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Abstract: A n efficient algorithm is proposed for, computing the rank orders o f  pel gray levels o u t  ninnim- ir. .1 I >
image array. For a n x n =  M -pels window, it is shown that the worst case computer complexity is (>( Ml .mil n is i‘f: ■
of the im age business'. Practical results show a factor o f  1.5 to 2.5 improvement over the worst case anil this .iI;n-iii!ii:i i ■ 
favourably w ith other proposed algorithms.-The algorithm may be used for min, max or median lillcnm; .is well ,n k: - 
transformations involving rank orders.
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1. Introduction

Consider  a  two-dim ensional (2-D) a rray  of in 
tegers represen ting  the  gray levels o f  pels of an 
image. F o r  each pel position, called the  candida te 
pel position, consider  a sub-array or  w indow  of n x  n 
pels a round  it. W e address here the com pu ta t iona l 
aspect of sorting  the gray  levels of each  window in 
decreasing o r  increasing order  of m agnitudes.  I f  the 
candidate pels are  encountered  in a  raster-scan 
mode, the co r respond ing  window m a y  be assumed 
to  slide or run  horizontally  with the candida tes .  The 
te rm  running w indow  is used to  deno te  this process.

The window gray  level sorting can  be used for 
image smoothing where for each cand ida te  pel, the 
median, min or  m a x  of the  gray levels in the win
dow  is found an d  the cand ida te  pel g ray  level is re
placed by the found  value. The process m ay be 
termed as m edian,  m in  or  m ax filtering. M o re  gen
erally, one m ay  th ink  of a k-th  o rder  filtering where 
the  gray level o f  the  cand ida te  pel is replaced by the 
&-th order g ray  level over the w indow  where 1 <  
k ^ n 2. Based on  the  local constra in t o n  the image, 
k  may vary from  cand ida te  to  candidate. In such a 
situation it m a y  be wise to  have a n  efficient algo

r i thm  tha t  returns com plete ordering at each c.imli- 
da te  pel ra the r  than com pu ting  median, max nr m m  
alone.

.L e t  n2 =  M.  Sorting by an algori thm like q u ic k 
so r t  has  an  expected 0 ( A /  log M )  complexity while 
its w ors t case complexity is ( ) ( . \ / : ). While c o m p u t 
ing complexity, we consider  only the num ber  <>f 
com parisons  required per  window. l or a <1ijmi.iI 

im age gray level array, there exist two t y p o  of re 
du n d an c y  tha t  many be exploited for discoxcring ef
ficient algori thm s in this p rob lem . O ne type of re
du n d an c y  is the correla tion  of neighboring pel e ra \  
levels. If the neighboring pel gray levels are well c o r 
related, then it is expected tha t an order, say tInc- 
m ed ian ,  for a candida te pel will not differ m arkedly  
from  th a t  of the neighboring candida te pel. I ' s m e  
this idea H u an g  et al. ( 1 9 7 9 )  proposed an a lgori thm  
w ith  expected complexity 2n -f 1.5 +  </ where </ \ ar- 
ies from picture to picture but usually does not ex
ceed a value of 10. However, this algorithm is su it
able to  com pute  only one  of the ranks, say the 
m edian .  The o ther  type of  redundancy  is the spati.il 
a r rangem en t  where par t  o f  the com puta t ion  used 
for sorting  a round  a cand ida te  pel can also be used 
for sorting  a t  the neighboring  candida te pel. An al-



! iijiirc I. Hasic a p p ro a c h  of ran k in g .

gorithm using this concept is reported by C h a u d h u -  
ri ( l')S3) with results com parab le  to those  of  H u a n g  
et al. ( l l->79).

In this study, an  efficient a lgori thm  is p roposed  
to ob ta in  the com plete  ranking  using the spatia l re
dundancy. The complexity of this a lgo ri thm  is 
( ) ( . \ / l  and it is no t  restricted to image d a ta .

2. A l g o r i t h m  a n d  i ts  c o m p l e x i t y

The basic idea of the algorithm is very simple. Let 
the candidate pels be accessed in a horizon ta l  scan
ning fashion. W hen  m oving from one  cand ida te  to 
the next, the w indow  for the current ca nd ida te  can 
be obta ined by deleting the leftmost co lum n  of the 
previous window and  appending  a leading co lum n 
to the right. W hile ordering in the cu rren t  window  
a s  well, left-most co lum n pel ranks  arc d ro p p ed  
from the ranked  gray levels o f  the previous window. 
In the remaining gray levels, which still rem ain  o r 
dered. the leading co lum n pels are inserted using 
the principle of mergesort.

The idea is explained by Figure 1(a). It is easy to 
show that no co m p ar iso n  is required to  delete a col
um n of pel o rders  from the ordered values over a 
window. Let P  d en o te  the order  o f  pel (x , y ) in the 
window. T o  d r o p  (,v,_v) out,  all ranks  g rea te r  than  
P are reduced by 1 and  assigned to the  co r re sp o n d 
ing pels.

W hen n pels arc  d ropped ,  there a re  n 2 — n pels 
remaining in the  window. Suppose th a t  the  pels 
within the lead ing  colum n are a lready  ranked  
am ong  themselves. T o  merge the n pels o f  the  lead 
ing column with the remaining n2 — n pels o f  the 
window, n2 — n com parisons  are needed a t  most.

