FARM SIZE AND PRODUCTIVITY*
IMPLICATIONS OF CHOICE UNDER UNCERTAINTY

By T. N. SRINIVASAN
Indian Statistical Institute

SUMMARY. One of the recurring thornos in the rocent litorstuce on Indisn Agriculluro is the
alleged docline in farm productivity (yicld por heclaro) a4 farm sito increases. A number of oxplsnations
of this phonomenon based on differoncos in the quanlity and quality of inputa as botweon largo and amall
forms, have boon offered in the litoraturo. Somo of theso ions depend on i ions in input
markots. An altornative explanalion ia offored in this paper that attributes the decline in productivity
1o ths optimal raaponso (in terms of inputa used) of & farmor 10 & situation of uncertainty relating to yield
porhoctare duo to vogaries of weather. It isahown that even i the absoneo of imperfections in input markota
and of difforences in quality of land duo o difforing irrigation facilities, it may still bo optimal for & smalt
farmor to use more inputs per hoctars (and benco obtain higher oxpocted yiold) thes  largs farmer, provided
all farmora have the samo utility (unction for incomo that oxhibits non-increasing abroluto and non-do-
cresaing relative riak aversion as income incroasce. Some romarks on uncorisinly and ths value of infor-
malion are also offerod.

1. INTRODUCTION

One of the recurring themes in tho recent literaturo on Indian Agriculture
is the alleged decline in farm productivity (yield per heetare) as farm sizo increases.
Somo of the more important contributions are listed at the end of this paper. Though
Rudra (1908a; 1068b) has raised somo scrious doubts about tho factual validity of
this decline, ag Saini (1969) has pointed out Rudra’s discussion is not conclusive. It
may not be altogether inappropriate to examine this issue once again.

Bhagwati and Chakravarti (1069) provide & penetrating discussion of the ex-
planations of this ph found in tho literature and offer some of their own.
For the present discussion, the following two explanations are of some :

(a) the proportion of irrigated (and hence superior) land decreases as the
size of holding increases, and

(b) labour and other inputs (per hectare) decrease as farm size increases.

It may be plausible to assumo that the distribution of irrigation facilities
cannot to changed, at least in tho short run. Ilowever, the uso of current inputs
such ag labour is indeed under the farmer’s control, and one nceds to explain why
current inputs are used more intensively in small farms. Sen (1064b) offers an ex-
planation in terms of a model where tho smaller farms are family farms whilo tho
largo farms aro capitalist farms. In an extromo version of this explanation, the former
aro assumed to uso only family labour and no member of a family with a swall farm

*1 aru gratoful ta my colloaguo P. K. Bardhan for bis comments on an earlior draft and fur pointing
out how my oarlior results could ba considurably gonoralised. Thanks aro duo to Profvasors Ashok Rudrs
and Potor Philip for thoir valuablo suggoations.
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has any opportunity of working outside the family farm as a wago labourer. The
capitalist farma aro assumed to depend only on wage lubour. 1o shows that if the
real cost of Jabour on the small family furms is lower than the real wage the capitalist
farmer has to pay, then family farms will uso more labour (and other inputs comple-
mentary to labour) per hectaro. Bhagwati and Chakravarti (1969) question the
empirical validity of tho labour market imperfection assumed by Sen.

\We wish to offer an alternative explanation to this phenomenon of larger
current input per hectare on small farms that is Lased on the optimal responso of a
farmer to a situation of uncertainty relating to yicld per hectare duo to the vagaries
of weather. Such uncertainty is indeed an important aspect of agriculture in India.
Wo show that even if there is no difference between large and small farms regarding
tho proportion of irrigated arca to total arca, and access to the labour market at a
constant wage rate, it may nevertheless bo optimal for a emall farmer to use more
labour per hectaro than a largo farmer, We assumeo that farmers maximizo the ex-
peeted valuo of the utility of their income, the utility function being the same for all
farmers. This common utility function is assumed to satisfy the following two requiro-
ments 2} (i) absolule risk aversion does not increase, and (ii) relative risk aversion does
not decrease, as incomo increases. Arrow (1965) uses theso two conditions to show
that in the context of portfolio decisi the first requi t implies that risky
investment is not an inferior good and the second implies that non-risky investment,
such as investment in cash balances, is a luxury good or more precisely, not a neces-
sity. Wo shall comment later on the analogy between Arrow's portfolio model and
our model.

