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1. IxTRODUCTION

It is now meore than 30 years since R. A, Fisher put forward the concepts of
Consistency, Efficiency, Sufficiency and Likelihood in a paper entitled, ‘The mathe-
matical foundations of theorctical statistics’ which is tho first lnrge scalo attack on
the problem of estimation. These ideas were further developed in another paper in
1925,

Suggesting that i y, cfiiciency amd sufliciency may bo laid down
as the common-sense criteria to be employed in problems of estimation, Fisher (1922)
proposed the method of maximum likelilioocl {m.1.) as & formal solution to the problem
of estimation. Besides some intuitive consiterations which Jed the author to lay down
tho method of maximum likelihood as a ‘primitive postulate’, some rensons for its
choico scem to be, in order of importance, as follows:

{a) "It supplics & method which for each particular problem will lead us
automatically, to the statistio by which the criterion of sufficiency is satisfied” (p.323,
1922),

(b} The wethod utilizes only the information supplied by the samplo as ob-
served data, without making any assumption about the priort distribution of the un-
kanown parametors {p.324, 1922).

(c) It loads to oflicient (asymptotically minimum variance) estimates in the
cluss of asymptotically normal estimates (p. 711, 1925).
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Although no rigorous proofs or the exact conditions under which the sbove
assertiona are true were given by Fisher in 1022, 1925, the number and variely of new
results the method of maximnm likelihood disclosed and its universal applicability
made it attractive more than any other method of estimation,

A number of workers investigated the exact conditions under which the above
statements aro true. Hotelling, Doob and Dugue provided the conditions for asympt-
otie normality, consistency and efficiency (see Lecam, 1053, for references). But
according to Lecam (1953), ‘The proofs are not rigorous snd mistakes are apparent’.
Wilks, Neyman, Barankin and Gurland (for references see Lecam, 1953) showed under
some restrictions on the estimating function or the estimating equation that the m.l
provides efficient eatimates.

While it is believed that some reasonable restrictions are necessary to avoid
seemingly pathological estimates being offered as alternatives some authors produced
ingenious examples intended to show that the assertions made by Fisher are not of a
general nature and particularly that his concept of efficiency is void. For instance,
Lecam (1953) quotes a method due to Hodges, by which any consistent estimate T',~» ¢
in probability can be replaced by another which isnot less efficient anywhere and more
efficient at a largo number of values of the parameter. This implics that there does
not exist a best consistent estimate in the sense of possessing minimum asymptotic
variance, Tho Jower bound to the asymptotic variance is zero at all values of the

P tradicting Fisher's 3 lity to asymptotic variance.

This is, no doubt, disturbing but not at all alarming because consistency in
the above senec is by itself not a particularly attractive property of the estimate and
some very reasonable properties which may be required of an estimate ensure the
existenca of a lower bound other than zero. The definition of consistency in the senso
of a probability limit docs not imposo any restriction on the estimate however large
n, the sample size, may be. For instance a rule of estimation of the form, ‘do what-
ever you like up to » = 10,000 and for larger » choose  as the cstimate of the mean
of & normal population’ satisfies the criterion of consistency in the above sense. Such
s condition is useless because the practical interest chiefly lies in values of n not very
large.

Ono restriction which hax some merit is that the estimate should be unbiased
for each n. Under this restriction it has been shown by Cramer, Darmois, Frechét and
Rao that there is a positive lower bound to variance. This inequality was same as the
inequality for naymptotic variance given by Fisher (1925) and therefore some writers
were led 10 believe that a rigorous proof of Fisher's inequality was provided by tho
above authors,

1t is relovant to cxamine at tho outset the conditions under which Fisher made
an ossertion about the oxistence of efficient estimates becauso the concopt of ‘officiency
o8 defined by Fisher’ has been the subject of criticism for somo timo, Let us first
examine how far this criticism is duo to misund ding of Fishor’s t
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The first In the definition of consistency. On the first page of Fisher's
(p. 309, 1922) paper the following definition is found,

Consislency: ‘A statintic satiafics tho criterion of consistency, if, when it is
calenlated from the whole population, it is equal to the required parameter.’ Later
on page 318, “That when applied to the whole population the derived satistis should
Le equal to the parameter’,

Tt is clear from this definition and examples given in the 1922 paper that Fisher
was considering o statistic as a function of tho observed distribution function. When
the observed distribution function is same aa the true one then tho actual value of the
paramcter must bo realised. If the statistic 7, in & continuous functional of the
distribution function then it is easy to nee that

Prob{|T,~0|>¢} - 0 as n—oaw

or T,—0 in probability, which is the definition of consistency without any restriction
on the statistic that has come into current usage. The latter definition implies Fisher
consistency (FC) if 7, is a continuous functional.

