ON THE METHOD OF OVERLAPPING MAPS IN
SAMPLE SURVEYS

By DES RAJ
Indian Statistical Institute, Colculta

1. INTRODUCTION

In multipurpose surveys involving the estimation of several characters, it is
usually found desirable to select the units with ono set of probabilities for estimating
one group of characters and with a different set of probabilities for estimating another
group of characters.  For example, in the National Sample Survey (NSS) of India,
population is mado tho basis for selection for the houschold enquiry and area for the
land utilisation survey. An important problom arising in such & sitvation is that of
designing s suitable selection procedure, so that the sample units (villages in caso
of the NSS) for the two types are almost identical or near to ono another. Such a
procedure will greatly reduce the cost of operations in the field.

Lahir. (1954) has given two methods of selection for the purpose, called the
‘serpentine’ method und tho ‘two dimensional’ method, He has not, however, entered
into the mathematics of the problem. Tho object of this paper is to present the
problem mathematically and offer general solutions.

2. FORMULATION OF TIIE PROBLEM

Suppose a tract contains 7 villages. Wo are required to select a pair of sample
villages, ono with probabilities

a4 a
a

proportional to area and the other with probabilitics
b by b
a'erT e

proportional to population in such a manner that the two villages are close to one
another, if not identical. Let ¢; bo the distance (in somo sense) between the i-th
area villago and tho j-th population village.

TABLE 1. AMOUNTS OF FROBABILITY MASS TO BE DISTRIBUTED

b, lation
villago no. ¥ oy total
1 2 i »
L] 2) 3) ) {3) ) ) ]
1 £ s e =) e in a
2 £ 33 £ Z1n ag
by arca H
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Let 2,/G (i,j = 1,..., n) bo the probability with which the corresponding
pair of villagea is selected. Tho problem is to find z, such that
» « " «
Elzu = u,,E] x,=5; ); a = }; b=0; 2,20
and Z = T X ¢ zy is minimised.
Stated thus, this is the (amiliar 'transportation problem’ (Koopmans, 1951) in lincar
programming, Tho solution by the simplex method due to Dantzig is given in the
book referred to above.

Starting with the arbitrary basic solution of Dantzig, one gets the final solution
in a finite number of stagea. If the villages aro arranged in a serpentine fashion and the
same arrangement is used for arca as well as for population, it is interesting to seo
that Lahiri's ‘serpentine method’ is the same as Dantzig's arbitrary basic solution
with which the iterative process starts,

3. AN ILLUSTRATION

As an illustration of tho method, we consider the fallowing ten villages, the
map of which is given in Fig. 1 below:

Fig 1. Map of ten villages

The villages aro numbered In  serpentine fashion and their areas and popula-
tions are given in the tablo below:

TABLE 2. AREA AND POPULATION

villsgono. wrca  population villogo no. aroa  population
[{}] (8] [8)] {1} [£3] )
1 3 8 ] 15 20
2 4 11 7 18 10
3 L] 10 ] n 8
4 & 3 0 8 0
L] n L] 10 s 1
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Measuring tho actual geographical distances (from the centres) between tho
villages, tho cost matrix is obtained as tho following:

TADLE 3. COST MATRIX ¢

Ly population
il
no. 1 2 3 4 & 6 1 8 8 10

m @ ™ ¢ B @ ) ® M g ()

1 ° 5 10 5 5 11 4 20 15 21
2 8 0 1 8 8 13 13 21 18 2
3 10 7 o ¢ II N 8 17 1§ 20
4 8 5 [ o 8 1] # 18 13 18
8 8 8 1 L] ¢ ¢ 11 w8 12 17

by area

L] [ NN | . U} 0 8 ¢ 10 N 5 10
1 Ho» 8 ¢ 11 10 L] 9 12
8 20 21 17 18 16 1l 1] 0 L] 13
o 15 18 18 13 12 8 9 6 0 5
10 2t 23 2 I8 17 10 12 8 [ [

The tables below give the arbitrary basic solution (of Dantzig), the final
solution and salicnt festures of the iterative process.

