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Introduction

In the literature, estimator of Lorenz ratio (LR) is mainly
based on the assumption of a reasonable distribution on income
or expenditure. e g log-normal. Pareto, Gamma. etc. which have
been found io fit the income distribution well, at least for a Capitalist
(or rather so called non-Communist) society. An econometrician
or more generally a statistician usually assumes that the set of
observed income is actually a random sample from the hypothetical
infinite population following a certain distribution like the ones
stated earlier. For an infinite population like log-normal or pareto
ctc. the assumption of ‘with replacement’ is redundant. This is
also true because thev usually take a large sample and in a large

sample, variance of the estimators are almost same for both
schemes. Under the assumption of a distribution and the scheme
being that of simple random sampling with replacement, estimation
of LR is not difficult. In fact maximum likelihood estimates of
the parameters of the distribution can easily be obtained and
hence of the LR. For this, explicit expression exists for each of
the distributions usually assumed by the econometricians.

What Taguchi (1978) meant, we feel is that unbiasedness of
the estimators usually available was not-guaranteed without assuming
any distribution on the population and the motivation of the
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present paper lies there in providing an unbiased estimator for
LR without assuming any distribution of the population. For
this a sample—theoretic approach has been taken to estimate
Lorenz-Ratio from a finite population under a general sampling
design. It has also been observed that the usual estimators for LR
are biased under simple random sampling.

Ajso, an effort has been made here to provide an estitmate

. th Lo :
of Lorenz-Ratio in case rank of i observation is known. Using

this knowledge of rank, two alternative estimators have been
proposed under probability proportional to size with replacement
scheme (PPSWR). But unfortunately, we have failed to guarantee
both the proposed estimators to lie in the interval [0,1], although
both the estimators developed under PPSWR fare much better than
that based on simple random sampling without replacement, better
in the sense of having smaller variance.

‘Let U=(1,2,....N) be a population of N given Units labelled
1 to N and y be a variate (a real valued function defined on U)

taking value y; for i'(h unit of the population.

Lorenz-Ratio (LR) under discrete set up may be defined as

1 N
LR = 2= = 2 |y -y
2 S O S L (11)
and the continuous version of it being
[~
IR = 1-2 | FF
0
where,
X oo x
Fl'=f XF(x)d % /f Xf(x)dx and F=f f(x)dx,
0 0 0
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ESTIMATION OF LORENZ RATIO
Our estimation problem here deals with of LR defined in
(1.1) as uming Y is known The case when Y 1s not known has

not bec 1 discussed at all here,

When v is known, two commonly used estimators for LR are

~ (1) !
LR0 S e —— b |_VX- =Y
2n" y
and IR, = L sz oy l
¢ = ——— .-y,
0 20(n-1)y U (1.2)

Both the estimators, we shall see, are biased under simple random
sampling and the amount of biases have been calculated.

2. A General Result on the Estimation of LR

Let a sample s of fixed size n be drawn from a population
U, using a sampling design D = (U, S, P,), where P is a probability

measure defined on s such that P(s)>> 0 and S P(s) = 1
s€S

Let the first and second order inclusion probabilities associated
with a design D, be

7. = 3 P(s) and meo= 3 P(s)
T e 1 31, j(i9)
Similarly 3rd, 4th and higher order inclusion probabilities may be
defined.
Let
A 1 _ /
LR = —i—: 55 ( yi Yj | Trij )

2N“y 1,j€s 2.1
be an estimator for LR, when Y is known.

June-December 1988, Vol. 18, Nos, I and 11 31



PULAKESH MAITI AND MANORANJFAN PAL

A A A
Theorem 2.1 : LR is unbiased and V(LLR) can be expressed as a

function of LR, variance of y, and = (= ly]- -y I)2 , under
]
simpler random sampling.
Proof :
o 1
ELR) = —— 3 (X ly; -y l=y) P
2Ny €S ijés oo
1 N N Iyi‘yj'l
- 2- = —= -E-Ps )
2N%y i=1l =1 Tij 8] (2.2)
= LR.

