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SUMMARY ; loan values of apecified froctite intervals of the standasd normal distribution wers
oallad normal ncorou end tabulated hy Fisher and Yatee Moan values of fraotile intervals of the single
pammetor gammn distribution will bo called gomma-scores. (nmma scorm sro umeful in examining the
goodnean of At of  gArama diatributinn by fractile graphical mothoda doveloped by Wahalsnobis,

Numerical methods and anmpatsr programs fir svalugtion of gamrua-scarea ars presontod in this
paper-

1. INTRODUCTION
Let Fiz) he the distribution function of a random variable whose oxpectation
existe. We nxsume that for any given p, 0 < p < 1, the equation F(z) = p has a
uniguo solution which we shall denote by £(p). we shall define £(0) = — 0 and £1)
=+0.

For given integers m. m > 2 and i, 0 i < w, £(ijm) will be called the i-th
I ) N i1 iy
of m fraciile pointsof F. i =0,1,..,m and the interv al (f (—"»l—). f(m ))Wlll be
enlled the i-th of m fractile intervals of F; i =1,2,..,m. The conditional expec-
tation of the random variablo given that it belongs to the above interval will be
denoted by p(i. m) and called the i-th of m fractile scores.

t
t
Thna i.m) =m | 2dF
iy
. i
where for simplicity f=¢ (;)

Fraotile scores for the standard normal distribution are available in Fisher
and Yates (1938), Rao. Mitra, Matthai (1086) and other tables. Linder (1863) used
these normal fractile scores in testing normality of a sample frequency distribution
by mbthods of fractile graphical analysia developed by Mahalanobis (1958; 1980).
Mahalancbie (1969) pointed out how fractile scores for other stendard distributions
can be used for similar purposes.

Evaluation of fractile scores associated with the gamma distribution reported
in this paper was taken up at the suggestion of Professor Mahalanobis, We shall

call these gcores gammn scores: The one parmeter family of distribution funotions
oconsidered s

Gz, 8) = | g1, O\t
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where 0 for z <8
9(z.0) =<

% ez2-1 for 0z <

where 8 > 0 in the single parameter involved.

It is easy to mee that the i-th of m fractile score for the gamma distribution
in given by
P, 0) = Omi Gy 04 1)—Giy_y. 0+1))
where ¢ in the i-th of m [ractile points of (/(z, 0). Since tables of u(i, m, 0), the gamma-
sooren, for n wide range of values of m and # would be much too extensive for publi-

cation, we presont here n computer program written in FORTRAN II language for
Jation of thess g together with a description of the algorithms used,

2. EvALUATION OF G{x, 0)

Let M be the largent integer not exceeding 0, f = §— M and v = 14-f. We
use the reduction formula

Gz, w) —glz, w) T ANk 1) oo (k). i 0> 2
Fand
Uz, 8) = { Gz, u), fr<eg?2
M, wy+glz. ), fo<dg!

We are Usus led to consider svaluation of
x

Alz,w) = [ ettt
L]

for1 < u g 2 Forz < 10, expension of e~ in a power series and torm by torm inte-
gration i satisfactory, and we get for A(z, ) the npproximation

E(z, u) = £ i, u. x}
=0

whare Hjo w2} = (1) 2«*9)(jliu+5))

and 5 is the smallest integer exceeding 2z for whioh |4n+1.u. z)| <107, For
Z > 10, we derive an approximation F{(z, 4) for

Bz, u) = j-z“ tu-gy
by writing it in the form
B(z, %) = ¢~ Z et (L4l dt
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and using the third order Laguerre-Ganes quadrature formuls; thus
]
F(z, u) = A“.E Hylz+2p)8
-1
where Hy and z are respectively the weights and the absoissa of the gquadrature
formuls borrowed here from Kopal (1061).

H\ = 0.01038925685, H, = 0.2785177336, H, = 0.7110030098
z, = 6.280945083, =z, = 2.204280360, =z, = 0.4167748588

We then have the following approximation for G(z, v):

{ E(z, u)[H(x) for z < 10
J(z. n) =

1--F(z, w)[H(x) for z > 10
where H(u) = B(10, u)+F(10, )

is an approximation for T(x). The algorithm presented abovo is an elaboration of one
developed by Roy and Kalyanasundaram (1964) in a mimeographed report.

To evaluate fractile points of the gamme dixtribution we use an interative
procedure based on the method of false position.