It is this second definition of probability limit which Fisher stressed in his 1925
paper and used in his subsequent papers. But some restriction on the statistic scema
to have been tacitly arsumed. In his 1038 paper, Fisher says (p.42) that if T' tends
to a Jimiting value ‘it is easily recognised by inserting for the frequencies in our sample
their mathematical expectation®. Later in this paper (p.45), consistency of the esti-
mate ob d by equating a linear function of the freq ies to zero is verified by
expressing the condition that when expected frequencies are substituted the equation
is automatically satisfied. Again in 1938, Fisher states, ‘The problem of estimation
is to find from the sample point the most appropriate point on tho curve of expecta-
tion. Thus every mcthod of estimation is naturally equivalent to dividing up the
space into what may be called equi-statistical regions such that every sample point
on tho aame region leads to the same esti The criterion of i y simply
states that the equi-statiatical region leading to any estimate of 0 should actually
cut the curvo of expectation at the point corresponding to this vatue of 8,

It is, thus, clear by consistoncy Fisher had in mind both the propertica of the
statistioc tending to a limit in probability and the limiting valuo being attained by tho
statistio at tho expected value of the frequencies. This would imply that the statistio
need be continuous in probability only. This proporty alone may not bo suffiicent
to ensure a limiting asymptotic variance. What wo have shown in this paper is that
Fisher's original definition of consistoncy together with Frechét differentiability en-
sures a lower Jimit to asymptotio variance. In proving this the pioncoring work of
von Mises (1947) on differentiable statistical functions has been extremely usoful.

In a recent discussion with Fisher at the Indian Statistical Institute, the authors
wero told that ho was conaidering only analytic functions of frequencies, This is moro
than what is actually needed to prove all tho asscrtions about asymptotio officioncy
and normality.
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While it seema reasonable that wo should consider only analytio functions
critics may still maintain that Fisher has not explicitly stated this in hia earlier papers
nor can analyticity bo inferred from other properties assumed such as asymptotie
normality.

In this paper, wo givo somo sufficient conditions under which there exists a
lower bound to the asymptotio variance. Two different siluations are considered.
First the estimation of paramctera bnsed on tho observed frequencies of a multinominl
distribution. In this cazo the problem can bo answered using tho ordinary notions
of continuity and differentiability with respeet to several variables as shown in
Rao (1955). Second, the estimation of parameters of a continuons distribution based on
a sct of observations on the random variable, At first it may appear that the conti-
nuous caso can bo treated as a multinomial with the number of clasa intervals tending
to infinity. But to mako the argument more rigorons we use the topnlogical properties
of function spacea in which the concepts of continuity and differentiability ean be
suitably defined. We refer to the pioncering work of von Mises (1947) on difierentinble
statistical functions but do not make use of the methods developed there. On the
other hand, the concept of Frechet differentiability acems to provide a more fruitful
approach to the problem at hand. To make Uhe reader somewhat familiar with these
concepts, some useful definitions and theorema on differentiable functionals are quoted.

In a forthcoming paper, a further use of these resuits will bo made in proving
somo optimum properties of likelihood estimates similar to those given in the case of
minimum chi-square by Rao (1055).

