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PART IV. EXACT SAMPLING THEORIES AND ANALYSIS OF VARIANCE
SCHEMES ASSOCIATED WITH DESIGNS OF SAMPLE SURVEYS*

1. INTRODUCTION

The current theoriea arc concerned at least as their first approximate approaches
with the errors of cstimates arising solely from variations of random sampling. In
actual large-scalo surveys, where various sources of crrors should bo expected, our
thooretical formulations should be so brond as to cover some of the important features
such as failures to cover gomo of the units in the chosen sample, errors of measure-
ments and biases due to tho observers. It would not be sound to consider all
theso features at once; wo should rather gradually proceed from the simplest to the most
complicated one. Thus in this part, wo propose to discuss a certain mathematieal
formulation in which some sort of statistical inference theories concerning sample surveys
could bo established. It may be readily observed that our assumptions take into
consideration errors of measurements on & unit and also some slight timo-changes in
the populations which may always bo expected in actnal situations. To make our
analysis simpler wo shall begin with the normality assumption, which, however, can
be replaced by other more goneral assumptions. Our main point is to overcomo cer-
tain characterintic difficulties associnted with the finiteness of the population and sampl-
ing without replacement by formulating our finite population in a moroe realistio sense,
Among several nuthora Cochran (1953) suggestod the validitics of confidenco intervals

¢ Parts I ta 111 published In Sunkhyd, 14 ,317-302,
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based on t-distributions snd made some comments in favour of validity of tho
normal approximation. It should, however, bo pointed out that the results duo to
several authors about finite population cannot bo applied to demonstrate any validity
of tho t-distribution so far as they are concerned with tho caso whero the size of the
sample becomes infinity.  In a previous paper (Kitagawa, 1050b) wo have discussed
an application of tho two-sample theory to statintical inferencen for finite populations.,
The standpoint of tho two-rample theory may sometimea bo useful in this formulation
but there still remain some sort of artificialitica. Another formulation which scems
in sonio rexpects niore natural is to appeal to a subsampling scheme in which we shall
assume an infinite grand population I1 from which our finite population .V should bo
drawn and consequently our samplo of size n shiould bo recognised as a subsamplo
from I, In fact D. Basu in a sominar held at tho Indian Statistical Instituto
in June 1053 pointed out our axsumptions (19), (2%) and (3°) were just equivalent
to this subsampling proceduro from the normal grand population I, Ono might
not yet be perfectly satisfied with the sxsumption of the existence of one grand
population. In fact so far as samplo surveys are concerned, there are real diffi-
culties in imagining powsible infinite villages, districts and arcas in crops. Tho new
ssaumptions which will bo introduced in §2 and from which our inference theorics may
be developed may form the basia of an approach in which both the characteristio
features aro taken into consideration, that Is, tho errors of measurements and
the finiteness of tho population.

The sccond aim of this part is to provide the analysis of varianco schemes
applicable in rample surveys which can be duly di 1 only after establishing some
sort of exact sampling theorics, so far as their applications are treated from the
stochastic atandpoint.

2, SUBSANPLE FORMULATIONS AND VALIDITIES OF # AND Z DISTRIBUTIONS
FOR A FINITE POPULATION

Let us introduce the followil ptions:

Assumption I: Let us consider a sct of .¥ grand populations
(MYGh=12.,N)
Aseumption 1I: From cach of tho N grand populations a samplo of sizo
one shall bo drawn independently, which wo shall denote by y(h =1, 2,..., N).

Asswmption J11: Let us draw s samplo of siz6 # without replacement from
tho sct of sizo N:{y} (h=1,2,...,N), and lot us dcrote this sample by
FlG=1,2..,n).

Assumption IV: Tho grand population [1; has normal distribution N(£), ¢%)
(= 12,..., N) whero ¢* is common to all tho N grand populationa,
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Lemma 4.1 The joint probability distribution of (!7,..'7.....,@,) s for any
set of real numbers (xy, 2y, ..., 7,) given by
Pr{d, <z, ¥, <%y o< 2}

-l Z Prfy, <z)Priy, <xg)..Pr.iy, <z} . (2.01)

N iy T )
where (i}, 1y, ..., 1,) means a per ion laking n el ts from (1,2, ...,N) and the
eummation runa through all the permutations (P,
(a) The joint distribution of the sample mean and sample rariance. Weo shall
give here the joint distribution of tho samplo mean § = (.'i, +y;+ +,},,)[n and

sample varianco & = S(H—NHYin—1).
In view of Weibull (1050) and Lemma 4.1, we shall observe

