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1. INTRODUCTION

In recent years consilerable work has been done on the characterinntions of the
normal distribution. Bernstein (1141), Frechet (1951), Darmwia (1951) and Basu (1951)
have proved some theoreina on the stochastic independence of linear functions of
independent chancovariables. It hoa been established that if x. xy.....x, are independent
chance variables such that a;r,+a,x,+... +0,x, is independent of bz, 4-byry4-... 4-b,7,
then each z; is normally distributed, provided that ab # 0(i==1,2,..., n). Geary
(1936) amd Lukaca (1142) have proved that if the samplo meen ix distributed indepen-
demtly of the snmple variance in the cave of a sample from a populntion with finite
variance, then the pupulation is normal.  Basu and Laha (1054) extended Geary's
theorem by proving that if the sample mean is distributed independently of any sanmiple
I-statistic (a8 defined by Fisher) then the population isnormnl.  The ruthor {1933) has
made another extension of Geary's theorem, proving that if 7, 7y, ..., z, are identically
distributest independent random variables with a finite varianceo*and if the conditional
expectation of any unbiased qundratic estimate of o2 for the given sum x,4x,+... 47,
be independent of the latter, then the distribution of cach z; is normal. The theorem
on the stochastic independence of kymmetric and homogeneous linear and quaclratic
statistics proved by Lukacs {1952) follows as a simplo corollary from the author’a
theorem above. The ohject of the present note is to establish the multivariato analogus
of this theorem.
Theorem = Let Xyyn represonl a sample of size n drawen independently al random
Jrom any p-coriale disiribution with a dispersion mutriz B = {g,,) (2, f = 1, 2,..., p).
If the litional ¢xy ion of any unbiased quadratic estimate of X for the fized
sample meuns dors uol conlain the lutter, then the joint distribution of the variates is
p-variate normal.

Proof: Tt XAX’ denote any unbineedd quadratic catimate of £ such that
E(XAX) = X. . (2]
Let 7, = (To)s Xags o0y ) (@ = 1.2, ..., pj; then it follows evidently from (2.1) that
Flzedzs) =0, (=12 ..p) . (29)

On simplification, {2.2) yiekls

(a,,+m.m,)§;a,,+m.m, Ta,=0, . (23)
~l rx
L

where E(z,)) = m,.

307



Vou. 14] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [Pakr 4

Heneo the condition of unbiasednesa leads to tho relations

-
z':a,, =1 and Za,, =0 . (24)
=1 =1

By the condition of the theorem, it followa evidently that

E{lx,Azp)eithInthIat.. +hIn))
2 Blgudr)) ElefIn+hErt. . +15Z5), e (2.5)

After some algebraio simplifications, (2.6) reduces to the form

%
ﬂl, ¢ Z a4yt T I‘ ¢AT Ay = —Cpp . (2.8)

where ¢ denotes the characteristio function of the above p-variate distribution.

On writing ¥ = Ing, wo have
W _0 1 ay a¢ )
a/ =a 3 ™aa = az,/“ / - @)

Now substituting the relations of (2.7) in (2.6) and then using the conditions
of (2.4), we have at onco

[d e
Fr e N W

Since the above relation (2.8) holds forall ¢, # = 1, 2,.... p, Yty e y) 188
quadratio form in 1, 1y, ..., f,, which proves the theorem.

(2.8)
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