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RELATIVE. EFFICIENCY OF GAUGING AND EXACT MFEASUREMENT
IN ESTIMATING THE PROPORTION OF A POPULATION
BETWEEN GIVEN LIMITS

By DES RAJ
Indian Statistical Institute, Calecutia

1. IxTroDUCTION

In order to control the quality of & manufactured product, we may either actually
mensure the articles or simply gauge them. That it is quicker, easior and thercfore cheaper
to gauge an article than to measure it is obvious. What is not eo widoly understood is that the
efficiency of the technique of gauging for controlling the quality of a product is also generally
high. Stevens (1948) for example,shows that it ia possible to achieve with ten gauged articles
the same sonsitivity of control of the mean as ia given by eight articles exactly measured.
The object of this note is to study the allied problem of estimating the propertion of the
product lying between two specified limits. The relative efficicncy of gauging aa compared
with exact measurement has becn obtained for a wide class of distributions.

Let there bo a population

Iz w D)
containing the parameters 0 = (01,04 .00y 0.

>
The object is to estimate P-=I Jiz, Oz, . (2)

where a and b are two specified constants.

Suppose we have a pair of gauges set to the values a and b of the variato x. Out of a
samplo of sizo N drawn from (1), let n fall between a and b. 'The estimate of P based on tho
gauging mothod is

Peang. = }'5 w 3
and the variance of the estimate is
P(—P)/N. w (4

1f, instead of gauging tho articles we actually measure thom and estimate the parameters
0 by 0% the eatimated proportion would be

)
Pave. = § iz, 0%, .
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Using the formuls (Rao, 1952), large sample variance of {5}, under ususl assumptions, would
be given by

SS[h ([ Feod) woron o

The rolative efficiency of the gauging method is then tho ratio of (8) and (4).

2, FEiyiCIENCY OF 0AUQING YOR TRE TYPE 11 POPULATION

The type III population ia given by

f, '"_ga{ Cz<® 02 -

where Jr) = _{H_ﬂ. z— } . -1 ._,;',_.':. Y
RPN

and cmtian Tl ara.[m/;;)] o

The parameters m, o and a, in (7) are the mean, variance and third standard moment respec-
tivoly. We are to estimato

miaw

Pu [ ](z)dz-I fod e (10)
mide A
—1-tey g
whore 1= c(1+ ) o, —7,KH<® ()

80 that f(f) is the standardised type III curve tabulated by Salvosa {1930). In this case wo
take

I
Pows. = [ 21+ “’)}'- T 1)
whero 2 and &* are the samplo mean nnd variance respectively,
Wo have (o), = Bl (o), = it
whore I, snd , aro the ordinates of (11) at 4 and A respectively.
Also V(E) = ;;
and in lorgo samples V(s") _EA;_/‘: = %‘5—) »

Cov(l,c')nlﬁ = T‘TJ‘-
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RELATIVE EFFICIENCY OF GAUGING AND EXACT MEASUREMENT

Substituting in (8) wo 200 that (12) is asymptotically normul with mean P and variance given
by

A (3 fan) Lt | 03

Putting I](lﬂl=a,, we sco that tho relative efficiency of gauging as corapared with exact
—tle,

measurement is

Uam B 0230ty — Ay gl =L Nl — )
{a.—a,{T=a,+3,)

. (14)

Wao shall study this efficiency for different degrees of skowness of thia population,
For a,=V, when the popuiation is normal, the expression fur the relative eflicicncy reduces
to {(L,—1,"+ Haul,— ML)}/ P(1 - P), as obtained by Baker (1049). The following cases will be
considered :
Caae (i) p=c0. The relative efficicncy in this case is
Bl+aA+(14-faAa,(1-a, ) o {15)
The following table gives this efficiency for different degrees of skewness,

TABLE 1. RELATIVE EFFICIENCY OF SINGLE GAUGING FOR TYPE III POPULATION

. 0.0 0.2 [X) 0.8
2 off. , off. I3 off. » off.
2.00 L0228 393 .08 411 .03 434 L0306 4%
160 L0668 .572 L0718  .373 L0784  .385  .0308 624
1.00 L1587 .8 L1583 .e62  .1512  .671  .1536 608
0.50  .2085 .64 .2908 662 .2000 .67l  .2336  .688
0.00  .6000 007  .4867 636  .473 .63  .4468  .627
—0.50  .6015 .64 .0828 645 .6738  .638  .6361 .63
8413 .68 L8418 .66  .8432 .81  .8504 796
0232 La72 L0303 588 L0448 623 L0876 868
0173 .93 L0820 .384  .DEWS  .381  .0Ds3  .307

