )}/ n-1 I (B R . (3.14)

by induction hypothesis where 7,_; = max (g, ..., q,), ¢ = %, 21K n

(note that 1/g,+...+1/q, = 1). Observe that 7, , <7,. Furthermore

1
BlEy| < (B1%]™) " e (315)
as p; > 1. Hence

1, <2 5 BUsa—tl @] ) P Bl ) @10

Relations (3.12)—(3.16) prove the result since 7, > p;. [

In the light of Theorems 3.1 to 3.4 obtained, it is clear that one can obtain
the following results for flows of o-algebras {&F;} and {{;} which are ¢-mixing
strongly with respect to sequences {r,} and {Sp} as defined in Definition 2.3.
We omit the proofs. One has to replace ¢(|t—s|) by E¢(|7,—Sm|) at the
appropriate step in the argument.

Theorem 3.5: Suppose {r,, n > 1} and {S,, n > 1} are increasing
sequences of mon-negative random variables and the increasing flow {Fs} is
$-mizing strongly with the decreasing flow {{s} with respect to {r,} and {S,} in
the sense of Definition 2.3.
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Let £ be &, -measurable and 7 be §Sm-mea.surable real-valued random
variables such that
EE|? <o, B|g]?<o0,p> o,%+%= 1.
Then
|EEn)—EE) EM)| < 2B[$(|7,—Sm|))H/P (B|E|2)/P (B 17 |0y,

Theorem 3.6 :  Suppose {F;} is ¢-mixing strongly with {{s} with respect
to sequences {r,} and {Sm} as in Theorem 3.5. Further suppose that & and 3
are &, measurable and {y -measurable real valued random variables such that
n m

E] < Myas. and |1] < M, as.
Then |BEn)—EE) BE)| < 2 B{g(|7,—Sm )} MM,

Theorem 3.7 : Suppose {F} is p-mixing strongly with {{s} with respect to
{r.} and {Sp} as in Theorem 3.5. Further suppose that

£, 18 a‘,l-measumble,
E; ts 3,‘—measumble and § Si-measumble for 2 i< n—1,
and £, s ¢ Sﬂ-measumble.
Further suppose that
€] S Mzas. 1<K n.
Then | EELs. £n)—E(Ey).. . BE,) |

n—1 n
< 2T B Sia—me}| T .
i=1 =1

Theorem 3.8 :  Suppose the flows {F} and {{s} are as defined in Theorem
3.7. Define {€;} as in Theorem 3.7. Suppose that
El5|% <o, pi > 1,
and n
s 1oy
i=1 Pi

Let r, = max (py, ..., p,). Then
[EE,.. E)—EE,).. . EE,) |

n—1 n .
<23 BN Spay—7e] )} I (& 24| P52,
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4. REMARKS ON MIXING FOR FLOWS INDEXED BY DIRECTED SETS

Let (Q, &, P) be a probability space. Let {&,¢e I} and {{;, sel} be
indexed families of sub c-algebras of & Suppose I has a partial ordering
< such that

&, C S, if , <7, and §,1 D) §,2 if ry <y

and d(-,) is a metric on I. {Z;, tel} is said to be an increasing flow and
{Cs, sel} is said to be a decreasing flow of o-algebras.

Definition 4.1 : The increasing flow {&;, tel} is said to be ¢-mizing weakly
with the decreasing flow {, seI} if for every A e &y tel,

| P(ANB)—P(4) P(B)| < ¢(d(t, s)) P(4)
for every Be{; where ¢(d(t,s)) | 0 as d(t, s)— oo.

Example 4.1. Let I = %% d > 1 denote the set {z = (2y,..., 2a) 124 =
{0, +1,...}, s =1, ..., d equipped with the maximum norm [jz| = max 2.
1si<d

For 2 = (), ...,2()) and 2® = (P, ...,2) in g%, define 2 <2® if
%Y L #Pfor 1 <1 < d. Let X = {X,, 2z ¢ &% be a family of random variables
defined on a probability space (Q, &, P). X is called a d-dimensional random
field. For any ze &° define &, to be the o-algebra generated by Xy, u < 2
and ¢, be the o-algebra generated by X,, v >z. The d-dimensinal random
field X is said to be m-dependent if for any finite subsets U, V C &4, the
set {Xy, we U} is independent of {Xy, ve V} when |[u—v|| > m for all ue U
and ve V. It is clear that {,} is ¢-mixing weakly with {{,} where

Pl = 0 if |ul] > m.

Remarks : 1t is easy to see analogues of Theorem 3.1 to 3.4 hold for
the flows {&, te I} and {{s, s € I} whenever they are ¢-mixing weakly. In
particular, one can obtain the following moment inequality for random fields.
Discussion of analogues of other results is left to the reader.

Theorem 4.1 : Define {$2, Z € %%} and {{;, 2z € X% as in Example 4.1.
Suppose {Fz, 2z € X% is ¢-mixing weakly with {{,,ze &} in the sense of
Definition 4.1. Let § be SFy-measurable and y be {y,-measurable such that

ElE|?» <0 and E|y|? <o, 1/p+1l/g=1, p>0.
Then
|EEn)—EE)E®)| < 2¢(lu—)]V? (B8 |2)"2 (B|7y|9)e.
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5. REMARKS

We have generalized the concept of mixing and obtained some moment
inequalities. The problems of obtaining moment inequalities for sums of
random variables measurable with respect to o-algebras which are ¢-mixing
strongly, central limit theorems, Berry-Esseen type bounds etc. remain open.
We hope to come back to these problems in a future publication.
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