Now. consider  the sorting of n pels o f  the  leading 
column. S uppose th a t  the previous row  of  cand i

d a te  pels is a lready processed an d  the sorting o f  all 
n x  1 co lum ns for those cand ida te  pels are sto red  in 
the  m em ory . O f  these, the  co lum n sorting co r re 
sp o n d in g  to  the cu rren t lead ing  column is recalled, 
the  to p  pel r a n k  is d ro p p e d  an d  the bo t tom  pel is 
m erged , thus  com pleting  the  sorting of the lead ing  
c o lu m n  for the  cu rren t  candida te .  This idea is ex 
p la ined  by F igure  1(b). N o  com parison  is required  
to  d r o p  the  to p  pel. T o  m erge the bo ttom  pel in  the  
n — 1 ran k e d  pels, a t  m o s t  n — 1 com parisons are 
needed. T he  to ta l  n u m b e r  of  com parisons needed  
is, therefore,

(n2 — n) +  (n — 1) =  n2 — 1 =  M  — 1

w hich  is a O (M )  w ors t case algorithm.
N o  o the r  repor ted  w o rk  on  fast algorithm s for  

com ple te  rank ing  over a  w indow  is know n  to  the  
p resen t a u th o r  and  hence a direct co m p ara t iv e  
s tudy  c a n n o t  be m ade. H ow ever ,  one can use th e  a l 
g o r i th m  due to  H u a n g  e t  al. (1979) to c o m p u te  all 
n2 ranks .  By direct ana logy ,  this a lgori thm  is ex-

n2
pec ted  to  require £  (2n +  1.5 +  d t) co m p ar iso n s

i =  1

w here d t represents the  value of  d for the i-th r a n k  
c o m p u ta t io n .  T hen  o u r  a lgori thm  will, a t  least ,  
have  a n  advan tage  by a  factor of

nj ( 2 n + \ . 5  +  d i) n2 ( 2 n + L 5 + 1 )

n2 — 1 n2 — 1

>  2n +  1.5 +  3

w here

3. Experimental results and discussion

This  a lgori thm  was tested on  a  highly te x tu r e d  
L a n d sa t  image and  4 im age d a ta  (see F ig u r e  2) 
given in the bo o k  by G anza lez  an d  W in tz  (1987). 
T h e  results for w ork ing  o n  different w indow  sizes  is 
p resen ted  in Table 1. I t  is seen th a t  the  a v e ra g e  
n u m b e r  of  com par isons  required  is m u c h  less t h a n



Figure 2. Test images: (a) Texture, (b) Bov. (cl Lincoln, (d) Chromosomes, (e) Biplane.



X s r i . u - r  m i m l ' c i  o f  c o m p a r i s o n s  a c t u a l l y  r e q u i r e d

Im .r. -r  n.um- W in d o w  si/c

N n  i
5 >■ 5 7 x 7  

if comparisons in worst case
9 x 9

s 24 4S 80

1 C \ I 111 c 5 21 17.75 38.05 67.69

11..% 3.4 5 I2.S7 29.55 52.58

I 1!1v i ’ 111 •1 0.1 14.41 31.56 55.20

Hi;'!.me V 5 7 13.07 32.27 57.15

( h t i ’mi'somc'* 2 l«> II.OS 25.92 48.74

I lie w orst ease ;iiui an  im provem ent by a fac tor  of 
1.5 to  2.5 is encoun te red .  The perfo rm ance  of Tex
ture  image is nearest to the worst case because it is 
the  busiest image. Chromosomes  on  the  o th e r  hand , 
is ihe  sm oothes t  image and  it needs the  m in im um  
n u m b e r  of c o m p ar iso n s  for windows o f  any  size.

If this a lgo r i thm  is used to find only one  rank ,  say 
the  m ed ian ,  then  for n =  3. 5 its perfo rm ance  is not 
w orse  than .  say. the  a lgori thm  due to  H u a n g  et al. 
( l ‘J7lJ) tha t requires  nearly 2n +  10 com parisons .

An a t tem p t  was m ade  to improve the  a lgori thm  
by explo iting  the  corre la tion  of ne ighbouring  pel 
g ray  values. It w as expected tha t  the neighboring  
pels w ould  be nea re r  to each o ther  in ranks .  A rank 
m erg ing  a lgo r i thm  which started  with  com par ing  
the  ne ighbo ring  pels was tested on  the  im age d a ta

of  F ig u re  2 b u t  no  convincing  im provem ent was o b 
ta in ed  for the  w indow  sizes considered. This result 
indicates  th a t  the  ranks of. the  neighboring pels are 
n o t  so well corre la ted  th a t  fu r the r  improvement in 
c o m p u ta t io n  is possible.' '

O th e r  applica tions of, w indow  rank ing  may in
clude th inn ing  an d  ske le ton iza tion  of  gray-tone im 
ages. T h e  topic is 'being  s tud ied  an d  useful results 
will be  r ep o r ted  in a  fu ture correspondence. Also, 
ex tens ion  of  the  a lgori thm  for 'different parallel 
arch itec tu re  systems is being investigated.
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