A
Thus LR is unbiased.

Now

1]

2
VAR) = E ((R)? - [E (LR)]

T (.. —w..omw,)

kl ki
o5 L Ty ey
Ak Tii Tkl

—, -1
[an? v2 ]

(7. T )
+8 s i)k 1.1 ik [yi_yj] Y7 |

i#j 7ij (2.3)
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ESTIMATION OF LORENZ RATIO

In case of simple random sampling, probabilities of different
orders do not depend on the units and hence can be brought out
of the summation formula and in that case, the expression for

A
V(RL) takes the form as

A 452\

V(LR)=(4N Y)(A'] s by; = w1y —yp
i#j#k#l] 3

. 2
8A =y, -yl 1y, -y | +24; =S ly--y-l)

2 £k i i i k 3i9éj i ]

(2.4)

where,

2 2 2

p= ly, -y 1 ly, -y =a 2 Sa 23 .
P2k #] i ] k I 00 io 0j
2 2 2

2 Sa” - - = S _ gl

+ Ea,J#jE . lyi =90 by =9l = 3ay, - Zaj
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where a, = ? ? Iyi-yjl = 2N

Saf = 3 3 Iy -yl? o= 2N W)
1 ]

1

and Sa = S (S |y -y 1) =
i i tl
[ o] oo
-3 ' 2
NSy -y 169 ay P 10 ) gy,
o o
Thus the expression in (2.4) reduces to
A - 4 G2 -1 ' 2 ' y 2
V(LR)-[4N Y] [Alaoo +2(4A" - A ) S
- 2Sa2. A’ + 2582 (A'y - 4A%, + A )]
oj 1 ij 3 2 1
_ 2
= f(LR, v (Y), EaiO )

- 2
_f(LR,v(y).iE(jEIyl—yjl) ) (2.5)

and hence/‘; (L?l) may be found to be

A A A A A2
V(LR) = f(LR, v(y), = ai ) (2.6)
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Corollaries

: ~(1) A (2) .
(i) Both LR0 and LR “’ of (1.2) are biased for LR and

0
the amount of biases would be

Bk - 2 % I fZio 1y oy
o oy T 2 N2
BU‘RO ) :ifl jfl Iy1 yjl (n(n=l)— N2 )Y

2.7)

(i1) A sufficient condition for L,ilsl) to be unbiased for LR

0
would be i =n(n-1)/N% It may be shown that for any fixed

. . . n(n- 1)
size symmetric design "ij < N(N-1)"

Val
would be LT n?/N? and that for LR(2) to be unbiased for LR

So ™ for any fixed size

~ (1
symmetric design can not be equal to n%/N® and hence LRo( )can

never be made unbiased just by changing the sampling design
within the class of symmetric designs

3. Comparison of the proposed estimator under simple random
sampling with and without replacement

The estimator L'li in (2.1) under SRSWR takes respectively
forms as

~_ D=20-pe + (1-2p)) ! }
LR .\ = s S |y, -yl
(N 2N2§ i G50 Y @

~ N(N—l) 1 n n
and LReyy = Sy w2 & 2 1y - v

IN% =1 j=l i

June-December 1988, Vol. 18, Nos. I and Il 35



PULAKESH MAITI AND MANORANJAN PAL

(N-1) ;4(2)
N LR, (3.2)
_ (N-Dn 5D
WD LR (3.3)
~(2) ~(1)

where LRO and LR0 have been defined in (1.2).

A A
The expressions = for LR(I) in (3.1) and LR(Z) in (3.2,
(3.3) have been obtained simply substituting the value of i under

two different sampling schemes, namely SRSWR and SRSWOR.
However the values of "ij under two different schemes have been

provided in Al of Appendix.