Section 2 deseribes the model. In Section 3 the main results are derived.
Section 4 offers somo remarks on uncertainty and the value of information. In
Section 5 somo cxtensions of tho model are suggested.

2. ToE MODEL

We consider a farmer who owns J7 hectares of Jand of which a proportion a
is irrigated. Tho farmer uses a cwrrent input,? labour, of which he can supply an
amount X himself. It is assumed that labour is “committed” before the harvest is
determined and henco is not subject to tho uncertainty with weather. More precisely,
tho total output that the farmer obtains from his land is given by

Q = Haf(k)r +(1—a)f(ky)ry) o (1)
whore ky{ky) = labour input per heetaro on irrigated (unirrigated) land
7y, 7y == random variables reflecting tho infl of weather.

1The oarilir draft azsumed o constont rolalivo risk avorsion utility functivn as woll os an additional
condition to obtain tho reeulte. It is Profossor Bardhan who shiowed that the additions) condition was
not nooded and the rosulte hold good with theso two (more goneral) conditions on the utility funclion.

31t can bo shown that our results hold in caso of two ourront inputs undor plausiblo assumptions
rogarding tho subatitutability of one ourrent Input for tho other.
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It will bo noted that we are arsuming the same production function, f(£), for
irrigated and unirrigated land, except for the influcnce of weather. This production
function ix of constant yefurns 10 acalo in Jand and labour and concave.! Thus we
have a priori ruled out diseconomies of scale (with land as scale factor) as an explana-
tion of tho observed declino in productivity of larger farms, The higher yicld on an
irrigated hectare of 1and as compared to an unirrigated hectare for the same labour
input is Incorporated in the random terms r; and r, through the following structure :

r = cwtm i=12.. . (2)

whero vq and m; aro constants and w is a random variablo representing weather. This
weather variable w is assumed to represent all climatological factors relevant to crop
yield puch as rainfall, temperature, sunshino hours, eto. With a suitable composite
index of weather, it is reasonable to postulato that yicld is an increasing function of
the index. e assume that m; > my; > 0, 0 <v, <v, and E{w) =0, P(x) =o?
whero E and V represent the expected valuo and variance operators. We assame
—M m']. With this structure
vy ' v—1y

it i clear that r; > r, > 0 for all realisations of w.

that the range of 10 i contained in the interval [

The following implications of the structure (2) are evident :

(a) For a given labour/land ratio k tho yicld per hectare on irrigated land,
viz. f(k)r,, will bo greater than the yicld f(k)r, on unirrigated land for all velues of the
weather variablo w. As a consequenco tho mean yicld on irrigated land, namely,
J(k)m, exceeds the mean yield f(k)m, on unirrigated land.

(b) The assumption v, < v, implics that tho variance in yield per bectare
of irrigated land, viz. {v,f(k}}* is less than the veriance of yield in unirrigated lsnd,
fo. {r ftk)}*. This characterisation of mean and varianco of yicld in the two cate-
gories of land is in accord with tho reccived knowledgo on irrigation. Very often
ierigation is treated as a land augmenting technical change, Thus it is claimed that
one irrigated hectaro is cquivalent to so many unirrigated hectares. Howerver, if
the influenco of weather enters as o multiplicative factor on yicld (a8 above), this way
of treating an irrigation will imply that both mean and variance of yield per hectare on
irrigated land is higher than on unirrigated land ! Our formulation avoids this.

The farmer's net incomo is
Y = Q4g{K—allk,—(1 —a)lik;} w 3)
where K is tho total labour the farmer himself can supply. It is obvious from (3)
that the farmer is assumed to ecll his surplus Jabour at a wage ¢ in terms of output
K> Iak,+(1—a)k,} or buy his oxccss labour requirements at the samo wago

qif K< Hf{ak,+(1—ajk,). Tho farmer is assumcd to maximize his expocted utility
*Saind (1069) offors some evidoaca la support of the conatant returns (o scale production funetion.
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EU(Y) by his choice of k, and ky. The utility function is assumed to be strictly con-
eave with a positive marginal utility of income for all Y. For deriving some of our

results wo shall further assume : (i) the of absolute risk ) __Ul,’_(;)z)'
iz a nonincreasing function of Y, and (ii) the measuro of relative risk aversion
=U(Y)Y

Ty is 8 nondccreasing function of Y. The first assumption implies, a3 Arrow
points out (1005), that the willingness to engage in emall bits of a fixed sizo does
not decreaso na incomo increases. Tho second assumption implies that if both the
size of the bet and income are inereased in the samo proportion, the willinguess to

accept the bet does not increasa.

