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1 IxTRODUCTION

It is now well.known that the uso of varying probabilities in sclecting a sample
may bring about considerable reduction in the sampling variance of the estimato as com.
pared to tho caso when the units are selected with equal probabilitien. This techninue was
first suggested by 1ansen and Murwitz (1943) who considered a design in which one first
stago unit is selected with probability proportional to size within cach stratum. Horvitz and
Thompson {1952) generalised it to the selection of # units without replacement within strata.

Their csti of tho population {or total is
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where 7y = probability with which two units u; and u; enter the sample,

m = probability that the unit z;is sclected in the sample,

y; = valuo of the unit u; for the character y,

and I’ denotes summation over the A'C, pairs of units,
An important problem then arises: How should tho sample be selected 8o that the variance
of the estimato is made smallest? It is casy to sco that the estimator has zero variance if
mot ;. This result is not of practical interest because if the y; were known in advanco, the
sample would be unnccessary. Tho result, however, suggests that if the values of the units
for a known auxiliery character z are reasonably proportional to y, it would be advantageous
to select the sample 80 that mex ;.

Now thero may be several methods of drawing such a sample. Eacli such metliod
will lead to certain my whose values are going to affect the variance of tho cstimate, It is
then of interest to choose a sampling schemo from alt such schem es such that the 7 associated
with this scheme should minimise l’(;) given by (1.2) The object of this note is
to obtain such an optimum scheme.’

2. SOLUTION OF TIlE PROBLEM
Considering the practically useful caso of n = 2 (and the methol is unlikely to Lo

convenient for larger samplo aizes), tho problem consists in the determination of '\.(‘, probabi-
Lities of sclection of pairs, g, such that
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is minimised.
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Stated thus, this is a familiar problem in linear programming. But the difficulty involved
is that the coelBcients of my in (2.3) arc unknown, We shall mako the assumption that

y=atfx e (24)

i.e. the relation between y and z ia & straight line (and the method is unlikely to Lo useful

if the relation is not linear). Wo ahall, however, not assume any knowledge of the actual
values of @ and 8. The quantity to bo minimised then ja found to be

Z’ Iy, a
e

This result follows from the obscrvation that
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Then the problem reduces to the determination of m such that

7y 20,
Z my=mi=12.,5)
it (20
and Z myl(mm;) is minimised,
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As otated before, this is a problem in lincar programming ancd can be solved by the simplex
method given in Charnes and others {1953).

3. SELECTION OF TIE SAMPLE

With regard to the actual procedure of drawing the samplo cnsuring m; «a;, verious
methods are now svailable. Horvitz and Thompson {1952) have sugpested two methods
which aro of Jimited applicability. Narain's {1951) method requires the solution of an equa-
tion by graphical numcrical methods. Yates and Grundy (1053) obtain revised aize-measures
{by an iterative process) and obtain the sample by sclecting the first unit with probabilitica
proportional to the revised sizes and the second unit with probabilitics proportional to the
remnining sizes. Goodman anil Kish (1050) have devised & very convenient method of sclee-
tion by cumulating the sizes and drawing a eystematic sample from the cumulated sizes,
the my depending on the order in which tho units are listed. One characteristic common
to all theso methous is that they seck to arrive at some m; which may by no meana bo opti-
mum, The method of drawing the sample, considered in this noto, is however very simplo,
Out of tho tolality of "C, groups (of two units each), one has to scleet one group with given
probabilities assigned in an optimum way.

4. AX ILLUSTRATION

As an illustration of the practical utility of the method we consider the three
populations A, B and C given by Yates and Grundy (1953).  These populations were deli-
berotely chosen by them as being more extrento than will normally bo encountered in practico,
The object i to esti the population total Ly selecting two unite with probabilitics of
inclusion 7, proportional to the following ;.

unit P
1 0.1
2 0.2
3 9.3
4 0.4

We bave to find n, such that
L8
Mgt Mgty =02, mydaptmy =04,

Myt Asgtay =08, mytm,y+m, =108,
and U = 12.57,,+8.3333m,34 6,257, ,+4.1607 75y +3.125my, 4 2.0833m,,
is minimised.

The optii g of m;, obtained by the simplex method, is given in
Table 1 below.

TABLE 1. OPTIMUM ASSIGNMENT OF =

le:tw

1 - 0.0 0.0 0.2 0.2
2 0.0 —_ 0.2 0.2 0.4
3 0.0 .2 - 0.4 0.8
4 0.2 0.2 0.4 — 0.8

total 0.2 0.4 0.6 0.8 20
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Yates and Grundy's aasignment of probabilitics s given in Talo 2. In this caso revised size-
measures, based on three successive approximationa, wero used.

TABLE 2. YATES AND GRUNDY'S ASSIGNMENT OF wy

w “ R 2 3 4 1otal
T — .oz .o .03 208
s [ s~ a0
3 | .m0 a2~ um e
R YT T ST VR ¥}

1olal ‘ 2204 -400 600 L787 2,000

Denoting by Ve and ¥y thovariances of tho estimato ;;. when the my are taken from
Tables 1 and 2 respectively, tho following results (given in Tablo 3) aro obtained. It may
¢ observed that the relativn between y and x may bo assumed to be approximately lincar for
populations 4 and B but not so for population C. It is also found that tho sct of my minimis.
ing (2.5) is tho samo as the set minimising (2.3} for populations 4 and B while it is not so for
population C.

TADLE 3. COMPARISON OF SAMPLING VARIANCES

Yra Vep % reduction

in varinnco
population 4 200 38.1
population B 1200 3.7
population ¢ 00 =54

5. CoxcLusioN

Theso resulte show that if the relation between y and x can be assumed to be linear, the opti.
mum assignment of 7, suggesied in this note, can bring about marked reduction in variance

s compared to the usual method of assig: But this refi is iently ob-
tainablo only when the number of units in & stratum is small. The method is expeeted to
be of considerable use if the population is ified to the i extent possiblo and the

sclection of two first stage units within strata is considered to bp adequate.
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