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Summary. Let 6 be the unknown parameter in the drift coefficient of a diffusion process described
by a lihear homogeneous stochastic differential equation. Bounds for the equivalence of BAYEs and
Maximum likelihood estimators of the parameter 6 have been obtained in this paper.
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1. Introduction

PrAKASA Rao (1979) obtained bounds on |0 — 8] for discrete time stationary
MARKOV processes where §T is a maximum likelihood estimator (MLE) and 7,
1s a BAYEs estimator of the parameter 0 corresponding to some smooth loss
function and some prior, extending the earlier work of STRASSER (1977) in the
case of independent and identically distributed observations. It was also proved
in PRAKASA Rao (1980) that Q(T) (0, — §T) — 0 a.s. (Py,), as T— oo, where 0, is
the true value of the parameter and Q(T) is a suitable continuous function
monotonically increasing to infinity as T — oo, for a class of diffusion processes
satisfying a linear stochastic differential equation. In particular it was shown
that the asymptotic behaviour of the BAYEs estimator 0; and the maximum
likelihood estimator 6 is the same, as T approaches infinity. In this paper,
bounds on [0, —f,| are obtained generalizing the earlier work of PRAKASA Rao
(1979) for discrete time stationary MARKOV processes and extending results in
PRrRAKASA Rao (1980) for diffusion processes satisfying the linear stochastic

differential equation
XO =XE€ R,

where {W,, t 20} is the standard WIENER process. Interalia, we obtain a BERRY-
ESSEEN type bound for the BAYES estimator #, under some regularity conditions.
M IsHRA and PRAKASA RAo (1985) derived a BERRY-ESSEEN type bound for the
maximum likelihood estimator of the parameter 6 for processes defined by (1.1).



614 statistics 22 (1991) 4

2. Assumptions and preliminaries

Let (€2, 3, P) be a probability space. Consider the one-dimensional stochastic
differential equation (1.1) defined on (22, 3, P) where {W,, t =0} is the standard
WIENER process.

Assume that there exists a unique solution X ={X,,0<s<T} to the
stochastic differential equation (1.1) for every 6 € ® open in R. Denote by PJ
the measure generated by the process {X;, 0<s<T} on the space (Cy, By) of
continuous functions on [0, T] with the associated sigma-algebra B; of BOREL
subsets of C; generated under the supremum norm. Let E, be expectation with
respect to the measure P and P}, the measure induced by the standard WIENER
process on (Cy, By). Let 8, denote the true value of the paramelei.

Throughout the paper we shall use C,, C, etc. for positive constants. We
assume that the following assumptions hold.

(4;) Suppose that Pj and P] are absolutely continuous with respect to each
other for all 6, € ©. It is known that the RADON-NIKODYM derivative of P], with
respect to P] is given by

dP; B T a(X,) 1 T a*(X,)
arr (Xg)=exp [(91‘00)£ b(X,)dW'_g(Hl——BO)Z g P(X,) dt:l 2.1)

where X7 ={X,, 0<s<T}. This can be seen from LIPTSER and SHIRYAYEV (1977,
p. 248). Here b(X,)dW,=dX,—0,a(X,)dt and the stochastic integral is with
respect to the probability measure PJ

(4,) Suppose that A4 is a prior probablhty measure on (@ B) where B is the
sigma-algebra of BOREL subsets of @. Suppose A has a density p(-) with respect
to the LEBESGUE measure on R. Suppose the density p(-) is continuous, strictly
positive on @ and there exists C, >0 such that

p(0,) —p(0,)| £ Cy10,—0,] 2.2)

for all 8, and 0, € ©.
In addition to (A4,) and (4,) assume that
(43) the density function p(-) satisfies the inequality

o]

f lul pw)du< oo

— w0
and

X.)