Case (i) g == —A. Tho relative efficicncy now is

Ea=h) 0+ Bas A+ R —Axlo, — b)) |
(a,—g)(1—a,+4,)

(16)

The following table gives this efficicuicy for different degrees of skowness,
TABLE 2. RELATIVE EFFICIENCY OF SYMMETRICAL GAUGLNG FOR TYPE I1I POPULATION

o 0.0 0.2 0.4 0.8

A P off. 3 off. P off. P off.
=0.10 0707 L0413 L0704 Bk L0704 Bald 10780 040
—0.60 .38 .20 L3820 208 3828 216 383 L3l
—L00 8827 .54l L8833 .652 L6800  .6v8 0008 750
—Lgo  .se6:  .G32 8670 000 .BT13 .32 BT .03L
-2.00 L0345 537 L0530 ST L0303 671 29502 501
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3. EFrICIENCY OF GAUGING FOR THE CAUCHY TOPULATION

Tho Cauchy pupulstion is

11
7 It (z=0)t

We are required to cstimato

gtn
1% a
P o =
(133

Wo consider tho estimate

where 8 is the maxinum Jikelihood estimate of 0.

We bave (% Poeass )‘

2
and in largo samples Vi) = "; .

Substituting in (0) wo seo that the large sample variance of (19) is

dz,

—o <z <O

% [ tan~tp=ton-lA ]

(23

1
Ponens. = 7 I 1
42

pi—2
= A+

2 (AN p=AR
Mot (IF 2+

_ds
-0

[Parts 182

. un

. (18)

e (19)

w (20)

80 that tho relativo efficiency of gauging as compared with exavt meusuremient is given by

2 (pARp=An 1
m {IHAFFL+pT " PI=F)

whero P is determined from (18).

The following cases will be considered.

Case (i) p=o00. The relative cfficiency in this case is

2 1 1
2 (I4Ap " PI-P)
whero P= 1—00'.",\.
n

Tho following tablo gives the relutive efficiency for different values of A.

1

o (21

. (22)

- (23

TABLE 3. RELATIVE EFFICIENCY OF SINGLE GAUGING

FOR CAUCHY POPULATION

A

2.00
1.50
1.00
50
00

b

7
1872

24
5000
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2120
270
509
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RELATIVE EFFICIENCY OF GAUGING AND EXACT MEASUREMENT

=—p. In this caro the large sampie variance of (1) is zero, which implics that the
variance is of a smaller onler than n=%. The relative efficicncy of gauging as compared with
exact measurement is very small,

4. EFFICIEXCY OF 0AUCING FOR TINE NORMAL POPCLATION

Finally, wo shall give detailed tables for tho relative efficiency of gavging aa
compared to exact measurement for tho most common distribution, tho norma) distribution,
From theas tables, it is found that it is possible to achieve with ten gauged articlea the same
efficiency for estimating tho proportion P as given by six articles exactly mensured.

TADLE 4. RFELATIVE EFFICIENCY OF SYMMETRICAL CAUGING FOR NORMAL MOPULATION

i
>
.
2
Y
)
>

rd off.

TSI

852

o

arn
PPN

Luo o
2R 3R ASD SEZ &L BN

0488 2458
D3 837

35
L3

@1 N 101N 101010

TABLE 5. RELATIVE FEFFICIENCY OF SINGLE GAUGING FOR NORMAL POPULATION

A P em iy P e
103 60 6%
1010 1357 650
15 e el
L s Lear
135 056 620
130 0068 620
1.33 60D
1.50 508
1.45 LBR5
1,60 572
1.55 857
1.60 K
1.8% 523
L.70 H0d
IR 400
1.80 Rl
(X 52
1.0 423
103 BRIt}
2.00 ‘303
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It may be notedd that for symmetrical gauging the relative efficiency is maximum
(05%) when A is near about 1.50 and P is nearly 0.88, while for single gauging the relative
efficiency is maximum (669%,) when A is in the neighbourhood of 0.80 when P is nearly 0.21,

4. RELATIVE EFYICIENCY OF OAVQIXG FOR EQUIVALENT COSTS

So far wo have compared the relative efficiencies of the two methods of
sxsuming that the cost of gauging an article is tho samsé as the coet of actually measuring it.
Evidently, this is an over-simplification of the problem. In actual practico tho cost of gauging
an article would bo much less than the cost of actually measuring it. Let

¢, = cost of gauging an articlo,
¢y = cost of measuring an article,
C = total cost.