Tho first order conditions for EU{Y) to attain its maximum are (assuming

that difle iation under the expectation operator is permitted) :
E{U(Y)ali(fir,~g) = 0 )
E(U(Y)0—a)I{ftr,—q)} = 0 . {5)

where flr, represents tho marginal product of labour on irrigated land and f3r, re-
presents the marginal product of labour on unirrigated land.  Cancelling out the terms
all and (1—a)!l which do not depend on the random variables, we can rewrite the
abovoe conditions as

EU’s .
!—ql, = —E—U—r,'—s ;= ou+tm, e (8)
EU'r, N
-}l; = EU" =1 =vuw'+m, o (D
whero
._ EUA
vt = —EU—',". . (8)
By our assumption r, > r, for all values of tho weather variable w. Hence
if we set ky, ky at their respective optimal values 1}, k3 and evaluate v} ( = EU ',‘- and
pe P Ry 1 EU

g (= —2.%). wo will find r}>r3. This implies that f} = fi(X}) < fi = £i(k}),
ie., tho marginal productt of labour Is lower in irrigated land when labour
input is uscd at its reapective optimal levels in each typo of land. From tho concavity
of /, it follows that X} > k] which implics that tho optimal labour input per hectare
of irrigated land ia higher than that on unirrigated land.

Tho marginal producta ((or a givan rolisation of w) are roally f1r,, /37, For brovity wo havo called
11.43. t., 81 macginal producte rathoe than more prooisoly ea marginal producta whon tho weathor factors
7, 8ra kopt conslant at unity.
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Let us now exploro the relationship between r{ and Er for s =1, 2. Using
our characterisation of r, and 7, we get

Y(w) (2 )Y (") according as w( & )",

Now Y ig an increasing function of both r, and r, which are in turn inereasing fune-
tions of 0. Hence Y is an increasing function of w. 1lenco :

Y(w) (&) Y(10') according as w (2 ) ',

This together with tho fact U is strictly (U'isad ing function of ¥)
implies :
U(Y(w)w—uw') < U(Y(w')(w—u'). e (9)
Thus
EU(Y(o))(w—1') < U (Y (w")E(w—u'). o (10)

But from (4) and (6) we know EU’(Y(w))}{(w—w') = 0. Hence we get E(to—w*) > 0
or w* < Ew, implying also that r; < Er;. We can interpret theso results as follows.
Tt can bo seen from (6) and (7) that a risk-neutral farmer (i.0. ono for whom U‘(Y) is
a positivo constant) will {in an optimal situation) equate tho cxpected marginal product
of labour input to its price, i.e., ho will allocate resources so that ¢ = f{ Er;, But a
risk averting farmer so allocates hia resources that ¢ equals f{rf. Sinco rj < Er¢ this
means that f{(i = 1, 2) for tho risk-neutral farmer has to be smaller than tho corres-
ponding f{ for tho risk-ncutral farmer. This would immediately iraply tbat the
risk-neutral farmer will uso moro of labour input per hectaro than the risk averting
one.

3. FARM S1ZE AND PRODUCTIVITY
Wo shall first evaluate tho sign of g_’i; This will enable us to answer the
question whether &} decreases as I increascs, all other things remaining the same. e
shall then evaluate the signs of ZTk(;. and :%J'. Theso, together with plausible assump-

tiona about direction of chango of a and K as /1 increascs will enable us to determine
0
the signa of g—lLI‘, thus answering the question whether the optimal lovels of labour input

per hectare decrease with farm sizo when changes in irrigated area and own labour
input consequent on the increaso in farm sizo aro taken into account.