2., ESTIMATION OF PARAMETERS IN A MULTINOMIAL DISTRIBUTION

Let ny, ..., my,(En; = n) be the observed frequencies in & classes of o multi-
nomial distribution with probabilities my, ..., m, depending on unknown parameters
0,04, ... The relative frequencies (n/n), ..., (my/n), are represcnted by py, ..., Pae
According to Fisher, a statistic which is n function of the relative frequencies only
is consistent (FC) if, when tho true proportions are substituted the function identically
reduces to 0 or in other words T(m,...,m)=0. Whilo tho estimating function
assumes tho true value 0, when the true proportions are realised it is also reasonablo
to demand that when the observed proportions are close to the truo oncs the cstimato
should not bo far from the true value. This implies continuity of the estimating
function with respect to the relative frequencies.  From Slutsky’s theorem it follows
that if T(p,, ..., p;) is continuous then it converges in probability (CP) to T'(m,, ..., m)
which is identical with 0 under (FC). Therefore in the case of a continuous function
FC«—CP. We shall now prove a theorem containing a ret of sufficient conditions
under which thero exists n lower bound to the asymptotie variance of a Fisher conxis-
tent (FC) statistic.

Theorem 1: Let 0 = ¢{0,, 0y, ...) be the paramelric function lo be estimated.

i
@) T(py,...,ps) is FC for 0,
®) T(py, ..., ) admits i partial derivatives,
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(¢) $10,,0,, ...} admits all partial derivativea and #0 also eack #, as a funclion

of 0,,0,
then nor

() T(pys ..., ;a) has asymplotic normal distribution in the accepled senae of the term,
(i¥) The asymplolic variance is

2
viry = [z (2 ~{2n 0] 0
(i rm>zzr %
'r 00,
where (I™) ia the mairiz inverse to (1)), the information malriz defined by Fisher.

All the conditions need bo satisfied only in the neighbourhood of the true values.

Proofa of (i) and (ii) are well known. Tho proof of (iii) ia as follows, The
condition of FC, T(m,, ..., m) = ${0,, 0,...) impliea undler regularity conditions

= T an; 0¢ .
._40”‘00 oy L2,..
. (2)
1 0m;
or (on,) wd0)= @,J L
By definition
10m Yomy _ . _ g -
Z" aiaod e any) =t = Luin -
and Zn‘t;T {Eﬂ,— = n¥{T).
The equations (2.1), (2.2) imply that
¥ %
oS W,
o
3—3‘ In In w50 . (23)
17
"7%" Ill 'ﬂ
which on expansion by the bordered el yields
) >“'"',J;$-%$' . (24)
Hence (jii) of Theorem 1, In the case of a singlo parameter
v > I . (28)
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where 1 is the information for a single paramoter.  Fisher (1825), in his original proof
of this incquality replaces the conditiona of Theorem 1 by FC and asymptotic normality
without explicitly stating any analytic property of the atatistic. It is, however,
an interesting problem to examine to what extent analyticity of a statistic and norma-
lity of its asymptotie distribution are related.  If FC is replaced by CP then the in-
equality may not hold as shown by Hodges.

The conditions of Theorem 1 ean be relaxed in aeveral ways without disturbing
the lower bound.  One such set of conditions in given in Theorem 2

Theorem 2: Lel 8 = ¢(0,.0,,...) be the puramelric function to be estimated
and T(py. ..., py. n) be the extimating function tchich may be an explicit function of n also.
iy

(a} T(m,

) T(py ... P n) admits first partiul derivalives continwous al my, ..., m

uniformly in n;

My n) = 040,00, 0y, ...) where /nb,—> 0 as n—sxc;

() same as condition (c) of Theorem 1,
then T(py, ..., py, 1) 18 normaily distributed about @ rith an asymplotic variance not less

than ¢fn where
c= hm n ZZ 1 (2 0 )(gg ZZ

The proof is similar to that of Theorem 1.

3. ESTIMATION OF PARAMETERS IX A CONTINUOQUS DISTRIBUTION

When we turn to the problem of generalising the results of the previous sec-
tion to the case of a general continuous distribution F(z, 4, 0,, ...) involving unknown
parameters 8y, 0y, ..., the general class of estimating functions which naturally rug-
gesta itself is the class of functionals of the empirical distribution {unction $,(z). Many
of the familiar statistica in uso (c.g. the sample momenta, median etc.) are functionals
of S,. If/[S,]is tho estimating functional of & = ¢(0,, 0. ...) then FC demands that

JF(z,0,,04...0] = 0.

If £ is & continuous functional, then f{$,(x)] 3¢ in probability since S,(x) strongly
converges to F(z, 0y, 8,,...}. Under tho condition of continuity convergence in pro-
bability implies FC as in the discreto case.