Then we can gauge n, articles or measure n, of them for the same cost C, where
¢y = ngey. Then therelative efficiency of gauging, aa obtained before, would be multiplied by
¢yfe, throughout,  As an illusteation, the tablo below gives the cfficiencics for different

values of ¢yjc,. In the part enclosed, exact measurement is less efficient than gauging and its
relative efficiency is shown.

TABLE ¢. RELATIVE EFFICIENCY OF SINGLE GAUGING FOR NORMAL POTULATION FOR
EQUIVALENT COSTS

Nlc. 1.8 2.0 2.8 3.0 4.0 5.0  10.0

.do 056 L85 628 823 392 .34 157
50 981 L85 612 810 .38z 3086 153
1.00 ~987 .760 608,507 .380 .34 .152
1.80 838 J874 600 583 437 350 .175

2.00 W580 780 .083 L8483 836 .509 .23
2.50 308 .40 813 015 820 976 438
3.00 200 L1600 200 .20 320 W00 800

I am gratoful to Dr. C. R. Rao under whoso guidance this note was written.
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SCALING PROCEDURES IN SCHOLASTIC AND VOCATIONAL TESTs®

By P. K. BOSE and 8. B. CHOUDHURY
University of Calcutta

1. INTRODUCTION

For testing acholnstic and vocational aptitude of different idividuals, several
kinds of testa are in existence, the commoncast one being the ordinary examination aystem,
whero the different candidates are subject to written and oral cxaminations. According
to tho present system of inati lid aro incd in more than ono subject
generally; the scores in different subjccta aro added together and tho candidates aro ranked

or scaled according to the total acores.

A eritical analysis of this method of combining the scorcs- will bring out ite great
drawback. The method dloes not take into account the differencea Letween the distributions
of scores in various aubjects. Due to various reasona e.g. (s) intrinsic differences between
the subjecta, (b) differences in aptitude of candidates in different subjects, (c) differences
in standards of examination in different subjects, (d) random fuctuations etc., the distri-
butions of scores in different subjects are usually dissimilar. But the ondinary method of
scaling according to total scores assumes that the distributions are identical, which is hardly
& caso in practico.

A more appropriate method of acaling which may be suggested is to find out the
equivalent scores in different subjects with respect to a standard one. Converting scores
in different subjects into equivaleat scores in one standard subject, ono may add up thess
equivalent scores {instead of the actual acores) to get a total scoro which may be used for the
purposs of sealing.

The problem of acaling can thus be regarded aa solved if 8 method can be evolved to
find out the equivalent scorcs. In this paper an attempt has been made to give a gencral
procedure for finding out the equivalent scorcs, and to apply this method for solving a
practical problom. Tho methed of caleulating equivalont scores in some particular
situations have boon studied by Mahalanobis and Chakravarti (£934), llussain (1941),
and Greenall (1949).

2. Merrop

In scttiog up an cquivalence between two scores, the following points should bo
observed : (1) the equivalence set-up should be mutual, and (ii) the set-up shonld be indepen-
dent of sealo. Bearing these two points in mind we may define cquivalent scorcs as fullows:

Two scores in two different subjects will be said to be equivalent when the percentilo
ranks of these two scores are identical. Let us consider two subjects X and Y, the scores
being denoted by x and y respectively. Clearly in edueational measurements the variato
may actually range from 0 to thefull marks in tho subject and generally the values are integrl.
But the ptions of inuity and of unlimited range from —o0 to 4-co will not bo mean-
ingless. (By assumption of continuity we mean that a variate valuo z— an integer— is
really the middle value of the class.interval z—0.5 to z40.6). Let the distribution functions

* Prosented at tho 41ut session of the Indiun Beienco Congroas, Hyderabad, 1934,
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oz llul ¥ bo dF(z) = f(x)dx, and din(y) = $ly)dy reapectively. (Wo are asvuming that the
listrit b("ong to tho conti type, which is supported by experience.) The pereen-
tilo ranka p and p' say of {wo scores z; and y; In the two subjects are then defined by

n , 14
oo = [fvx = Fley s o= [ ptokdy = etva. e 1)
- )

two seores x; and y; will bo said to bo equivalent if

0 "

p=p, e Fr) = [ firrde = o) = | $luiy.

Di ically the method is equivalent to drawing ogives (or cumulative [ .rcen-
tage K"'P)IU) for the two luh]ecln on the samo graph and taking two scorcs in the two subjects
a8 cquivalent when s straight line parallel Lo the horizontal axis cuts the two ogives at points
whoso alscissa are thess two scores.