Eliminating w* from (8) and (7) we get:

'll_x(li{‘m‘) = % (%""')" (1
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Differentiating partially both sides of (11) yiclds

oky
—%O%IJ'D__L == U't)i ju 0“ (12)

whero ff, denote the sccond derivative of f# with respect to k¢ and & denoto g—;'l‘ B

M’ and ;%’- as required. It is easily scen from (12) lhnt oy nm:lgL aro of the samo
sign and henco it is enough to evaluato ono of the two. For convenicnco let ur

rewrito (12) as

L’:_ _‘1:_ . _ whYi,
p i A “hemg_mzl->0.

Differentiating (4) after cancelling af and using {12) we get

.u' N
-z - {19)
where
X = —EU(fin—q) g—f = —fio,EU"w—10") -511’— (1)

and D = fLEU'r,+adEU"(f'r,— g+ (1 —a)IgEU"(fir,— ) firs—)
= [LEU' ri+(fiv)ald EU (to—10°")3+ (1—a)Ugf)fiv,v, EU *(0— w1
Since f,} < 0 (by concavity of f), EU’ r, > 0 (given U’ > 0, r, > 0), and

U* < 0 (by concavity of U) it is clear that D is negative, Henco the sign of

g‘-_‘ is the same as that of EU"(w—1w") -:—Y

Now
. o 0Y Y—gK
EU w—w)a—H— E‘U(w—w)( —% )
= ili-EU'(w-—w‘)Y—ql?EU'(w—w‘) . (18)

) 4
EUw—u") 5 = UEU (o—1"){{'ry—f'r,—gki+gky)
= H{f —rf )BT w—10")+ (0 '—vof YEU o —ws")?
+eli— KBV (w—u)) - (16
ST ¢
EU"(w—u' )B—E— = QEU"(w—1w").
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Let us now bring in tho axsumptions on the attitudes towards risk taking on

the part of farmers.  Our Grst assumption was that —D——) is a non-increasing func-

"(Y)
tion of Y. Sinco Y is an increasing function of & this means that _T'(_g')_) is a non-

increasing function of w. Ilence

=UA)(w—w')
U(Yyy

—U(Y(0"))(w—w")
U{Y(w')

Multiplying both sidea by the positive quantity U’(Y) and taking expectations we get

“Po—w) < —LUNEU(Y)w—1")
= EU(1o—ut) ¢ =PI CNe=w)

But (4) implica E0‘(Y){w—w") = 0. This in turn implics
EUYY)w—1') > 0. e (18)

Our sccond arsumption on the utility function was that :g—,(%},'—))—]-, is a non-

decreasing function of Y. This, together with the fuct that Y is an increasing func-
Uy,
T

tion of w implics that ————=— is o non-decreasing function of w. Hence

=0NY(w=w) o ~U (Y ) V(I )o—u')
U'y) U{Yw'y}

Again multiplying both sides by the positive number U’(Y) and taking expectations
we get

—EU(N) (o) > =0T ))Y((w VEU(Y)(w—w") _

Y(o')}

EU*(Y)Y(w—u") € 0. o (19)

We have already shown that 7} > rand £} > ¥}. Hence r{ fil—r3 2 = 1} f(k})
—r3f{k3) > 0. Thoesign of v,f'—v,f* will be negative (positive) according as the vari-
ancs in yield per hectaro of irrigated land (i.c. (v,f'0)") is less (greater) than that on un-
irrigated land when optimal Jovels of Jabour input aro used in both categories of land.
It is plausiblo to assumo that tho variance in yiclls por hectaro is less in irrigated
areas. VWith this assumption it follows that

v flmv, P < 0. e (20)
s
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Using (15)-{20) we concludo :

(1) A eceteris paribus increase in tho sizo of holding If, will decrease labour
input per hectaro of irrigated as well as unirrigated land.

(2) A ccleris paribus increaso in tho own labour supply (K) of the farmer will
increase labour input per heetaro of irrigated as woll as unirrigated land;

(3) A ceferis paribus increnso in the proportion of irrigated arca will increase
labour input per hectaro on irrigated as well as unirrigated land.

1f we further assumo that both the own labour supply K of the farmer and
the proportion a of irrigated area to total arca deerease as farm size increases, we can
conclude that, taking into account the variation with farm size of all relevant variables,
the optimal level of labour inpul (per hectare) will decrease (both on irrigated and unirri-
galced lands) as farm size increases resulling in higher expected yield per heclare on amall
Jarms.