(40  0<E, 5 b X)

dt<oo forall T>0, fe@.
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Define
=074 [ 220w,
and
a*(X, )

Br=Q7T) | i s

where Q(T) is as given by (A45) given below. Here too b(X,)dW,=dX,—
(As) Assume that there exists a sequence of positive numbers Q(T) possibly
depending on 6, and tending to infinity as T — oo such that B — 1 as T—

in P§ -probability.
Observe that

dPr ~ 1 .
log | = (Or—00) QT)otr =3 (Or—00)° br Q*(T)

and, using the above relations, it is easy to see that the M.L.E. 0, satisfies the
relation ar = (0, —6,) Br Q(T). For simplicity we write

— % evaluated at 0=0,.

(A¢) Suppose that 8, =% 0, under P} probability as T — oo.
Let us denote the posterior density of 0 given XJ as p*(0|XJ). Then we
obtain

T

d Py
pOIXE) = ST aPr (Xo)p(e)/f apr KD p0)80

and write
t=0(T) (0—0y).
Then the posterior density of Q(T) (0 —8y) is given by

p**(t1X3) =0~ (T) p*(0r + Q" Y(T)| XJ).
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Let
- dP; +tQ XT) dP; +tQ Y(T)/dP}
t — T — T
r dP;. dPj /dP],
and
Cr= | (+(T)p(0p+1Q 1 (T))dt.
Then
Pt XE) = C3t {r () p(Or+1Q~1(T))
and

1
log{r(r)= ) Brt* (cf. PRAKASA Ra0 (1979)).

Let #, be the BAYEs estimator of the parameter 6 occuring in the stochastic
differential equation (1.1) corresponding to prior density p(-). It is easy to see
that

e @]

[ sCT(s)p<5T+%>ds
o(T) (O —0p)="" e

o ~ t
r+——-1]d
TG (0 +Q(T)> t

(cf. Basawa and PRAKASA Rao (1980, p. 242)). This follows from the relation for
the generalized BAvYEsian estimator given in equation (126) in the reference cited.
The generalized Bavesian estimator reduces to usual BAYES estimator in our
discussion, for quadratic loss function, since p(-) is a density.

2.3)

3. Main results
We now state the main results.

Theorem 3.1. Let the assumptions (A,) to (A,) hold. Let Z(T)1 oo and r(T)|0
such that Z(T)/Q(T)}0 as T — oo. Let us denote =r,(T), Q(T)e M2 =
=r3(T) and Q*(T)e” £*™2 =y,(T). Define

o ()21 Cyry(T)+2p(0r) + Cyra(T)] 1™
T— ~
p(07) )27 (1—R(T))

Z(T)
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where R(T)= R (T)+ R,(T) with

V21 p(0y) €10~ 1) +2C, 1, (T) s D

/27 p(0r)

RI(T)=

and

R =y 2200 [ 20 sl oo /2,

for some 0< 2 <1. Then, for T large,
P(iT<){|§T_§T| >drry(T)} < 6P0To{|BT" 1]>2r3(T) r%(T)} +2P0To{|/3T—1| >1}.

Remarks 3.0. If a(-)=5b(-) and Q(T)=T"?, then B;=1 and Theorem 3.1
implies that for T large

Ps, (0, — §T| >drry(T))=
Hence |0 —0;| <dyr,(T) with PI-probability one for T large. Note that
2
dr =% = and r,(T)— 0 as T— 0.
Theorem 3.2. Let the assumptions (A,) to (Ag) hold. Furthermore suppose dy is

as defined in Theorem 3.1. Let r4(T) be a positive sequence decreasing to zero such
that rs(T)=(Q(T)rs(T))"* |0 as T— co. Then there exists a constant C3>0

such that, for T large,

PﬂTo{Igr_00|>dT ro(T)+rs(T)}
< 6P {|Br—11>2r{(T) r3(T)} + 2P {18y — 11 >16(T)}
+2Pg {IBr—11>1} + C3(re(T)) 2.
We shall use the following lemmas for the proofs of theorems. Proofs of the

lemmas are given in the appendix.

Lemma 3.1. Let (Q, 5, P) be a probability space and f:Q - R g:Q— R be
S-measurable functions. Let d>0 and 0 <r <1. Then

P{ f((w))>d}<P{W fW)2d(1—r)}+P{w:|gw)—~1|>r).

