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ON A THEOREM OF DUNFORD, PETTIS 
AND PHILLIPS

A bstract

!n ihr. '-iir.i i notr. we give a more ‘direct’ proof of a classical theorem 
iIh in fn id . IV 1 1 is aikI Phillips, that any weakly compact operator from 
I.'n it inii' a H.in.irli spacc A’ is representable.

In t  r o c h i c t i o n

!.«-t (A .-t ./n  I>*- a finite measure space and X  a Banach space. Let us recall 
fr'itn [-I], that an operator T  : — > X  is said to be representable if 3 a
7 ■: /  . (/;. A ), siirh that

T ( f )  =  J  fgd/i V / e l 1^ )

W ith this notation, the theorem o f D unford-Pettis-Phillips (Theorem 1% 
I’ ac*- 7.r> o f (•)]) ran be stated as :

T h r o r r in  Hrcry u cakly compact operator from  L l (ji) into X  is representable-

We give below a m ore direct proof (than, we believe the one given in [4]) 
based on a recently uncovered ‘ Fact’ due to  de R eyna et al [3].T h is  author 
recently gave a different p roo f o f  ’Fact’ in [7] by using a result o f  Rosenthal 
that, seperability is euivalent to countable chain condition  for w eakly compact 
sets A p roo f o f  this result o f  Rosenthal w ithout using the D unford  and Pettis 
circle o f  ideas but on ly  a result o f  Am ir and Lindenstrauss that any weakly 
com pact set is hom eom orphic to a subset o f  co (r ) (s e e [l ]) , is available in [2] 
Hence there is no circularity involved in the arguments we will be  presenting 
below.
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Fact Let K  be a compact H ausdorff space and ji is finite, regular B orel measure 
on K. Let f  : K  — > X  be a function  that is continuous when X  has the weak 
topology, then f  is Bochner p-integrable.

Proof o f  T h e o r e m : Let K  be the Stone space o f  L°° (/z) and A denote Gelfand 
isometry between and C (K ). Let p. be the finite regular Borel measure
defined on K  v ia  the relation

(/i)(A) =  J X a 1 dV

for any clopen set A  C  K .  See [8].
This association, via simple functions, also extends to an isom etry between 

L1(fi) and L x{ji). Griem remarks in [6], that since countably valued functions 
are uniformly dense in L °°( ii ,X ) ,  the G elfand m ap also extends as an isom etry 
between the spaces L °°(p .,X )  and L ° ° ( j i ,X ) .

Hence there is no loss o f  generality in proving the theorem  for L 1 (p.) and X .  
Let T : — )■ X  be a weakly com pact operator. Since L l ( f iy  =

=  C {I \ ) ,T * : X * — > C (K )  is weakly com pact.
Let 6 : K  — »■ C ( K ) ‘  be the D irac m ap, which is a hom eom orphism  when 

c(i<y is equipped with the u ;*-topology.
By Theorem  2, VI. 4.3 o f  [5], T** : C (K )* *  — > X  is a w*-weak continuous 

map.
Now g  =  T** o S : K  — >• X  is a weakly continuous function and by 

the ‘Fact’ quoted  above, is /t-Bochner integrable. Hence g 6  L ° ° ( / i ,X ) .  To 
verify the equation, T ( f )  — f K fg d fi ,  for /  G L l {fi), it is enough to  prove the 
equation when /  =  \ a  for a clopen set A  C K .

For any x * 6  X *

x * ( f  g(k)djj.(k)) =  f  x' (T mm (S (k))d jl(k )
J a  J a

= J  T*(x*)rf/i = r(x*)(xA)
=  x * ( T ( x a ) ) .

Therefore T ( x a ) =  JA 9dp. □

Let J7(L 1(/u), X )  denote the space o f  weakly com pact operators and W C (I \ ,. 
denote the space o f  A'-valued functions on I\ that are continuous when X  has 
the weak topology , equipped with the supremum norm .

C orollary T ( L 1(i i)1 X )  is isom etric to the space W C ( K ,  X ) ,  where I\ is the 
Stone space o f



Hf-uirtrk S< » f  tlj«- p--om<‘ tric properties o f  the space W C ( K , X ) ,  when K  
any •<>:ti|>.vt H.MiMiorff space, have been investigated in [3].
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