Next we prove the following

A ) . A(2)
Theorem 3.1: LR(Z) in (3.2) will be always better than LR0 of
: A -
(1.2) and also than LREI) under the assumptionﬁn ~ %ll

Proof ; It may be shown that

A 2 A
MSECRYy = N _yaR.) + — L1 ar
0 (N_—_I)Z (2)) (N_l)z ( )

A
> V(LR 5y

36 ANVESAK



ESTIMATION OF LORENZ RATIO
Similarly,

2

A 2 A
MES(LRW) = _N (-D" y((R,..) + _N-w g
o T T T R T e

Lo -
> V(R if & =~ 20

Thus follows the result that under SRSWOR L,l\{(2) is better than

~@)

5 (l)and LR0

both LR0

Let 17”3’ w’i‘}k and ”;jkl be the inclusion probabilities of

different orders under SRSWOR and the corresponding inclusion
probabilities under SRSWR be represented by i wijkand iikl.

Now we have the following:

N
Theorem 3.2: A sufficient condition for LR(Z) t o be better than
LR(I) would be

< 7' P T} k/(ﬂ < k/('” ) and ﬂ]_]kl (= J) < 7r]_]kl [ )

o)
Proof : The result follows simply by comaring V(LR) in (2.4) under
SRSWR and SRSWOR.

With the help of Lemma (i) and Lemma (2) of Appendix
A4, it has been established that

always s < i and w?‘jk/( *P g Truk/(vr y for f < 3/13

where f is the sampling fraction. But ”ukl /(1r* P < ikl /(wij)2

may not be always true. However, with the help ofa Computer, for
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different values of n = 4,5,10,15,20 and 50 and for each of n at
different values of f = 0.001, 0.1, 0.2, 0.3 and 0.5, the values like
* * * 2 2 * ' .,:2 Iy ! 2
ﬂ'ij. ‘rr.j. wijk/(‘n'ij) R 'rrijk/('rrijk) . Wl'jkl /('n'jj) and ‘”ijk" ‘”ij)
were computed and it was found that in all the cases

* x %2 2
i < ™4 and wijk/(ﬂij) < 'n’jik/(n".j)
hold good, where as except a few situations as may be seen f{rom
the following Table 3.1,

2
)

2
%k *
LTS g [

hold true. However, in these cases where w;*jkl/(ﬂ;‘j 2> "ijk//('”ij)z

hold, the difference between n;*jkl/(ﬂ%ifj ) and Trijkl /(rrij )? were very

small as has been reflected in the Table 3.1.

: * * ) 2
Table 3.1. Different values of "ijk//("ij and ”ijkl/("ij)

f = 0.001
2 2
n ”Tjkl /(77'.1)3 ) ”ijk] /('"'U )
5 0.30018011 0.29983794
10 0.62240894 0.62213698
15 0 96023083 0.95902169

Remarks :

. 2D 5(2)
So for either LR0 or LR0 has been used as an

estimator for LR and it is now observed that both the estimators
are biased under simple random sampling. Thus, whether it is
SRSWR or SRSWOR, the reported estimated value of LR is either
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ESTIMATION OF LORENZ RATIO

7\
under estimated or overestimated. In fact B(LR(()I) ) under SRSWOR

may be found to be (- N [ R) (Appendix AS5). If — ~ 1
n(N-1 N-1

)
and n is sufficiently large, then B(LR‘()I))-—>0. Thus for large samples,

there is no much harm (as for as bias is concerned) in using

A
LR:]]), but in case of small sample, it is not advisable to use

A(1) .. ~ .
LR'"/. Instead it is better to use LR, .y, better in the sense of
0 (2)

having smaller variance.

A ”~
As far as the choice between LR(2) and LR“) comes,
it was not possible to establish the result algebrically that
A
V(L/f\()(z) ) < V(LR(I)) always holds good. However through

numerical evidence, it is clear that if sampling fraction ‘f’ is not

Pa)
as small as 0.001 or in other words, if f > 0.1, LR(Z) will  be

A
better than L/l\{(l). It may also be noted that on the whole LR(2)

A
will behave better than LR(l) as the difference between ”i*jkl /
(wi}. )2 and ikl /(wij )2 is very small (Ref. Table 3.1) and since

the inclusion probabilities of third order will be smaller compared
to that of second order.