It casily follows that ﬂ\o different quontilea (perccnulu ete.) of the z-distribution

are equi 1o the p g iles of the y-distril

When the two distril are normal this definition will lead to a very simple reln.
tion. Supposo that z and y are normal with means m, and m,, and s.d.'s o, and @, respec-
tively . Then if two scorea z; and y, are equivalent we must have

zi—m, g
v,

This relation shows that two ecorea in two dilferent subjects following normal distribution
are equivalent when the correspondi lardised scores aro equal. In this situation the

z and y scorcs may bo mutually converted by tho relation

z—m, _y—m,

» 7 w {3

The equation (2) gives a functional relationship between the equivalent scores.  Such
functional relationshipa may be termied as “equivalence relationships™ and the corresponding
curve may b called the “equivalence curve”, Thia is really tho equipercentile curve, i.e..
the two co-ordinates of every point on it have equal percentile ranks. If both the scores
have normal distributions the functional relationship is linear and the equivalence curve
may then be termed the cquivalence line. Its equation ia

y = m Ze )

But in casea of non.normal variation of one or both of the distributions, such a
simplo f ) hip cannot bo established. o may, however, approximato to it by
obtaining a polynomizl of appropriate degreo ns a eatisfuctory fit by taking ono of ror y
(whichever may bo taken as tho standard subjeet) as tho independent variable and the other as
dependent,
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The eyuivalence curve or some approxination to it is necessary for suitable conver-
sion of scores sa it avoilds Jaborious calculation uf the equivalent scorcs every time from the
theoretical distribution,

Suppose that the distribution of z scores and y scores belong to Peamonian types
11 and II respectively, that is to say, the distribution of x is given by

= 2V orrdy, (—
dF :(l+§) e, (~A < 7 & 0)
(origin at mean) and that of y is given by
dF = l‘(l—g:’-dy, {~a < & § a) (origin at mcan).

Two scores z; and y, in subjects X and ¥ respectively will bo equivalent if

]
» -
- =75, = L= v e
A) e dz Ll(l Z:) dy. )
(We may put the lower limit equal to —co in both tho integrals).

Let tho common value of the integrals in (2} Migﬁ' For different values of i, wo

may determine the quantiles (usually percentiles, or deciles) z; an y; for the two distributions,
and thus get two scta of values of z and y, say 24, Tyq, vrvy Ty Tyo BN Y00 Ya0s ooes Yoo Yoo
where 2;=y,. This gives a table of equivalent scorcs,

The task of approximating the exact equivalenco relationship by means of some
polynomial of adeq degreo s Jigh d if int the preparation of the above preliniinary
tablo of equivalent scorcs the scores of the atandard eubject are taken os equispaced, in
order to facilitate the use of orthogonal polynomials.

3. PROCEDURES WITH 9AMPLE DATA

Our discussion above is based on the population distribution of scorcs, which is not
known in practice, With sample scores thercfore the problem of specification has to be solved
by the customary methods of graduation. We may graduate the frequency distribution
of scores in the sample sgainst the most important of the known ects of curves—tho Pearso.
nian systens.  Therealier tho procedurs will bo exactly sitnilar to that described above.

If we liko to deal only with tho samplo and not to go through the process of gradua-
tion and calculation of percentiles by using tables, two courses of procedure aro there:
(i) drawing all the sample ogives on the same graph paper, and reading off from it the scores
in the standard subject equivalent to any score in any other subject, and (ii) caleulating
saveral percentile ecores for each samplo distribution, plotting for each pair of subjects
(ont Leing the standard) points with corresponding percentile scores as co-orclinates in a graph,
and connecting them by a frec-hand curve—the equi ilo curve—which will bo used
to convert scores in various subjocts in terms of tho standard.

When tho equivalence curve ia sot up, the raw scores of differont individuals in all
subjects may be converted into tho scorcs in the standard subject.  Since now all tho seores
aro measured in the same scalo wo can sum them to get a valid measuro by means of which
the individuals may bo ranked or ecaled properly.
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4 AN EXANPLE

Scores of a random samplo of 500 students have boen obtained from the records of
& scholastio test. Each candidato has got six scores, i.e. acorea in six different subjects:
Vernacular, English, Clansical Language, History, Geography and Mathematics, the full marks
and paxs marks in which were different.  For easo of comparison (and not as a theoretical
necessity) all the 6ores were transformed so as to correspond to full marks 100 in each subject,
Though tho subje:ts Vernacular and Classical Ungungo allowed of many alternalives, no
attempt was made to distinguish between diffe ions possible onder these broad
headings. Here oxista thus an eloment of hotorogencity,

Tho object of tho investigation is to construct cquivalence relationshipa in the form
of equipercentily curves for tho purpose of ecaling.