To provo further results, it is y to ider tho pt of differenti-
ability of a statistical functiona). This was developed by von Blizes (1947) using tho con-
cept of Volterra derivative. Defining the first differential as a lincar functional
representablo ns an integral with respect to the increment, von Mises proceeds to prove
asymptotic normality under somo conditions. For & rigorous demonstration and as
& natural extension of the condition (b) in Theorem I, wo require that tho estimal-
ing funotional should be differentiable in the sonso of Frechét (1923).
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Some basic nolions:

(1) Any transformation f{x) which hus for its domain a subset D of & normed,
lincar space £ and tho set of real numbers for its rango is calied a (real-valued) func-
tional.

(2) A functional £ is continuous al rgeD if lim f(2) = f(x,} 88 (le—2y|— 0.

(3) A functional fhaving £ for its domain is said to be additive if for any two
clements x, and x,

Jntay) = fir)+f(zy).
(4) An additive, continuous functional f (defined over £) is called linear.
It is easy to sce that if an additive functional f is continuous at a single point
,, it is continuous everywhere.
Furthermore, a linear functional [ is homogeneous; i.0., f(Ax) = Af(z), A being
any scalar,

(5) Let fbe any functional with domain DGE. Thon fis said to possess a
Frechet differential (F-differential) at x,, if for hE so that (ry+h}D thete exists &
functional L{x,, k) linear in & such that

lim M eoth) =flre)— Lz b)) =0
8=+ L] ’

Remark: Tho continuity of L (implied by its lincarity) is  natural require-
ment becaueo it is desirable that functionals F-differentiablo at x, should a fortiori
be continuous at z,, That this is the case follows from the relation

Sag+h—Jir) = Lo, h)+pik), plh) = oflibll) w (3

which shows that fis continubua at 2, if and only if L is continuous at 0, i.c. ifand only
if L is a continuous functional.
F-Differentiable, FC-Statistical functionals ;

Let E bo the normed, lincar spaco of functions V(z) of bounded variation in
(=00, o) with norm V]| =_;u<‘p<‘LV(z)|and let D bo the set of continuonsdixtribution

functions Fy{z), (involving a singlo parameter s o set C of possible values) and empiri-
cal df.'s S,(z) for all n. Fy{z) is assumed to have a derivativo pyfx) which satisties
the regularity conditions which validate differontiating with respect to tho paramcter
under the integral sign.

In this section, wo shall consider FC-functionals which powsess a Frechét
differential et the truo point Fy{z). In other words, wo make the following assump-
tions about tho cstimating functionala:

) ) =0 e 30
(i§) J possosses an F-differential at Fp,
that i, JOV=f1F) = LiFy, h)+pih) . (32)
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where b = G—F,, GeD,
A ,
1—;—;—00 as  [A|—0,
‘
and (i) LFy by = | §Fy. xxdhtz). - (33)

Equation (3.3) is sn assumption about the speciBic form of thelinear functional L and is
suggested by von Miscs’ definition of the Volterra derivative, Here ¢ is sssumed to
bo a Baire function of z,

Theorem 3: Let f[8,] be a functional defined over D and atisfying conditions
(3.1)43.3). Then /n{f(S,]~0) has an asymptotic normal distribution if and only if

]¢’(r,.x)dr,(:) <. e (349)
-

Proof: From the assumption of Fdifferentiability we have
SER-IE) = [ $UF,, 2)hn)+pth)

where

L)

A
= 0.
wima (A

We now use an argument similar to one of Barunkin and Gurland (1930).
Given 8 > 0, let (8) be the supremum of all x for which

Thh<x  implies |p(h)] < BlAl. e (3)

Then p(8)—0 implics 840, Taking h(z) == 8,(z)—Fylz) we shall ghow that

prob. im  /mp(h) = 0. . (3.6)
Ladd

Clearly Pl o = PR e )
ol e
# > W)

<P{w> # ()} - 37)
a8



ON FISHER'S LOWER BOUND TO ASYMPTOTIC VARIANCE

from (3.5). For thoso A satisfying tho inoquality within tho braces of tho right
hand wido of (3.7) wo must have for overy positivo constant A,+/nliA > A for all
sufficiontly large n.  Otherwise thero exists a sequenco {n,}, n,~20 and 8 constant A,
such that \/rﬁ_lh_."(/\, implying [, I—>0 which in turn implics that s(e/v/ e, 10

which is a contradiction. Henco

PV 1ol 3K PVATHI> ). . (3.8)
Now Vilhl = a_sup 1S,~F,)
—w0<xcm
has, by Kol '8 th , & limiting distrit (if Fy(z) is continuous), say

K{A). Thus (3.9) gives
limsup P(Vn |p.| >€)<1=K(A).
—pn

Since the r.h.s. of the above can be made arbitrarily small making A largo enough,
(3.8) follows.