TABLE 4. ARBITRARY BASIC SOLUTION

by population
village
no, 1 2 3 4 5 8 1 8 9 10 total

M @ @ @ ® @ M E ® Qg () (2

1 3 3
2 4 4
3 1 L] L] L]
4 5 5
8 8 5 1 n
by sres
L 5 10 15
7 10 & 13
B 5 5 1 1
13 5 5
10 4 1 5
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TABLE 5. FINAL SOLUTION

village &7 population
no, 2 3 4 5 L] 1 ] ® 10
M@ @ W » @ m w n) 0o ay
1] 3
) ¢
E] L]
) 0 8
8 L] [} a
by ares
L] 35
7 1 4 o (L]
1 5 3 1
° &
10 4 1

TABLE 8. DRIEF DETAILS OF THE ITERATIVE PROCFSS

swopll) 2y mZia—Mey 0 My = max.fey—c)) #

(L] 2) 3) )
1 p1) 20 1
] 153 28 ‘4
3 233 22 °
4 243 2 ]
] u3 13 1
L] 20 10 4
1 100 L] 4
[ 138 10 °
[ 138 13 0

10 158 7 1

n ” °

It is found by the author that in problems of thia typo where the cost matrix
contains all zerou in the dingonal, instend of starting with Dantzig's solution, which
is very inefficient in this case, one should start with any solution with tho maximum
mass in the diagonal {obtained by putting min {a;, b)) in the dingonal). In fact, in
thia example, scven ntops were neceswary to got at a solntion with the maximum mnss
in the dingonal and then only four further stepa wero required to get the optimum
solntion.

02



ON THE METHOD OF OVERLAPPING MAPS IN SAMPLE SURVEYS

It is of interest 1o note in his connection that Lahiri'a two-dimensionn! solu-
tion (in tablo T below), obtained by inspeetion, is nlnost as good as the optimum
since Z = 162 in this case.

TADLE 7. LAHIRI'S TWO.DINENSIONAL SOLUTION

by population
“ul::.p 1 2 3 1 5 6 1 8 0o 10
moo@oWm W G m Mm@ W (10 (L
1 3
2 4
3 L]
4 1 4
s 8 3
by sres
[) 15
1 + 1 W
1] 4 a2
o 3
10 1 3 \

4, THE OPTIUM CHARACTER OF THE SERPENTINE METIIOD

In the illustration given above the distance between two villages is defined
as the actual geographical distance between the centres of the villages. To simplify
the problem we may defino ‘distance’ as the difference between the serinl numbers
of the villages when tho villages have been numbered in a serpentine fashion. Wo
shall now show that, with this definition of distance, Dantzig’s arbitrary bnsic solution
{which is the samo as Lahiri's scrpentine method) gives the optimum solution in the
sense that it minimises the expected ‘distance’. Without any loss of generality we
shall take the case of » = 5 villages with areas and populationa given in Table | befare.

Let Dantzig's arbitrary solution be given by Table 8. Tho cssential featuro
of this solution is that if ene travels from the first to the last cell containing the basis,
the path is a continuous one and is always parallel to tho sides,

TABLE 8, ARBITRARY SOLUTION

by population
villago total

no. 1 2 3 4 3
[4)] (2 3} ()] ) () m
1 m Ly
2 N 1y x5 ay
by aroa 3 X X34 aa
4 Tae ay
5 5 Tas as
totul b by By by by o
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TABLE 9. COST MATRIX oy

by population
Y 1 2 s ‘ [
(0] [& 3) 3] (] 2]
1 [) 1 1 ] 4
2 1 [} 1 2 3
by srea 3 2 1 [} 1 ]
4 ] ] 1 [} 1
s [ 3 e 1 )

With thia definition of distance, the (direct) cost matrix is given by Table 9. To obtain
tho indirect cost matrix Z;, wo have 2, = ¢, for any element (i, j) appearing in tho
basis. The other elements g, nre given by &, = u+v;, where u; and v are to be
determined from the eloments in tho basis,
Let u, == ¢;, and v, = 0. Then we have in succession