[For the proof, see Lemma 2.1 of MisHRA and PRAKASA Rao (1987)]
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In the following lemmas, let r,(T)|0 as T— oo and r,(T) be as defined
earlier.

_1lp 42 1, N N
Lemma32. P {| | p@)( > —e 2")ddl>}/2m p(@y) (- 1)}

ltll=Z(T)

< Pg,{Br—11>2r{(T) r3(T)}.

_ls N .
Lemma33. PL{| | o2 (P("ﬁﬁ) p(or>)dtl>2clr2(T>e'l‘“}
11 2(T) o(T)

< P {Br—11>2r}{(T) r3(T)}.

Remark 3.1. From Lemma 3.2 and Lemma 3.3 we get,

_1lg 2 ~ N N
PIL [ e 2’ p(HT Q(T)>dt [ plpe 2 de>

|t) <Z(T) [t|£Z(T)

> (/21 p@r) €D — 1) 4+2C, ry(T)eFP))
<2P {|Br—11>2r4(T) r3(T)}.

Hence,
1 e ~ t N _1., ~
POTo{I 5 (e 2 P(HT"'—)—P(OT)C Zt)dtl>p(0T) 2”R1(T)}
[t]gZ(T) Q(T)
S2P5 {IBr—11>2¢3(T) r3(T)}, (3.1
where
7 " _ r(T)
R,(T) = 2n p(dr) (e +2C,ry(T)e .

2n p(by)

Lemma 3.4. For T large,

PeT —%Brt ( )d C,rs(T r(T)
Lt ot 4> (M
= PG, {1Br—11>2r{(T) r3(T)} + PY {1 — 1{> 1}

~ 1,
Remark 32. p(0;) [ e 2"dt

lt}>2z(T)

Splrp)e@D2M | g@Da-bgr (O<A<])
lt|>Z(T)

p(0 T)
ri(T). (3.2)
F l/~

/\
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Lemma 3.5. For T large,

Podl | tCT(t)IP<9 + ) p(@r)1dt|>)/2n Cyry(T)e T}

It <Z() Q(T)
<Py {IBr—1]>2r}(T) ri(T)}.

Lemma3.6. PL{ | p(@)t{()dt|>2p(@r)ei™)
lt|=Z(T)

<PI {|Br—1>2r3(T) r¥(T)}.

Lemma 3.7. For T large,

Py @ p(0 dt] > Cyry(T)eri ™
SO (0,4 st 1> CaraD)e7)
<P {18y —11>2r3(T) r3(T)} + P {IBr—11>1}.

We now discuss proofs of Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Observe that, for T large,

_1l, 2 N t ~ _1,
pT 20 0+ —— ) de— 0.)e 2" de|>
ol | e P( T+Q(T) § pOre |

[t|>2Z(T) |t]>Z(T)

>r3(T)e'3‘T’+2pl(10T) <12_n,1) r3(T)}

_1lg .2 ~ ~ U}
<Pi{ | ezﬁTtp<0T Q(T))dt+ [ p@pe 2 dr>

|t}>Z(T) |t]>Z(T)

> r3(T) erf(T) + ZPI(IHT) <1 ) Z(T)}

_1lg 42 ~ t 2
<P! e 2 p<0 +———> dt>ry(T)e M}
60{|t|>§zm (1) ’
(By inequality (3.2))

§P0To{|ﬂr_1|>2r1(T) r3(T)} + PoO{IﬁT—1|>1} (3.3)
(By Lemma (3.4))

Now, using the inequalities (3.1) and (3.3), we get that, for T large,
PZ ] T “3bat? (é 4t )dt T e " ar>
e B —— —_—
. PUTT o) "

>p(0r) )/ 27 Ry (T)+ Ry (T))}
§3P00{|5T—1|>271( rz(T}+P {lﬁT 1|>1}-
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The above statement can be rewritten as,

Ojo e—%ﬁlep(éTJr—t )dt
oo o(T)

@ ~ _1,

[ plpe * di

Pl

(o]

—1|>R(T)

< 3P4 {IBr—1>2ri(T) r3(T)} + Po, {IBr— 1> 1}.

statistics 22 (1991) 4

(3.4)

Observe that R(T)=0 and R(T)-+% 0 as T— oo by assumptions (4,) and (4).