Lemma 4.2: The characleristic funclion of the joint distribution of Jand 8
is given by

;lT > fdtaty) . (2.02)

where & == (i}, ig, o0y 3,) 7208 through all permulations of n elements from (1,2,..., N)
and the characleristic function f,(ty, &) i8 defined for each fixed permulation « such that

by o= ML .
Sty = 1_%) *exp {m&'{;__”_,}

x oxp {Lil,—ai{2n)-1), e (2.03)

schere A= E (L) (208
=1
and L=nt1XE. e (2.03)
Jer

Our result seems at first glanco to bo very complicated, but it may be readily
observed that the average shown in (2,02) will sometimes make our formulae simpli-
fied.

(b} The t-disttibution. Now lot us define tho statistic ¢ by
t= /nlg—p)is o (200)
and let us find out tho distribution function of &, For each fixed permutation
o = (i}, igy ... §,) WO may writo
ty = Vulg.—p)le,. - (207)
3
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Lemma §.3:  For each fized a, the proyability density funclion of the joint distri-
bution of g, and a_ is given by

ERE

This is due to Weibull (1050),

Now we shall turn to tho distribution of t, which wears the character of non-centrality,
as we shall show in Lemma 4.4,

S een{= 050 x

LaLTPS] exp{—(—"_ l’)"'}

?[—2+')(,‘_

(2.08)

Lemma 4.4: For euch fized x the elementary probability function of the stalistic
££{n=1) is given by

euraln— 1l in=1) = exp { - ETIRH expl 1}

E2L]
S e S B

+l]
r() =1y
r(*=) (‘+‘)(|+/-(u-1)- )—"

X

d (I.'(n—l)" e (2.00)

» ¥
where t,=f-8=n1 Z E‘I_N-l Z & e (2.10)

I=1 Aal

Tho proof may bo obtained ns fullows. First let us writo 7, = jt+8,+1s,/v/5
and let us mako s chango of varinbles (7,, 8,) into (1,,8,) in (2.08). The integration
of (2.08) with respet to &, in 0 <8, <0 can be done term by term in tho expansion of
exp{—ntd t,n./o% into power merics,

Lemma 4.5: The characteriatic function of the statistic 1= \/;(y—é)[a s
given by

1 . e (211)
== D Efe
1) : {:p(lﬂ.))

) e X e (2.12)

where Elexp{ir,)} = c"'-¢.( gt

with ¢,(t3(n—1)) enunciated in (2.09).
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3. EXAMPLES OF EXACT SAMPLING DISTRIBUTIONS

Our metheds aro thoso which wore adopted in Part VI of our previous paper
(Kitagawa, 1951a) and which appeal to the essential assumptions (19), (2°) and (3%).
Hore wo shall cnunciate the following fundamental exact sampling distributions.

In our finite population, inferences should be concerned with the one in
which some inferenco about the finite population with the elements (y)(j = 1,2,..., X)
should be given in view of {g}(i = 1,2,...,n). In the present formulation depend.
ing upon our assumptions (19) to (4°), we can divide {y} into two classes of which
n), the other being those remaining for each

one consists of (y,‘) ji=12..,
permutation @ = (iy, iy, ver, iy)e

Thus for each fixed permutation a, the differenco between the mean of the
finite population J = N-Ny,+...4+yy) and tho sample mean j= Ny, + v, +
«.ty,) is independently distributed according to the normal distribution
NE—FoY—n)¥a)).

Conscquently wo shall have immediately, in view of Leromas 4.3 and 4.4,
the following.

Lemma 4.8: (1) For each fized permulation a, the probability density function
of the joint distribution of_l].—;/ =1z, and 8, i3 given by

ht Yn{z,—3, A,
(‘.’n(N\—nn)a’) ' €xp { ‘;(’:\(!z—n;,al’} { l) }X
xz ity e e { ..;;’),_,}

I‘(r+1)\ 207 r(n—l )( 2g1 ) L
(2)  For each fized permutation a, let us define the slatistic 3 by

=—3) [ J“"‘ . (3.02)

Then the probability density function of £,}/(n—1) is given by

¢:(nl:—’ 1) = &P {_(12—011_»:} exp {_2(1;‘1‘::)?}’(

(3.01)

_.(n;:w) r(r+l)z( "(ﬂﬁ”’)F (13“) )

I“"H ) (::(»-1)—1)= e (3.03)