3. The estimator proposed in (2.1) is of very general type
and hence following different sampling methods like varying

7~ la
probability etc. similar type of estimators like LR(I) and LR(Z)

can be found for LR, wnether n is small or large-no matter.
4. Construction of two estimators under PPSW R-scheme

As may be seen in the remark (3) of the previous section
that the estimator proposed in (2.1) is of very general type and
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hence following different sampling schemes, corresponding estimators
for LR can easily be defined simply by substituting the values of
T under the respective sampling schemes. But the evaluation of

A
V(LR) and hence its comparison with other estimators will become
very difficult, though not impossible. Thus to obtain an expression

for V(LAR) under PPSWR-scheme from the general expression in
(2.4) may not be an easy task. Keeping this in mind, two
alternative estimators for LR under PPSWR-scheme have been
proposed independently and their properties have been discussed here.

Let yp < Yy < . <yN i. e. the rank of the ith observation

be known Then under

Scheme 1. Let ith unit be drawn with Pi oc i+c, where i is the

rank and c¢(= 0) is a suitably chosen constant. Then the estimator
may be defined as

o = [(N+1+2C)/N] [(}7/57)'1] 4.1y

and

Scheme 2. et ith unit be drawn with Pi o (c-i), where i is the

rank and ¢ is a suitable chosen constant (> N+1) and let the
estimator under this scheme used be

fe =[] [0/ ] 42

Now we have following :

A A%
Theorem 4.1 : Both LR and LR are unbiased for LR under the
above two schemes 1 and 2 and the respective variances are
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ESTIMATION OF LORENZ RATIO

2 2 2
ALk 2. LR, LR(y)
vik) = X [(1 + ¢+ RO 4 LR )]

2
and V(LR*) = -—[(H—c (1 - LR(y™ )_(I_LR(Y))2-|
A v od @)
where,

k=(N-+1+2¢)/N, A=(2c—N—1)/N, cy? = Square of coefficient

of variation of vy, LR(yz) = Lorenz-ratio of the variable y2 and
LR(y) = Lorenz-ratio of the variable y.

opt (LR ) and V (ﬁ{*) can be obtained by minimising

”~ ”~
V(LR') and V(LR*) with respect to k and A respectively. In both the
cases, minimum variances turn out to be negative. This is so because
the optimum choice of k and A do not ensure the P, =0 for all

A
i=1,2..N. Thus differentiating V(LR') and V(ﬁ{*) in the permi-

ssible ranges for k and A (k > NI\;I, A2 N- 1), the minimum values
have been obtained. It may be shown that in both the cases the
N-1 N- 1

minimum is obtained at k= —- as well as A = ——
“‘ N N
Hence,

NVan(CR" = % [1 +cy2){(N_—) +(—)LR(y )}-{N—I:I‘ +LR(Y)}2]
(4.9)

and

Nvm;n(fR*)=—} ((1+°Y2){(IL§)2‘(N%)LR“’2} :NN— - LR( );2]
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Fal
Thus Vmin(LR') < Vm]n(LR* ) if R0< 0

A
and Vmin(LR') > Vmin(LR* ) if RO <0,

R = (I+cy) (LR(y3) - 2 LR(y)).

where

Ro = (14cyd) (LR(yD) - 2 LRty)).
In the next section, a comparison has been made between the

A A A%k
estimators LR(Z) , LR and LR. For this it has been assumed that

y~A (1, 02 ) and we observe through choice of different values
of the parameter ¢ under p =0

Ak ~ P
V(LR) « V(ILR) « (LR(2) )
always holds good. This inequality is true for any g, since the
variances of Lorenz estimators do not depend on p.
5. An illustration on the relative performances of the proposed
estimators under y~A (0, ¢?)