\We montioned earlier that our results are analagous to those of Arrow (1065)
for a portfolio choice model involving a risky assot and a secure asset such as cash
balances. Tho reason for this is essentially this : in our model the rolo of a securo
asset is played by the availubility of employment at a securo wago rato ¢ and the role
of a risky assct is that of cultivation. The former in part decides on the optimal allo-
cation of his endowment of labour between these two activities. Iowever, this ana-
logy should be pushed too far sinco our model has no constraint corresponding to
Arrow’s wealth constraint.

4. UNCERTAINTY AND VALUE OF INFORMATION

In the model of Sections 2 and 3 it was assumed that the farmer had no way
of predicting the valuo of tho weather variable 1 in any given scason, Ho had know-
ledge only of tho probability donsity function of w. In this section wo explore the
valuo of information (which in this contoxt means information pertaining to tho weather
variablo w) to the farmer. In order to simplify the discussion, let us consider a model
where there is only ono type of land and a singlo purchased input, nitrogen. Let the
farmer havo just one unit of land. Then his net income will bo Y = f(n)r—pa whero
r is a linear function of . In tho absence of any information pertaining to weather
tho farmer will maximizo EU(Y) leading to tho first order condition.

EU(Y)['r—p)=0. . (21
Let tho value of n selisfying (21) bo donoted by n°.

#1Vo havo stated the resulis in & alightly stronger form than our assumplious strictly would imply.
But & slight strongthoning of ono of our assumptions to road that absoluto risk svervion decrease wilh
income will yiold tho staled rosults.

418



FARM SIZE AND PRODUCTIVITY
Suppose now this farmer is offered tho knowledgo of another variablo & which
i8 reluted to r or moro precixely the fuemer is offered the joint distribution g(r, 8) of r
und 2 whero 4 cun bo observed prior to r, i.o. prior to taking a decision on n.  Supposo
this information is avuilable at a fixed cost ¢ in terma of output. The maximum ¢
that the farmer will be willing to pay is the value of this knowledge to tho farmer.
To evnluate thia maximun let us proceed as follows :

Given that & can ba observed prior to the realisation of r, the farmer will now
maximize EU(Y) whero Y = f(n)r—pr—c¢ and the expectation is taken over the
conditional distribution of r given &. The conditional density is g(r, 8)/k(s) where
h{s) = [glr, 9)dr is tho marginal density of a. Hence the first order condition of
maximization can bo written as

1 . .,
) JUY)f (n)r=plglr. a)dr = 0
or
JU (YW (n)r—pYglr, 8)dr = 0. . (22)
Tho solution n** of this equation will in general Lo a function of 8. Let us denoto it
by a**(s).

When the farmer maximises his expected utility in the absence of the know-
ledge of g(r, 8) the expectation is with respeet to tho marginal density of r. Wo can
therefore rewrite the earlier first order condition as

[U(Y)f (n)r—p)jlr}dr = 0 where j(r) = [g(r, 8)ds . (23)
and Y = f(n)r—pn.
The solution of this equation, it will Ue recalled, is n*. By sticking to u*, the farmer
realises
JUY(n*yr—pn)j(ridr = [da[Ul(n*)r—pn®)glr, s)dr

as his expected utility. On the other hand, if ho buys the information on g(r, 8) and
uses an amount n**(¢) of nitrogen depending on Lho observed value of s, ho will realise
tho following expected utility :

ShaMaf U fin*yr—pne—cy) L2 2"_

h(s)
or JdsJUY(n**)r—pn** —clg(r, 8)dr.
Hence tho gain in expected utility through the use of g(r, 8) is
JHUYM®*yr—pn** =)= U(f(n*)r—pn°)} g(r, oMdr ds. ()

It should bo obvions that tho farmer will use tho information on g(r, 8) if it
wero free, i.e. if ¢ = 01 For, in that caso tho gain in utility is eertainly positive, sinco
tho farmer can cnsure himself as much wtility as in the caso withont information,
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by sticking to #° i.e., by not using the information. Howover, whon ¢ > 0, buying
the information nnd not using it will lower income and henco expected utility. Tho
maximum valuo of ¢, the value of informution, is that value of ¢ which makes tho
gain in expected wtility just cqual zero. Thero is an unique value of ¢ which will
make this gain zero, sinco it is easily scen that tho gain ix u deereasing function of
¢. Lot us denote this valuo of information by ¢*.  Wo have seen that ¢* > 0. Tot
us now derive an uppor hound for ¢*,