3. EBROR ANALYSI8
We obtain below estimate of errors in the approximations E(2, u) for A(z. u)
and Fiz, u) for B(z, «} without considerntion of errors in rouding off.

Let

o) = (et - & (<Y Bl e
J=0

= I (—1yume
Jontl

L33

50 that Ira®] < AN (l+

' "
2+2" (nr2)n+9) +)

A

S ()
= (70)”
for 0 ¢t € z<n. Thus, in this range

-1 et
In0l < (1-%) - mE
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Therefore | A(z, u)—E(z, u)} < nf [r b ldt

((l_,)-l P

=) BENBFI+)
= (1—;)—l|l(n+l,u, z)|
Now, if n > 2z and |{n+1, u. z)| < 1~ if follows that
| Az, uw)—B(z, w)| < 2%10-*

Again, from the expression for the error torm in Genea-Laguerre quadrature
formula (see Kopal, p. 373), we have

Bz, u)— F(z, u) = 8‘ dt‘ (e~5(t+2)"")|iay

where y ir oma positive number. [t ix thus easy to sou that for 1 ¢ n < 2

| Blz, u)— Pz, w)| < e~xzv~?
so that if z > 10

| Biz, v)— F(z, 4)] < 7101078 < 5x 10710

4. FORTRAN II PROGRAM FOB GAMMA SGORE

The list of » computer program in FORTRAN 11 language for evaluation of
gamma scores, given the valne of the parameter # aud the number of fractile groups
m, i appended helow The program was mted on & 2K—4 tape H400 computer
system. Itieap to ack ledge the ived from Mr. K. Vijaya-
chandran in cod.mg and debugging the program.
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EVALUATION OF GAMMA SCORES
THAT IS MEANS OF N FRAOTILE GROUPS OF &(X. V)
\WHERE N,V ARE TO BE SPECIFIED BY USER

2caaa
H

ANnrfoaa

880

820

aa

330

640
350

580

570

500

a10

READ LN, ¥
FORMAT (12, F10.8)
PRINT 250, N, V

FORMAT{I0X, 12, 5X, F10.8)

EN - N
J=1
R = 1IEN
PQ = 0.
P R

EVALUATION OF FRACTILES OF GANMA DISTRIBUTION
THAT 18 TO ORTAIN X SATISFYING P . X, V)

£ = 0.000001

H=01

Xl =0

Pl =0,

X2 = X1+H

P2 = G(X2, V)

IF (P2 -P) 520, 570, 810
X1 = X2

Pl = P2

GOTO510

X = X1+(P~PN*X2-X1)[(P2—-PI)

PP = G(X. V)

IF (A BSF(PP—P)—E) 580, 540, 840

TP (PP — P)880. 580, 580
Xl=X

Pl = PP

GOTOBsN

X2 =X

P2 = PP

GOTO630

X = X2

PR = G(X.V+1)

PM = VCEN*(PR—PQ)
PRINT 600, J, X, PM
FORMAT (5X. 12, 2F10.8)
PQ = PR

Jom T+

Pl= P

Pw=P+R

X=X

IF (J—N) 810, 810, 620
PR =10

GOTO 890

PAUSE

GO TO 999

END
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FUNCTION G(X, V)

GAMMA FUNCTION
EVALUATION OF INCOMPLETE QAMMA INTEGRAL

caaca

M=V
EM = M
T V-EM+1.
R=1
Y =100
GO TO 100
L] =8
Qo TV 300
10 HemH4+8
K=z
FaulX
IF (Y —10.) 100, 100, 300
16 PasH
GO TO 22
M Pl -8
22 IP(V-2) 25 46, 200
26 IR(V—-1.) 30, 30, 45
W §=—l
32 Q= EXPH(-Y)*Y*(U—LyH
Q= P-Qs
RETURN
3 O=r

RETURN

IF (81-8) 110, 118, 110
e §=3

0=Cr.

T = = THU+C =) FACH U +CY)

GO TO 105

115 GO TO (5. 16), K
200 0=00
T ¥IU
S=1
208 IP(0-EM+2) 210, 32, 32
210 0mO+1.

¥ = TYU+0)

S =847

a0 T0 208

300 D= EXPF(-¥)

§ = D*(0.0103802505°(( ¥ + 8.289945083 )4 U — 1.))
1027851773369 Y +2.204380380)%(U - 1.))
24-0.7110030009%(( 7 +0.4157745568)*%(U - 1.)))

Q0 TO (10, 20), K

END

END

JOBEND
Poper received :  October, 1970,
Bevised : April, 1971.
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