When y, the variable under study follows a log-normal
distribution with parameters 0, o2, then can be shown that

LR(y) = 2¢(s/v2)-1
LR(yD)= 26(s/2 0)-1
e02/2

=

and = -1.
cy e -1
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ESTIMATION OF LORENZ RATIO

A
and in that case, the variances of the estimators LR(2), LR' and

A . 1
LR* reduce respectively, upto 0(@), to

NV(LR, . = 204 - ')[f(a)/ v2 - 2LR2
2) £
NV (LR) = 2 2 2]
oin(LR") = T (14cy“) (1+LR(y")) -(1+LR(y))
(5.1

and NV(L?{*) = %[(Hcyz) (1—LR(y2) ) - (1-LR(y) 2

where

[~ =)

oc 2
£(o) Z()f U Ly | f(yjm(yj)] f(y pdy;»
0

evaluated at o.
Table 5.1 illustrates the relative performances  of

A A A
LR', LR*and LR(2) for different values of ¢ and f.

Concluding Remurks and Discussion

N
It is known to us that, for a fixed size (n) design, = 7. _
il Y
(N
n(n-1). Now from (2.7), a sufficient condition for LRo to be

unbiased would be
2,32
wl'j = (n“/N%)
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% (2)

and the corresponding condition for LR0 to be unbiased would be

i = n(n-1)/N(N-1)

: - A 5(2) .
Thus, these sufficient conditions for LRO and LR0 to be unbiased

for LR can not be satisfied for any fixed size design.

As may be seen from the Table (5.1), both the proposed

N\ A A
rank estimators LR' and LR* are much better than LR(2,) but

unfortunately, as has been pointed earlier, they do not lie in the
coveted interval (0.1). However, it may be observed from the
Table that the variances are very small (usually < 0.01 or so,
assuming that the sample size is at least 10 and sampling fraction
is at most 0.1), so that the probability of the estimator going
beyond the desired interval is also small.

These estimators can be modified once we know their
distribution and hence the probability that they fall below a certain
point (a;) and above another given point (4,) can be calculated.
In that case, one can define

~ A
LR if a; < LR < a,

A k% A
LR = ay if a; > LR

. ~
a, if a, < LR

where,

d; and a, can be chosen so that

A
E(LR**) == LR
and 0< e, <a < 1.
However, we have made no attempt here in this direction.
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N\
1t is also possible to consider our proposed estimator LR

under super population approach where it is assumed that the
finite population (U=1,2,...N) is a random realization from an
infinite population following certain distribution and to study the

A
property of LR for different choices of model parameters.
REFERENCFE
Tokio Taguchi (1978). On an unbiased, consistent and asymp-

totically efficient estimation of Gini’s concentration coefficient.
Metron, Vol. XXXV1, 3-4, 57-72.
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APPENDIX

Al. Under SRSWOR, the inclusion probabilities of different
orders are found to be

M #Y = n@-1)/NN-1) = n(n-1p? / (1-p), where p=1/N

Gi) 7 = ne-D@2)/ NON-D(N-D) = n(a-1) (n-2)p° /
(1-p) (1-2p)

(iii) "i?kl = n(n-l)(n-2)(n~3)p4/(1~p)(1—2p)(l—3p)

and the corresponding expressions for SRSWR turn out to be

M o= 1-0p - epy )Y+ (U-py -y )
= 1-2 (1-p)"* + (1-2p)"
=% pla, where a =(-)F (M {272
r=2p r’ ro T ;

@M oy = 1-3(1-p)® + 3(1-2p)™ - (1-3p)"

n
- T, v T M r T
--ri?,p a, a, = (-1 (r) {3—3)(2 + 3 }

and

1-4(1-p)" + 6(1-2p)" - 4(1-3p)™ + (1-4p)"

1}

(iii) "ijkl

$pfa e, = (<DF (M {—4+6x2r _4x3" +4‘}
r=d T r T
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+ 1