Again, following the above procedure and using Lemma 3.5 to 3.7, we obtain,

that for T large,

P({;{I_T tCT(t)P(ér Q(T))dt|>(l/2—7;c r2(T)e’1‘T)

+2p(0,) e + Cy 1y (T) i)}

<3P {1Br—1>2r3(T) r3(T)} + Py {IBr — 1> 1}.

Now,

PoTo{lgT‘ §T| >dpry(T)}

i a(T)tcT(T)p(éﬁL)dt

—pIl|=® 2N >dyr,(T)
T wwp(0r+ 50 )

P 0 d
ol D100 (04 50 a
-0 p(6o) /21

TCT(t)p(§T+ i )dt
+P 1 | AN LY —1|>R(T)

p0n))/2n

=J; + J, (say).

(3.5)

(by using equation (2.3))

>dyr,(T) (1—R(T))

(by Lemma 3.1)
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The first expression

5=Pi () | tcT<r)p< + i) di>
>dypr,(T) p(07) /27 (1—R(T))}
- P,{){]_oj:o tCT(t)p<§T Q(T)) dt|>()/2n Cyry(T)er i +

+2p(Or)e i 4 C,ry(T) eI M)}
< 3Pg,{|Br—11>2r3(T) r}(T)} + Py, o UBr—1|>1},
by using the inequality (3.5).

Similar type of bound for the second expression J, has been mentioned in the
inequality (3.4). Using these two results, we obtain that, for T large,

Pe, (100 — 0] >drr,(T)} S6PE {|Br—1]>2r3(T) r3(T)}
+2P7 ollBr—11>1. (3.6)

e~

This completes the proof of Theorem 3.1.

Proof of the Theorem 3.2. Taking into consideration the assumption (A4,), it
can be seen from Theorem 3.2 of MisHRA and PrRAKASA Rao (1985) that,

PG, {107~ 80| >rs(T)} < Cs |/rs(T) + 2P5, {|fr— 11> 76(T)}. (3.7)
Thus, from the inequalities (3.6) and (3.7), we prove the Theorem 3.2.

Remark 3.3. The bound is uniform over compact subsets K of @ provided p(-)
is bounded above and bounded away from zero for 0 € K. The expression
R, (T)+ R,(T) in Theorem 3.1 can be explicitly computed in terms of r,(T) to
r¢(T) and p(0). Observe that d —=*»|/2n as T — oo and hence bounded in T.

4. Example

‘We now illustrate the above result by considering the linear stochastic differential
equation
dX,=—-0X,dt+dW,, >0, (4.1
X o= 0
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where 0 € [, y], a>0, y>0. Let us choose Z*(T)=T*", r}(T)=T"°. MiSHrA
and PrRAKASA Rao (1985) have shown that for equation (4.1), Q*(T)=T/20, and
there exists a constant C, >0 such that, for &(T)=T "%,

PT {IBr— U= e(T)} SC(TeX(T) ' =C, TP

Using these, we obtain from (3.6),

PL (|0 — 071 >d, T VO < CsT™ Y5 (4.2)
and from (3.7)
PL{10;—0ol>T 15} S Cg T 3% (4.3)

by choosing
/26 T
rs(T) =" 16(T)=T "' and Q*(T)=—~.
]

Suppose conditions (4,) and (4;) hold for the density p(-). It can be seen from
MisHrA and PrRaAKASA Rao (1985) and FeiGiN (1976), that other conditions hold
for the stochastic differential equation (4.1). Thus, using the results in Theorem
3.2, we obtain from (4.2) and (4.3) that for any constant C, >0 there corresponds
another constant Cg >0 such that,

PeTg{'gT— 5@] >dp C; TV} < Cy T73/70.
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Appendix
Proof of Lemma 3.2.