By definition of ¢* we have
JIUCY**) glr, o)dr da = [{U(Y°) glr, s)lr dx

where ¥ = f(n**)r—pn**—c® und ¥* = f{n')r—pn’.
Hence {ULY* )= U(Y ) glr, aMr da = 0. . {(28)
By the concavity of U,  U(Y*)=U(¥*) ¢ U(Y*)Y*"—T*)
By the concevity of f,  Y**—¥* L (f'(n'r~p}n**—n*)—c".
Since U'(Y*) > 0 wo have

U(r™)=U(Y*) < U'(Y)(f (") —p)n** —n')=~c*].
From tho fact that 5(r, 8) is & probubility density function, it follows that it is nonnegn-
tive and hence

0 & JfUY)(S(n')r—p)(n** —n*)—c) glr, e)ir ds

or

c< j'j'U'(y')U'(u')r—E-‘l)]).((nT"'.;-)l')]ﬂ(r,A)(Irda . 126)

This upper bound has u nutural interpretation. \With the information, the
farmer’s input of nitrogon changes to n**(s) from n®. Now U'(Y*)(f'(r*)r—p) is the
marginal utility of nitrogen when it is used at the tovel »°. Thus (2**—n*)U"(Y*)
(f'(n*)r—p) is the upper bound on the gain {or Tower bowned on the loss) in utility by
changing to n** from »°. [t is only a bound sinco it ignores the fact that nrginal
productivity of nitrogen us well a3 marginal ulility of income uare diminishing. Thuz
tha numerator of the above expression is the maxinuum gain in expected ulility when
information is utilized. The denominator of course is tho expected marginal utility
of income or the ‘prico’ of a unil of income in terms of utility. Heneo by dividing an
upper bound for the expected gain in utility by the utility price of income we get an
upper bound for ¢* in terms of its own wnit, namely, unit of income,

5. SOM) POSSIBLE EXTENSIONS
Our model is udmittedly very simple. 1t docs however provide a possible
rationul explanation ns {0 why muall farmers may use corrent. inpuls more intensively
than large furmers even though they fuco the same conspotitive market for their inputs,
have tho same constant retums to seole, coneave production functions.  Howover,
this model bag abatvacted from several aspects of venlity.  Some of the more importunt

Hns



FARM RIZE AND PRODULTIVITY

of theso are : (i) not all of farmer’s current input decisions are takon hoforo ho has any
knowledge of the behaviour of tho random factor.  ‘Thi ia true particnlarly of nitrogen.
A decision as to the use of nitrogen (other than a basal dose) can be tnken after ohsery-
ing tho wenther and growth of tho plant for part of its growth duration. It is also
true of labour used in harvesting : it depends on the size of the crop and the decision
nn it is taken only aftor all the weather uncertainty is over; (ii) tho model completely
ignores eapital as an input and the furmer is assumed to have no saving and investment
opportunities; (iii) it covers only the rlass of owner cultivators with no leased in or
Icased out are in their holdings.

A more sophisticated model will have to remedy the above omissions. It
cnn be attempted along the following lines : instead of having a singlo random variable
tleseribing tho influence of weather on yield, one can liavo at least two. The first one
can relate to the weather conditions at tho sowing and carly growth stago of the crop
und the sccond can relate to the flowering and grain or fruit formation stage. Inputs
ulso could be divided into two groups : thoso on which decisions have to bo taken prior
to or during the first stage and thoso on which decinions are taken after tho firat stage.
The decisions on the sccond group of inputs will naturally have the benefit of the
knowledge of the actual weather conditions at the first stage. Consumption and
saving decision can be incorporated into the model by using a dvnamio programming
approach? with capital ag the atate variable.

The nuive “information™ model of Section 4 ia no more than illustrative.
‘The cconomics of information, its production, dissemination and use in the field of
agriculture is yet to he aufficiently explored.
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