A2 Claim p* Ja_ |>]a _Ip"" 'wr>3

Proof : To have the claim we have to show that

" (M ey = o™ (M) @y

i.e. to show that
p< (+1) @ -1/ (n-r) @7 21

Let f(r) = (2r -1/ (2r—1 ~1). Since f(r) is an increasing

function in r and since (2° -1)/ (2r-1 D> -/ 21'_1 =

(-1 ) thus (a) will be satisfied
2r~1
- (r+1) I SN
if p < m (2 = 21._1 ) e h(l‘) say
i.e. if p<h3) = 7/(n-3)

which is always true, as

1 1 1
LI S S
N  n n-3 < (n-3)

Claim 2. p' |a', I>pr+lla'r+llvr>4-

Proof : Let f(r) = (3~3.2" + 3" ), then f(r) 1 and f (4) > 0 and
hence f(r) >0 v 1 > 4.
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Thus to have the claim, we have to show that

(r+1) @3F -3.2T +3)
PSS
(n=1)  qrdl _gor F 1 g ...(b)

Let,

q1) = 3" =327 +3) /T T 30T 43

It may be shown that

3T T207 _gy49.07
q(r+1)-qr) =
>0

thus (b) will be satisfied, if

5

< 4
P TG q(4)
which is always true.
N r+1 *
Claim 3 : p Ia’;l>p lar+1lvr>5

Proof : We have

o
*
L

e G VR G I ()
where

f (r)

<-4 +6x2" ~4x3" 447 ) . By the same logic,
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it my be shown that f(r) > Oy 1 = 5

Now, p' ja¥| > p™l jar |

” (r+1) (4" —4x3" +6x2" -4
R (n-1) (4r+l _4X3r+1 L 6X2r+1-4)

neglecting the two terms in the

numerator and last three terms in

S PRGN

3 3 <
te, if p < (n-1)

which is true for r > 5. denominator.
A 3 ILvaluation of
n = Lyp =y oLy -vyp ]
iz j#Ek ] :
bet ay = by vploand agg = ey
then
| N N
= Py, =y, 0 iy, vl = = a. (3 a)
ijrkel 0 3 TR I T T ey T
= N N
S a. Z {3 a ,ma,,-a, .- )
!.?L’j 1] k=1 1=1 kl kk “ki k]
ki)

N
T 2y W0 Bk )
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ifj %] <(aoo‘ 8o 85) ~ (Bayy ~ay-a,)

"'( Eakl -aii "aji )— (Eak_] —aij - ajl ))

11

iij ay; @y, =8;,=aj, ~25; T By A + aij)

T o0 31 ) T2 E 4y (2 amay)

2 2 2 2
ass - 2Eai0 - 22a0j + 2i2j ai}.

where,

N 5 =
=ay = 23 |y - y; | = 2N° YLR.

=]
}
~MZ

N - | N
(2) = bve my by ey 1= 2 a (S a, -a.-a )
iAfAk=l H I T TR A T ik T
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ESTIMATION OF LORENZ RATIO

N
= = a.la_ -a.) =S a (Sa -a. ) -5 a2
ii=1 1}~ 10 H ;10 FT 1l IE_] ij
N
N 2 2
= Ao = = i
i I j

if n(n-l)p2 - n(n«l)(n—Z)pa + < n(n—l)p2 / (1-p)
by claim 1 of A2,

. . 2 2

ise., if n(n-1)p° < n(n-1) p° / (1-p)
which is always true and hence the lemma 1, follows.

Lemma 2.

N i, pd
”ijk / (Wijk) v or o> 4dand £ < 3/13

ijk

Froof : The lemma wiil be satisfied

o (e ’11-2)p3) u=p?

T om 5
(1-p) U1-2p! ( n(n—l)p2 12
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n(n-1) (r1—2)p3 - % n{n-1) (n-2) (11-3)134 + o

A

§ n(n—l)p2 - n{n-1) (11—2)p3 + ]%n(n—l) (n-2) (n-3)p4 }2

Now by Claim 2 of A2,

(1-p) 1 ~(B@®-3)p/2)
< . 2 12
{1 (n-2)p + (7(n-2) (n-3) [ 12)p~ }

or if (1-p) [1—2 (n-2)p4 ((11—2)2 + (7 (n-2) (n-3)/ 6))p2
= (7 (122 (1-3) [ 6Op° + (7(n-2) (-3) / 120% p? ]

<1 - ((30=3)/2D+Dp + (3 (n-3)/2)2p? (o)

Now, since,

722 (n-3)p>_
6

> | ]—72 2 (n-2)? (n-3)%p 4

. 24 1
< =7
if p = 7 n-3

, which is always true.