Tho fmquency (lm!rlbutlunn of scores in different subjects are shown in Table 1.
These fi il led ono remarkablo feature. In scholastio tests where
pass, fail or clu&s is important, there aro very irvegular frequencics, unusually high or low
in borderlino classes. Tho reason is obvious. Becauso thero ia a pass mark or a class mark
in each subject, the examiner is not free from bias and as a result of this there are more cases
in particulnr intervals (in difforent aubjects) than in others. Thix ie vne of "tha factors
contributing to non.normality of the distributions of scorca.

It was found that the appropriate Pearsonian types for fitting the distributions of
scores wero : normal for Vernacular, typo II for English and Gcogrnphy, and typo IIT for
classical I go, history and math ics. Tho lijt etc., for the different
distributions are shown in the Tables 2 and 3.

The porcentile ranks of scores 0, 5, 10, ..., 95, 100 in Vernacular wero found out and
are shown in col. (2) of Table 4. Tho corresponding acores in other subjects i.e. thoso with
the same percentils ranks wero determined. For this purpose, the tables of Incompleto
Gamma function and Incomplete Beta function wero used when the distribution in the
other subject was of type ILI and type II respoctively. Thus a table of equivalent scores
giving tho acores in the other subjects which nre equivalent to marks 0,5, ..., 95, 100 in
Vernacular is obtained. Theso are shown in cols. (3}—(7} of Tablo 4.

The approximate relationships between scores in Vernacular and the equivalent
acores in the § other subjects wero determined (separately for the 5 subjects) by fitting ortho.
gonal polynomials, Donoling scorea in Vernacular, Mathemntics, Classical Languago,
History, English and Geogenphy by 2, ¥, Ye Ys, Yo ¥, respoctively, the equivalence relation-
ships wero obtained as:

Mathomatics and Vernacular : y,, =—17.8555 +0.87l4z +0.00832
Cinssical Janguage and

Vernacular : ¥ = 10514 +0.6545z +0.0085z )
History and Vernacular : Yy =—11.1303 +0.6518z +0.0083z*
Euglish and Vernacular : Y, =— 1.4008840.25421240.01622:*—0.0000972*

Qeography and Vernacular : Yy = 11.4208040.46064-+0.011352—0.000085%
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The above relationships are shown diagremmatically in Fig. 1 snd Fig. 2. The fits provided
were excellent except in the cascs of English and Geography. This was due to some inacca-
racied in the equivalent scores for theso subjecta (correaponding to scores 43 snd 50 in Verna-
cular) and could be atiributed to linear interpelation in portions of Incomplete Beta Function
table. Entering the table for g=5 and p=9.5, 10 and 10.5 it was noticed that for z=0.99
the value of I(p,q) are 0.6662641, 0.8579232 and 0.6498437 respectively and for 2 = 1,
I{p.g) = 1. The table does not provide the value of / at some finer interval for the z-value
in the range 0.02<z < I, which is necessary in order to read the value of z for any /,{p,q) falling
In the long range from nearly 0,65 to 1. For thesa two subjects the third degree polynomials
did not give very good results, while for the others 2nd degree curves were very good.

On the baxis of theso relationships nnother set of equivalent scores was ng-m prepared
{cols. {8)-{12), Table 4}. Either the relati ps th 1 or the 5 equi curves

drawn may be uscd for finding scores equivalent to given scores in Vernscuiar,

The methord was applied to examine the ranking by the present system (i.e. using
the total of raw scores) of the 15 top-ranking candidates i.e. thoso securing highest total
ordinary scorca in the sample,  All scores were converted to equivalent ecores in Vernaculsr;
theso converted acores were added and used for scaling the same candidates (Tsble 5). The
two scales are given aa follows @

Old ranking :—1,2,3,4,4,6,7,8,8,10,10, 10,13, 14, 14.
New ranking :—3,2,1,4,5,7,6,14,7,10,11,9,12, 12,15,

A comparison of the old ranking snd this new ranking is illuminating. It is a pointer to the
fact that we err seriously by the old method.

Rerzanycrs
GrzevaLL, P, D. (1940}1 The concept of equivalent sores in similar toste. British Joumal of
Puychology, Btatistical Section, 8, 30-40.
Husaare, Q. M. [1941) ¢ Standardisation of cxamination marks. Sonkhyd, §, 205.300.