_1 2 1., R . ,
PLA [ 2" =) p(@p)del> )27 p(l) D - 1))

1tI£Z(T)
_1l, 1, T~ 2
<PR{ § e 2 e 2T qjdes ) 27 @0 - 1))
tHl=z(M
2
<PR{ § e T des ) 2m (et —1)
1t1£2(T)

(since |1 —e *| <e!*I -1 for all x)

B
<P/ 2n " T —1)> ) 200 - 1))
= Pg, {1Br—11>2r}(T) r3(T)}.
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Proof of Lemma 3.3.

PIA | e‘%”f'z(,;(é,+a(t—ﬂ~)—p(éT))dtl>2clr2(T)e'f‘T’}

[t|=Z(T)

_1
<PI{ [ &2 (0 +

[tl=Z(T)

Q(T)) p(@y)|de>2C, 1y (T)er i)

1l 2 2
SPL{Cir(T) [ e "™ dt>2C,ry(T)eriD)
It} 22(T)
(by assumption (4,))

_ligq- -~ 2
SPR{Cr(T) | e 277" P ars 00,y (T)er i)

ltH=Z(T)

_1 _ 1
=PL{C,r,(T)e 22PN 1 e 2% di> 20,1, (T) e}

let < Z(T)
. L i 2
<P;{2C ry(T) 22T >2C,1,(T)e" ™)
= Poo{lBr—11>2r{(T) r3(T)}.

Proof of Lemma 3.4. For T large,

_1lg .2 ~ t 2
Pa e 27 p(@ +—)dt>r (T)en™
0{|t|>jzm " o(T) 3 }

crif 5 evmnnenn(5, e s nne

l2l>2Z(T)

P, {IBr—11>1}

<Pr{ f e~ @@MDA=lr-1b o (T) p(§T+u)du>r3(T)e'f‘T’}
lul>Z(TYQUT)

+PL{|Bp—1]>1} (By assumption (4))

ZX(T)

<PL{r(M)e” 2 Sry(T)e ™) 4 PL (18— 11> 1)

=Py {|Br—1|>2r}(T) r3(T)} + Py, SUBr—11>1}.
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Proof of Lemuma 3.5. For T large,
t ~ 2
am) —p(07) |dt]>)/2n C, ry(T)e i}

<PTL{ [ 24() Ciry(T)det|>]/2n Cyry(T)e i}

1= Z(T)

PL{ [ 1L P(91+

[122(T)

(By assumptions (4,) and (4))

-32a-|pr—1)

<PI{ | t% de>]/2n i)

I¢] SZ(T)
Z2(T) © 1
(-1 L 2
<PIle” 2 t2e 2 dt>)2men ™}
—

=Py {Ifr—11>2r3(T) r3(T)}.
Proof of Lemma 3.6.
PI{ | p@ptlr()de]>2p@r)e™)

[t12Z(T)

<Pl e

ltl=z(T)

“Lpg -
b g, gy

22(T) « 1
1Br—1} -5t
T e 2 de>2em M)

— 0

=PZ {1Br—11>2r3(T) r3(T)}.

< PG, {e

Proof of Lemma 3.7. For T large,

PE{ |t p<0}

[t]>Z(T)

§PT:) lt'e—(n/z)(1~|ﬁr~1|) (9 +—>dt>C r Terl(T)
h {|,|>jzm o(T) 374(T) }

=PL{ [ lulp(;+udu Q¥ (T)e #MPRO-Ir-1h
|ul > Z(T)/Q(T)

> C,ra(T)e '} 4 PL (1B, —1]>1}

Z
1pr-11 20

<PL{Cyry(T)e >C, 1y (T)e ™} + PL{|Br—1]>1}
(By assumptions (4;) and (4))

=Pao{IBr—11>2r{(T) r}(T)} + P, {|fr— 11> 1}.
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