1 I {B(Fy, 2))MFy ()<o0
then %‘ [ B(Fy, 2)dh(x)

has a limiting normal distribution. This fact combined with (3,8) implics that

v —
AU RN
has also tho same asymptotic normal distribution, with zero mean and unit variance,
where
1
9 =I ¢dF— (] WF:) .
On the other hand, the asymptotic normality of v/nl f[S,J—/{F,]) together with (3.6)
implies that of
VA 9y 2iz)
which is of the form
Y+t Ye_ 2
ﬁ— Vn [WF ]

where Y= g(Fg )

are independent, identically distributed r.v.'s. - Henco by Khinchino's theorem (soo
Unedenko and Kolmogorov, 1949), E{Y?) i..

| g 2NaFyz)
is fnite.
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Wo now proceed to the main result of this section, which obtains Fisher's

lower bound for the asymptotic variance of FC and asymy Ily normal ical
functionals,
Theorem 4: Let f satisfy (3.1){3.3) and in addition suppose that
Valf[$,]-0 e (39)

is asymplolically normally distributed with mean zero and variance o}. In view of
Theorem 3, (3.0) can be replaced by the equivalent condition

+r

[ g o)) <en. e (3.10)

Then
(3.11)

[ P2 LN
g
00
Proof: Wo may assume from now on without loss of generality that

48

[ ¢tFp2MFzy = 0.

Let e besosmall that 0+-e belongs to €. (C ean be assumed to be an open set.) Taking
h = Fgy,—Fy wo have

S d=JFs = [ 6(Fp, MiFgsu— Fy)+ple).

The left side of the above relation is 6 since fis FC. Hence
= . Pyae (X)—pylx) ple)
1= ]’ by ) {_J"TMZ_)L} pleldet AL,

The conditions imposed on tho density py(x) imply that the first term on. the right
side of tho above equation tends to

I HFg 2) 2 ug 2 oL pha)de

wnun. I
e

Sinco 'l.l_l’!z Pgyal7) = pyf) for n.ex and the limit py(x) is also o density function we

e
L3

whilo

have
.
lim [ Pgsdz)=pfe)ldz = 0
-
and lience Il Fopr—F,y ll<_[ [p“,,(-'t)—p‘(z)ldx—b 0,
-
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Thus

ole)

=0 ns =0,
AT

Further it is easy ta verify that

lmuup &’"_L < [ |Ol°g"‘p,(r)dz<uo
Hence
im 28 _ dlogp =
lim 29 nnd [ #Fpa) L piedz=1.
An application of Sct 's inequality gives

0g 7'

o} = [ $YFp Dlpfedz > ET
L]

which is the Jower bound given by Fisher.

4. SINULTANEOUS ESTIMATION OF PARAMETERS

Let T = (T, T....) be the vector of FC estimates of the vector of parametric
functions ® = (®,, ®,;...). Let ench T, satisfy tho regularity conditions of theorems
1 or 4 (accorcling aa the distribution is multinomial or continuous). Then it is easy
to see that the statistic

¢ = KT+l Tot

where [, aro arbitrary, is FC for ¢ = 1,0, +1,0,+...and under the regularity conditions
assumed it followa that F(r), the asymptotic variance of 4, satisfies the relntion

s Ty reds 08
T » Iy a; 0,
or expressing in terms of /; the incquality becomes

D, 0,
EE,cov (T, T) > LTI EEM W,' e

or zsiy(ors i I a@, 1’91] >0.
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Hence tho matrix
_xy g 90,00
(cu sy O 7”;)

is non-negativo definite, where Cyy is to be interpreted as asymptotic covariance,
We thusarriveat a series of results gimilar to that for unbiased estimates (Rao, 1945).
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