Manacaxows, I\ C. sad Cuaxxavarty, K. N. (1934):  Studios in educational toste No. 3, Sankhyi, 1.
243.2¢8.
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TABLE 1. FREQUENCY DISTRIBUTIONS OF SCORES IN BIX S8UBJECTS
OBTAINED BY 500 STUDENTS

froquoncy
soore
Vornacular  English ﬂz\":;" History  Geography Mathomatics

0—d 3 4 1 2
—9 L 2 ® 1] 8
10—14 12 7 12 ‘ 18
18—19 ) o3 0 20 7 1
20-24 7 13 12 28 12 32
2329 18 « ] 1 P ‘
30— k1 ™ 80 118 80 101
35—39 56 72 kil 58 45 58
40—44 84 78 3 52 53 51
4549 N 53 82 w0 60 "
5054 104 46 85 42 ol 42
6—59 5 2 33 2 38 31
8064 3 1 2 2 s 2
85—60 18 [ 19 13 32 M
-1 [ 1 20 0 “ 1
1519 o 8 1] 18 18
8084 3 [ N ] ]
35—89 2 1 2 s
00—94 1 4
95—99 2
total 500 500 500 500 500 500
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TADLE 2. MOMENTS, #, AND 8, FOR TILE DISTRIBUTIONS OF SCORES IN 8 SUBJECTS

subjocta  Vernacular

Classicnl

Mathematics L age History English Geography

42,87 4514 40.14 38,87 49.04
14.045004 8.761616  11.221818 0.863724 9.722258
17.060128  11.677442  15.100802 — 2.394132 — 1.597338
600.247617  250.894032 387.000413 128.824363 239.852077
0.116803 0.202740 0.103304 0.017728 0.002776

3.0428%0 3.268200 3.074080 2.7134510 2.743040

mean 41.07
variance ® 8.121804
£M* — 0403118
R §2.838061
B 0.001222
M 3.130958
* {Clase-i 433, (Ch

Variances, A3 and A, respoctively.

1) and [Clesa-i 1)t boing the units of measuremenia for

TABLE 3. PEARSONIAN CURVES FITTING TRE SIX FREQUENCY DISTRIBUTIONS

subjoect 1ype oquat.

fon valuos of parsmators

Vomacular pormal L % mean ~47.01 o =1319020
B
-0 T ™
English - ,,( 1_'_’]' mean = 38.87 meB.700901  atm 3334765900
)
Goography ‘ mosnw 4904 mmD.30R2I4  a1m=2627.010550
—ags< +a
Claasical
Langusgo yc(l+ f_‘)!-.,. meanmd5. 14 ym0,300121 p=18.720703 A =63.739162
History ut moanm 40,14 y=0.205484  p=23.494195 A=52.805165
—ACr<®
Mstheniatica < moan=42.57 y=0.312200 pm33.188034, A=109.473173

origin at moan



TABLE 4. EQUIVALENT SCORES DASED ON EQUATION 2 AND ON REGRESSION

SCALING PROCEDURES IN SCHOLASTIC AND VOCATIONAL TESTS

EQUATIONS &

oquivalent scores {oquation 2)

oquivalont scores (equations B}

Ve po Gl iy St Eod Gl by 2 e (I,
[
o 0.00150 10.88 1 1
8 0.0 3.5 13,82 s 0 N
10 0.05  6.00 16.88 7 3 Y
16 023 10.83 0.4 3.04 2054 1 1 ] 2t
20 0.84 1500 5.40 2.83 7.9 24.44 18 [ 3 ° 2%
25 2.66  10.49 10,73 011 12,60 28.67 19 n ® N n
30 657 2024 16.41 15,79 17.04 233.17 24 16 10 18 8
38 1431 20.63 22,54 22.86 23.50 37.00 20 22 23 2 £
40 26.80 3.4 20.07 30,30 20,40  42.81 35 2 30 2 a
45 4274 4139 36.01 38.15 33.98 46.82 4 1S 38 u It
50 80.2L  47.00 40 46.42 .40 6347 ® Q e « 51
66 73.83 5480 ©51.23 55.11 4741 67.08 55 [ 56 I 58
00 87.3¢ 02.28 59.51 04.20 ©53.17 62.80 (4] [ 6 ] (4]
65 04.35 70.1¢ 68.27 73.78 58.75 ©7.51 70 o8 n 61 1
70 $7.88  78.44 77.47 83.77 64.01 11.08 ] 8 84 63 72
5 99,32 87.26 87.19 04.18 08.93 76.14 81 87 o o [
80 90.82  08.50 7.4l 7342 0.0 0 o1 3 80
85 ©0.90 77.62  83.47 8 8
90 99.09 80.53 86.00 82 80
95 09.00880 84.25  80.44 80 8
100 90.00985 80.83  91.70 8 ol
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TABLE 8. ORIGINAL AND EQUIVALENT SCORES AND RAXK OF STUDENTS SECURING
JUGHEST TOTAL ORDINARY SCORES FROM TILE SAMPLE OF 500,