Uy = Cn—b = Cn,

Uy =8 Cpy— Uy = E—Cy,

Uy = Cpy—Uy = Cy3—Cyy,

Uy = Cp—tty = CyyHop—Can

Y= Gty = G—fyten—ty,

Uy = Cy—0 = Cy—CyFntin—ty,

Uy = C5y—Vy = Cu— Lyt Cy—Cnateyy,

Yy = Cy—ty = C—CgytCu—CantCn—Cu

TABLE 10. COST MATRIX ¢ CORRESPONDING TO BASIS

villogo by population
no. 1 2 3 4 8
[{}] ) [&] ) ) [}
1 LY
2 e & €1
byares 3 - e
4 [
s [ o

Substituting &5 = li=jl, wo have
n=0u=11=0 um—1,u=0
and =0 ty=—1, vy =m0, vy=1,v;=0,

]
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Hence the indirect cost matrix &, is as given in Tablo 11,
TABLE 1). INDIRECT COST MATRIX &y

by population
villgo
o, 1 2 3 ‘ 3
m &) [B)] [L}] 18] 8

1 ° -1 [} 1 °

2 1 ° 1 2 1

3 ° -t ) °

by arca 4 -1 -2 -1 [ -1
5 0 -1 ° 1 1

Comparing this with the direct cost matrix ¢, of Table 0, we sce that
A =max (Ey—~c,) =0
so0 that the solution obtained is optimum,

6. SOME FURTHER REMARKS ON THE SERPENTINE METIOD

A number of interesting conclusions emerge from the result proved sbove,
We have proved that if the villages are arranged in a serpentine fashion, the sespentine
method gives the optimum solution, But it is possible to arrange the villages in a
serpentine fashion in a number of ways. Since for any serpentine arrangement the
marginal totals a;'s and b’ would remain unchanged (they may occur in a different
order), the same minimum value of the expected 'distance’ is achieved, in whatever
manner the villages be arranged provided the arrangement is serpentine. This
proves that tho method given by Lahiri (1934) namely ‘when the serpentine arrange-
ment is more or less at our choice wo should endeavour to arrange the villages in such
a manner that the cumulative density fluctuates as frequently as possible about the
tehsil density’, cannot improve the situation. Any ecrpentine arrangement will do as

well.
8. THE PROBLEM OPF KEYFITZ

Mention must be made here of the work of Keyfitz(1051) who considers the
case when first stago units within strata are to be sclected with different probabilities
at two successive occasions, so that the probability of having identical first stage
units at the two occasions is maximised. Stated mathematically, tho problem is the
same a3 discussed in § 2 where the cost matrix is given in Table 12 below:

TABLE 12. COST MATRIX IN KEYFITZ' PROBLEM

1051
1 2 3 n
) ) 3) ) {5) @

1 0 13 1 . 1
2 10 1 .1
1950 3 1 1 0 . 1
. 1 [ T
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By the general theory (and obviously cnough) the optimum solution_consists
in putting in the dingonnld as much muss ay possible, viz., min (2, &) in the (i, i) cell.
Wo shall now show that the somewhat unwicldy seleetion procedure given by Key6itz
is equivalent to tho ximplo procedure given by un, To take a concreto case, let n = 8
In Tablo 1 and @, > by, @y > by, 4y > by, uy < by, @y < by (there is no Josa of generality
involved here). Then the probability of getting identical villnges in our method
is given by

s
5 & min 06 = 4 Grkbyrbtacha).
By Keyfitz" method, probability of getting identical villages ia equal to

1- 2 (by+bg—a,—ay)

=1l- ':, (G=b—by—by—a,~a;) = Tl] o+ +bi+ata)

80 that the two methols are equivalent i.o7 Keyfitz’ method is also optimum. It
may bo noticed here that Keyfitz is thinking of a situation where the selection iy tobe
made at twao dilferent ocenxions viz., a's nre the xizes for 1950 while s are the sizes for
1951. In such a ense, we will select a village with probabilities proportional to a's
in 1950 (sny village | is selected in the sample).

