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1. INTRODUCTION

This nots ia of an expository naturo, It ia hoped that tho approach will be found uso.
ful to tho studenta, It is shown how certain theorcms connected with the univariate normal
(&,) distribution may be i diately g lized to the muitivariate caso if wo defino the

iate normal distribution aa follows (Frechet, 1951),

Defiaition: Tho random p-vector x Is said 1o have the p-variate normal (N,) dis.
tribution if for evory constant p-vector t the distribution of tx’ is univariate normal (¥,).

That the above dcfinition s equivalont to the usual definition is proved ss followa.
Since every linear function (functional) of x is N, tho disp matrix A of x must exist.
Lot 4 be the mean vector of x. Thon, for every p-veetor t, the distribution of tx’ is N, with
mean t 4’ and variance t A ¢’

Hence E ‘irx - ciw'—lt.n'

aad the rest follows (Cramer 1040).

2. SoME PROPERTIES OF N,
Theorom 1: If x is N, and 4 is any conslant pXq malriz then x A i3 N,.
Proof:  For any g-vector t
txdy = (147’
But (t4')x’ is N, becauso x is N,.

Theorem 2: If x,, Xy, ..., X, are mulually independent N,'s then for any set of cons-
{anie ¢, Cpy ey Gy the p-veclor y = ¢, X;+.0it6y X, 08 N,

Proof: For any p-vector t, the set of random variahles tx’, tx, .., tx,’ aro
mutoally indeporident N,'s and honco
ty = Sotx s Ny
Theorem 3: If x, and x, are independent random p-veclors and x,-+x, is Ny then
both x; and x, are N,'s (a constant p-veclor is a degenerate cass of N,.)
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Proof: Since x,+x, is N, wo havo, for ovoryt,
tx, tx) = t{x,+x,)" is N}

And sinco tx,' and tx,’ are independent it follows (Cramer, 1937) that they are both N,'s.

Theorem 4:  If x,, 2y, ..., X, are mutually independent N,'s with common dispersion
matriz A and

Y= ? ax  Gi=1,2...,n

where A = (a;) ¥ a unitary orthogonal muairiz then y,, Yy, ..., Ya are mutually independent
N,'s with common dispersion matriz A,

Proof: Let ty, ¢y,

t, be arbitrary p-vectora and let z ={z,,1,, ...,z,) where

n=ty' =Zagit;x) i=1,2..,n

Now, every linear functional of z is a linear bination of linear funotional
honce is N,. That is Z is .

of x;'s and

It is easily verified that

0 if i#s

Nv(x‘")n{ GAG ifi=2

Hencex; =t; y/, i =1,2, ..., n, ard mutually independent normal variables and_aince
this is t:ue whatever he the ¢/s if follows that y,, ys, ..., ¥, are mutually independent normal
variahles (To prove this just consider the joint characteristic function of y,,y, Ya)
That the dispersion matrix of y;, i =1,2, ..., n, is A follows easily from the fact that the
varianco of & ¥, is A t for all ¢,

Theorem 5: If x,, x;,
Jor two given sels of conslanis a;

x, are mulually uldepud:nl random p-veclors such tha!
reer 1y @0 by, by oo, by The random p-veclors

yi=Zaxand y,=Zbx

are independert then every x;, for which aib, #0, must bean Ny (i =1, 2, ..., n).

‘Thia i3 tho multivariate ion of the ponding well-k result for p=1.
{Basu, 1951 ; Darmois, 1053 ; Skitoviteh,. 1033).

Procf:  For any p-vector t, the randont varinble

ty' =Zq(tx)
is independent of
ty) =Eb(ex)

and honco t x'is N i ap b 2 0;

e
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A NOTE ON -TUE MULTIVARIATE EXTENSION OF SOME THEOREMS

Geary (1936) proved under cortain restrictive assumptions that. if, for n independent
observations Iy, 7y, .., Za o the random variablo z, the samplo mean is independent of tho
samplo variance then z must be normal, Extending Geary's result Laha (1953) proved that
if z has finito varianco o and if thero exists an unbiased (whatever bo tho distribution of
) quadratic estimator x A x’ of o* with the property that

E(xAx | Zx)=o?

then z must bo normal. Tho multivariate extension (Lukacs, 1042; Laha, 1955) of the
above result is what follows.

Let x = (z;, 23, ..., #;) be & random p-vector with finite disperaion matrix A and let
K= (2, Ty Zy) J= 1,200
be » independent obsorvations on x.
Let X=(zg) s=)L2....p7 j=12,.,n

be the matrix of observations and let XAX’ be an unbiased (whatever be the distribution
of x) estimator of A. Let s == (s, 8y, ..., 8,) where & = )‘: e

Theorem 68: If E[XYAX'|s)= A then x must be N,.

Proof: Let t bo an arbitrary p-vector.

Note that ¢X = (t x,',t x, ..., t x,') i8 the vector of » independent observations on t x’
and thet

Pie xX) =tAt. Ao T ¢ x/=ts’,

Since EZAX) =A
we have E[(eX)A(tX)] = t(EXAX')t' = tAt',
Again sinco E(XAX' | 8) = A we have

E((tX)A(eX) | t8') m AL,

Thus, all tho i of Laha's

¢ x'is N\, Since ¢is arbitrary, x must bo N,,.

of Geary's theorom are satisficd. Hence
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