actual score
students

Voma:  Quaical Jinory MMM pogisn Geography total  renk

1 7 [ 7 85 7 6 452 1

3 7 0 1) 02 1] 8 st 2
3 1 [ n Y 01 Y 434 3
‘ & ] % 77 o1 72 8 ]
5 6 2] 80 [ 5 o8 a8 1
[ [ [ 8 [ 5 N aw [
7 6 [ L1 7 58 (2] a5 7
] 58 [ 8 88 58 [H] o1 []
9 1 n 55 84 87 1 401 8
10 62 81 83 72 62 0 02 10
u (] 80 I 20 62 72 02 10
12 (5] 8 88 82 [ " 402 10
1 [N 1) [ [ (1] 0 303 13
i 67 &8 [ 58 61 " 388 "
15 o 7 “« 80 [} k] 318 u

soorea (v vl

1 7 ) 67 7 8 [ s 3
H n [ 0 10 70 8 428 H
3 7 () 67 [ % [ 40 1
‘¢ [ [N 72 07 " 7 al ‘
3 o [ 72 70 1] [} 101 s
[ 84 2 1 [ [ 1] 35 397 7
1 ] (] 7 b 8 80 02 ]
[} 58 ] 73 8 [ 50 284 "
9 08 63 58 0 [Y 73 307 1
10 62 7 58 64 70 [ 4 10
11 [ n 58 o7 ) 70 L n
12 62 87 59 [ % k:) 303 ®
13 & [ [ 50 10 [] 300 1
M 67 87 (5] 86 2 2] 300 12
15 ol 65 80 L1 10 o8 81 13

Paper received :  Seplember, 1953,



ON THE EVALUATION OF GROSS VALUE IN AGRICULTURE
BY MAKING USE OF DISTRICTWISE PRICE DATA AND
THE STATE OUTTURN

By M. MUKMERJEE
Ceniral Stahistical Organization, New Delhi

1. Ususlly it happens that at the timeof estimation of the groas value inagriculturo,
districtwiso prico data are available, but the outturn ia available for the State as & whole.
The purposo of this paper is to find out theoretically an sppropriate price average for the
evaluation of the State outturn in this case and then to test the theorctical findings with the
districtwise data on both production and prices availablo in respect of past period for & number
of States. The work is important because agriculture contributea roughly half of the national
incomo in India, and even a small addition to accuracy in the estimation of gross value in thia
sector would materially reduce the overall error of our national income estimato.

2. Tho problem may be posed as follows. Consider a Slate with n districta. The
pricea(p;} in n districta are known. Tho production figures (w;) are not known, but :‘: w; =W
‘

is known. Zuwp; gives theoretically tho most atisfactury estimate of the gross value. Tho
problem is to estimate ¢ = f(p;), such that ¢ is in some scnse the best possible estimate for
Zwpi.

A N
—i) 2
_ ‘A_‘-'-l('”‘ ) @ wooy
n

3. Let o = y = ’_"T-= n?
a »
Z (p—p) I p
U; = (=1 . —=('I »
n n

_ EI(W(—W)(P‘— P (?. w;p;—nTp _Zwp—g.

T, =
hid 7,0, [z no.I,

4, If follown from paragraph 3, that if on a priori grounds ry, can beassumed to bo
zero, then, Tw;p; ia estimated beat when ¢ = §. When £ equals the median, and there is
no reason to believe that the distribution of p's is skew, the median will be an equally good
estimator. If, however, p's have a distribution with positive skewness, the median will be

d imating; but if the sk is negative, the median will be over-estimating. In
either case, mean will be a botter estimator than tho median. In 21 cases studied by us,
tho mean is greater than the median in 15 cascs (sco Tablo 1). Thus it ia likely that positive
skewnesa exista in & larger number of cases. If this is w0, then on the assumption of zero
correlation, mean becomes & botter estimator than median.

5. Ona priori grounds, some negative correlation may, however, be oxpected botween
production and prices. Where thero is surplus production, prices aro likely to bo low.
It may be reasonably supposed that districts with larger production have on an average s
greater chanco of being surplus than districts with amallor production. Quite possibly some
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district with small production will be surplus, but still tho above supposition may gencrally

hold. Under this supposition there will bo & negs lation between production and
prices.  In our study, in 15 cases out of 21, we have found negative correlation, lending sup-

port to the above contention (ses Tablo 1).

8. Nowifr,, <0, and no hypothesis is made a8 regarda skewness of p's, it follows
from paragraph 3 that 5 will be over-estimating. In this caso the geometric (or harmonic)
mean may be a better estimator than p.