Then at the sccond occasion we will select a village with probabilitics propor-
tionn] 10 2,/a,, Zyafay, ..., Xysfa, 80 that the overall probability that a combination
(say) {1, 3) is sclected is

x X3 = %’ ns desired in the method.
s

Qle

7. THE TROBLEM OF GOOBMAN AND KISI

Another velated problom oteurs in stratified sampling, In the ususl typo
of stratified samipling, units within one stratum are scleeted independently of thoso
within another stratum. But moro generally, ono may xeleet a pair of units, one
from ench stratumn, in a dependent way such that certain preferred types of pairs have
a higher probability of sclection and consequently others have a lower probability
of seleclion. Such a problem has been considered by Goodinan and Kish (1950).
Their population consists of {wo strata, ono containing 3 coastal and 3 inland units
whilo tho other containa fivo unita of which ono is coastal and the others aro inland.
Two units havo to bo sclected, ono from cach stratum, with assigned probabilitics
within strata.  Tho object is to mnximiso tho probability of sclecting ono coastal
and onoinland unit. It is obvious that this problem easily reduces tothe one considered
befure. Tho cost matrix ix given in Table 13 below:
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TABLE 13. COST MATRIX IN GOODMAN AND KISH'S PROBLEM

stratum 1
costal inlancd
units

i} [ F A D E
) 2) (] ] (L] (6) )
inlsnd o 0 o L] 1 1 1
b 0 0 0 1 1 1
strstum 2 ° o o [ 1 1 1
. o o [ 1 1 1
constal o 1 1 1 0 L] o

Tho optimum solution, giving the probabilitics with which pairs of units be sclccted,
is presented in Tablo 14,

TABLE M. OPTIMUM SOLUTION IN GOODMAN AXND KISH'S PROBLEM

stealum 1
unita total
B c F A D E
(1) {2} {3) ) (8) {6) {7 )
a 15 13
b 0 10 20 ] 0
stratum 2
10 L] 10
. 20 8 23
d 20 20
total 15 10 20 10 20 25 100

This typo of problem, however, raises new issucs. In the previous problem
we were concerned with the estimation of several characters and a particular scheme
of selection did not affcct the variances of the cstimates of individual eharacters so
long as tho units within strata wero selocted with certain assigned probabilities, But
in this caso since the same character is under investigation in the two strata, the vari-
anco of the final estimate will be aflected duo to the dependent manner in which pairs
of units aro selected. To be mora specific, let thero be two strata of sizes N, and X,
respeclively.  From tho first stratum a unit is to bo seclected with probabilities
pili=),..., N}) and another unit is to bo seleted from stratum two with probabilities
pli=1,2,.., Ny} in such a way that the expected cost (of travel) iy minimised,
Suppose py (i=1,...,N;ij=12, , Ny) is the optimum set of probabilitics for
selecting the i-th unit from tho firststratum and the j-th unit from the second stratum,

’
Then Yap = Y Uy

»
is an unbiased estimato of tho population total.

Also V(‘/"")—Zy? ZJ)+nzzp Jle
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In cnso sclection within ono stratum i independent of that within another,

wo have
b=t
Yt = ot
» _ L4 .'/_;. ()t 2
Vimd =30+ 3 7, ~UHYD
o that

_V,_‘=2ZZP& l’-":_y‘_,‘

Ono cannot cstablish that ¥, is always nmnllcr than V, eo that the possibility
is thero that the new method, though decreasing 1ho travel cost, may increase the vari-
anco of tho cstimate.

Another point worth mentioning is the estimation of error varianco in such
dosigns.  Obviously enough, it is not ponsiblo to get unbiased estimates of the sampling
error even in caso of independent sampling within strata by seleting only one unit
from cach stratum. If, however, a duplicate sct of units is selected (in the rame way

as before), it is possiblo to obtain unbinsed estimates of the sampling error. If ;/,4,,
and f/w, denoto the population total estimntes based on tho first and the sccond
set and ¢, denotes the pooled estimate, wo have
» s ”
Yier = WraertYouep):
V) = V).
A .o N
V(o) = (szo .'/m’) .

In caso sampling within ono stralum is independent of that within another,
wo havo the comparablo quantities:

Gt = Wona e
V(!Im) = U U-.ﬂ;

V(y;.‘) = ( ,‘,‘—y.‘_.)
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