Then inequality (c¢) will be satisfied
. A e A 2 2
it (1-p) [ 1-2 (n-2)p + ((n-2)" + (7(n-2)(n-3)/6) p

7

<1- (( 3(n=-3)/ 2)‘{*2) p-+3 (11—3);\2
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ESTIMATION OF LORENZ RATIO

or if,

1-2n-3)p + (n-2)<(na2) + (7(=3)/6) + 2)p2

- ((n—il)2 4- (7 (n=2) (n-3) /6)>p3

<1~ (( 3(n-3)/2) + 2) p+3 (n—3)p2

Cif —(2n-3- —_ 3
or if -(2n-3 2n+ 2)p+

((n—2)2 + —Z_ (n-2) (n-3) + 2 (n-2)- 3(n-3))p2 <0

(1/2)
13
(n-3) —= 4 (3/(n-2)) (d)

or if p <

The Second factor in the denominator of (d), i. e., 3/ (n-2)

is maximum when n =4, given that n>4

Hence, or if p < 3/ (13n-30)

orif p £ —=—

or if £ < 3/13. where f is the sampling fraction,

Thus follows the lemma :

~
AS5. Bias of LRﬁ, the usual estimator for LR, ie. B(LRO)

%‘— LR. under SRSWOR, if N ~ (N-1).

= -
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Proof : B(LR) __ﬂ.(n-_l)_lg]f by -y !
SRSWOR = N(N-Dn? 2y 7 5 T }j |
- o= 33y -
2N*4Y i Y yj
- [M_ill\zll;r;v-~y’
(N-n) 1

N 2Ny SRy

= (2 LR if N~ (N-1)
A 6.
b VIR) ,[ 4- 2] [A (a2 -25 % - 23a +2zafj)

: 2 2 ' 2
+54, (2a), - 3a3) + 243 3|
4-27" A a2 +2(4A'—A')2a-2
TY4N Y 1 %00 2 1 io
[} . 1] 2
—2A Ea + 2(A - 4A2 T AI)Saij]
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ESTIMATION OF LORENZ RATIO
where

ikt T TR Tk

A =
T1i Tkl i Tkl

{

Cn(n-D(n-2) (1-3) ( NON=1))?
~ n(n-1) (n-3) (n-3) ( N(N-1) )2

-1

(n-2) (n=3) N(N-D) _ -2(N-n) (2Nn-3N-3n+3)
(N-2) {N-3) n{n-1) - n(n-1) (N-2) N-3

, 3 3f 3
D CI-RON AN L aaen to 0 1

2 3 "~ N fz P N
N

1
Nt - )=

{ !
(1 —-) upto 0 ()

z|&

A, = Tk | « _n(n-1) (n-2) ( N(N=1) Y2 B
2w NN-DNN-D oy )2

2 -2n

1]

(-2 (N2 -N) - N% n2N? +2N-Nn? +2n
(N-2) n{n-1) (N-2) n(n-1)

Nn(N-n) -2(N-n) (N+n*-+2(N-m
{N-=-2) ntn-1)

_ (N-n) (Nn-2N-2n+2) _ f(1-f) =-(1 1 )
{N-2) n{n-1) t‘2

and

, 2 N 0l
A - oL oNN-D o NT SN e

40 (N-n)NA+0)-(N-n)
3 T, nin-1)} n{n-1} n(n-1)

June-Deevmbor 1838, Vol. 18, Nos. { and il 57



PULAKESH MAITI AND MANORANIJAN PAL

-1 -2
Yz] [;(1-%)(@43{ LRZ _af o) N3

1
7
3

(0) N7 =282 v(y) )