7. The availablo evidenco howover leads to the hypothesis that both r,, <0 and
skewncss is positive. In this caso sinco tho median < 3, it is likely to bea better estimator
than the mean,

8. Let us call Zie;p/I¥ = p and geometric (or harmonic) mean m,. Tn the case dis-
cunsed in paragraphs 6 aml 7, the geometric mean (or harmonio mean) will be better cstimators
only if the ¢xcess of § aver p is greater than the excess of 4 over m,, when p is greater than
Ty

0. A detailed study of the above problem has been made in respect of the median.
m. By our hypothesis, > m, and § > p since 7, < 0. Now ilm > p, it will bo s better
estimator than tho mean. If m < g, but g—m < p—g, then aleo median will be better,
\When g—m = p—p, p and m will be equally good. But when g—m > §—p, mean will be
a better estimator than the median,.

10. However, since

H=m W 5—=m 1
EZD = 14— —
= e e

the magnitude of under-catimation by the uss of median will be less than tho magnituds of

over-estimation by tho uso of mean eo long uvia:!'- ‘I_l ia numerically less than 2. Aa
w » L]

districtwise production figures aro expected to show a largo coefficient of variation, and
T:’—m is necessarily a very amall quantity, tho above expression can exceed 2 only when

»

7,y i8 very small, but this case is precluded by the hypothesis of real negative correlation.
Honce, the caso outlined at the end of paragraph 9 has a very small chance of occurrence for
the type of data wo aro dealing with and we may conclude that when r,,, < 0 and skewness
is positive {i.e., in the normal caso in respect of the data we are using), median is a better esti-
mator than the mean. This is corroborated by & larger atudy of 83 cases for which median
gives an overall under-estimation of 0.8 p.c. while mean gives an overall over-catimation of
L5 pe.

11, If we go back to the position of paragraph 6, and remove the assumption of
positive s , sinco iderations in paragraph 10 show that the magnitude of over-
estimation by the use of nican is likely to bo greater than the magnitudo of under-cetima-
tion by tho uso of median, when 4 lics in the range {5, m), it follows that when f > m, m is
a better estimator than 7. If, however, m > B, 4 boing obviously lces than 5, 5 ia & better
eatimator then m in this caso. Thue, we arrive at the intereating rule that when r,, <0
and no essumption is made regarding skewness, tho smaller of tho mean and median is tho
better eatimator. ‘The rulo is usoful because this can be followed in practice.
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12, For positivo correlution, on the other hand, it can Le casily shown that the larger
of the mean and medinn i3 the better catimator.

13, The experimental reaults nre prescnted in Table 1 below. It will bo scen that the
rules given in paragraphs 11 and 12 have been violated only once (in the case of Hyderabad,

Jowar). In this case valucs ol': and P re both found to be unexpectedly large, and the
v »

result is moro duo to thia than duo to the smallnesa of the clati T

TABLE 1. PRICE AVERAGES AND CORRELATIONS BETWEEN PRICE AND PRODUCTION

erap alate yeae no.of  woighted  mican miedion

n
dintriets mean hig
wintee rica  Pibar 1947-48 15 1.2300 16,0000 40.0557
sulumn rice “ " 15 16.5000 15.0000  —0.2520
wheat " “ 13 2900 22,0000 40,0207
barloy ” " n 12,0000 §2.8000  —0.3400
gram " - 15 10089 151000 13.1000  —0.1962
qur “ " 15 14,6000 10600 16,0000  —0.3884
Indian corn - . 12 10,2000 10,4000 10.0000  —0.1130
rico u.Pr. 194516 3l 177000 18,4000 17,5000  —0.2170
" " 194647 8 17.7800 17,0600  17.7300  +0.0380
" " 104748 43 10.5000  10.2300  17.7500  40.2170
- » 1048-49 43 20.2000  20.6000  26.5000  —0.1280
wheat Fast Punjab 194840 12 14,4000 142000 —0.5000
Fmin - " 12 8.5000 8.5000  —0.2080
groundnut  Hyderobnd " 1 62,7000 2.0000  +0.3090
jowar - » 12 30.6000  40.5000  33.5000  —0.1340
rice Bombay - 18 0.6500 0.7700 0.7400  —0.2088
wheat " " in 0.6000 0.5040 0.4750  $0.3730
gram " " 18 0.4800 0.55%0 0.5330  —0.5050
gur " » 18 0.6100 0.0530 0.6500 —0.1112
bajra " " 4 0.3500 0.4240 0.4000  —0.0013
Jowar n " 16 0.3300 0.3050 0.3650 —0.1¢10

Paper received :  Mareh, 1951,
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