_ N-n) (N-+n-1) _ {(i-0) 141)
- nin-1) - ~2
. X
R
Thus,
Pa) 4 -~
V(LR) = [4N
2 . 1
+ N7 V(y)) - 81 - o) (F
- (1 _%)(1-»‘f )Nz\/(y)]
where,
oo o0
2 .2 ( e 2 ,
Za; =N ,( (f( Ly, yjl t(yj) dyj) fy;) dy,

o O

being evaluated assuming v ~ (0, 5 ) and let the integral be

denoted by f (o)

2 ) .
Thus Sa7_ = N* f{o)

1

ant Y2 LR (1-1f) 4

_ B(L=1/f) f()N°

PaN
hus V(LR) = -
N aNn? vy 2

N

38

NY

aN* v 2

upto O(I\lf)

aR? (1-1f) _ 20 -1/f) ()

2
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ESTIMATION OF LORENZ RATIO

1 —
Ny [4LR2 - (2f ()Y )]

1]

, _
(=10 [2LR2 - (@ ¥* )]

”\
= NV (LR)

1]

2(1 - 1f) [2LR2 - (£(0))Y 2 )]

Corollary :  V(LR) > 0 => 2LR? < f(g)/Y 2

2(a)

0 EQR) = NFIH20) (g (v)-v)

NY
(N+14-20) 25y Y ¢
— N(N+1+2C) * N¥1+2C
NY
. N+142C  LRNY (N+D)Y  J

— (N+1+20) T(NF1120) ~
NY

N+1+2C NY

— N+1+4+2C
NY

LR = LR.
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(QC-N-1) (§_7)

)
(ii) E(LR*) = E
NY

—_—

= 2C°N-1 gy y)
NY

o

- 2C-N-1 ({( 2CY + LRNY + (N+1 Y

" (2C-N-1) T (2C-N-1) (2C~N—1)>

_—

NY

_2C-N-1{_ (N+DY , (N+DY . NY
- ( gen T @eN-n T oaoNa LR)

NY

= LR.
2(b)
(i) V(LR") = E(LR")? - (LR)

2 =y = —
2 E(Y" -2y Y+ YY) (LR),

Y2

where K = (N+1-2C)/N.

2 - — - - —
—K-(V(y)+<Ey)2—2Y E(y) + Y )—(LR)'Z
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ESTIMATION OF LORENZ RATIO

2 - 2

= X viy) rwr? - wr)? = K oviyy

v2 Y2

Now,

- 1 n
Viy)= — = Viy)

and V(yl)— 2 yl2 p; - ( 2 ylp)

2
) 23y} 2C2yj (2 i pi)>
- N(N+1+2C) (N+1+20) i=]

N2E (y2) 4 2CN(e2 +Y2)

= 2 2y + Nty
NIN+1+2C) (LR(y") N 2 N(N+142C)
-2 LR(¥)
-Y (] + T)Z

20 (252 — LR( )
_ LR(y)N (s +Y") 2l 2, 92 (1 + y
T T (N+1+420) t e +Y)-Y

2 2
(y ) 32 L%(y))

—((2+ ) (I+ (a+

thus,

2 2
V(LR") = [%’(1+2Cy2) (1+————LRI((Y) )= (1 + i‘%&]
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(ii}) Similarly, it may be shown that

1>

V(LR = T, V(3), where A = (2C-N-1)/N

w

n
and V ) = lz .21 \Y% (yi)’ where V (y;) = Ey;?‘ pi - (E}'ipi)z
nc 1=

thus,

V(s = Y2 (1+Cy?) (1-LL7\(Y)E> - Y? (1 —J:‘_;Q)Z )

2 2 2
Henes, V) =% [(+Cy?) (- ZROD)). LR,

2 2 2 LR(y)?
Which gives V(LR®) =§ [(l +Cy ) (1 -L_R_(}-?__l) -- __(%'_)
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