("“ +) TR avan—nise
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Consoquently, we shall reach the following theorem which will pjay a funda-
mental rolo concerning the confidence interval of the population menn § and which
will show how and under what conditions tho current uses of the t-distribution
romain valid,

Theorem 4.1: The characleristic funckion of the slatistic

=] s T2 - (204)

is given by

10 =g, 5 Eesplint a0

whoe  Elexplir} = [ evig( B (3.08)

with @) defined in (3.03),

Next let us proceed to make inferences about the variance of a finite popula-
tion by means of the samplo vari: For each assigned jon & = (i, fy, ..
i), let us denote for the sake of simplicity (y,J)(J =1, 2 . m) by yi9, yio

o

and the remaining ones by i), 48}, ..., #f... Lot us put

nit =2 4 —gt = X - (307)
(N-npe =T (- = xen, e (308)
AP = (N—n)aN-Yie)— gt = o, we (3.00)
N = e 4 (N—n)ele® e, e (310)

Then what we havo to infer from (" is concerncd with &® These nas(e)®,

{(¥—n}®" and 4"aro known to bo independently distributed ling to the non-
central chi-square distril whese ch istio functiona nre
(1~20%075" exp (Sitf1—20%0), . (311
(t=20tity” "= gxp(Spitf1—20%), . (312)
(1—20%1)"" oxp (Sitj(1~20%0)) - (313)
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where s ='3:'I(m‘.-)—m',-j)=, - (3.14)
S‘."=':SZ(M‘:}—:7.‘:.‘)', . (3.18)
O = (e —mp (N —n){m—m), e (3.16)

For our present purpose let us first notico tho results (5.24) due to Weibull
(1050) whose transformation will yield

Theorem 4.2: The probability density function of the slalistic

l “! ins
=(n— 12 =)

w ! (3.17)
¥-nx =9
is given by lT z ga(t0) . (3.18)
L S
with go{w)dw
S S04 80 1 [ St | St St
R }[,ZZE?) o) x
- ul
N—1 L.oLNy
1 DER 440 Nen  (oN—mfn—1yh) * ]a
B I R T T T _—-‘——_—__ﬁ_—m
rlal P[n%l'*")]:‘(‘i;—n"") =1 " {T42(N—n)n=1)"") %+ z
e (3.19)
where ﬁ'_‘l" 1= ﬁ'T_ll w—1 e (3.20)

and z runs through 0 &z < c0 while (n—l)()\l—l)'l Lw< o

4. ANALYSIS OF VARIANCE APPLIED TO A FINITE TOPULATION

The uses of analysis of variance in designs and analysis of snmple surveys are
woll recognised, To establish somo theory of inforenco wo shall introduce the
following assumptions:

Assumption, 1, Let us consider a sot of 3N grand populations
{fYtr=1,2..,2; s=12,.,N).
7
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Assumption 11: From each grand population I1,, a saniplo of sizo ono shall
bo independently drawn, which we shall denote by y.{r=1,2,,.,3; s=1,2,
wes M)

Assumption I11: Let us draw a samplo of xizo m (i}, iy, ..., ¥,) from tho sct
{1,2,..., M} without replaccment, and also o eamplo of sizo B (jy. jy ..., 5a) from the
set (1,2,..., N) without replacemment. Let theso two samplings bo independent.
Let us consider o samplo of size mn (y,‘,“}(ll =12,..m =12 _.n)

Assumption IV: Tho grand populationa II,, have the normal distributions
N(E,.0%), whero ot is common to all these MN distributions for r=1,2,..., Jf;
=12 .,N

Thus our subsampling procedure will yicld ns a set of mn valucs which
depend upon & combination y of the two permutations a=(i,,i,,...,7,), and
.5 =Ul-j| j-)-

In order to simplify our notations, let it bo assumed that i, =r(r=1,2, ...,
m)and j,=28{s=1,2,...,n). Letd, j, u and v bo natural numbers such that
1IN IKiK N, milug Mandnt! < v Nrespectively, Thereafter a
samplo y; . will bo denoted by 2{) whilo tho other y's by =7, ) and 20
respectively and their respective means by

= o=a DAY, e (H01)
aml
D =a D, v {4.02)
=l
N
Wl = (N0 T 23 e (1.03)
[TTe3
¢ N-1 2":' 20 4.0
= N- ), A
o3 4 ] (1.04)
N L.
=Yy =X1Ele(mN)E XA, e (4.05)
i=1 r=l fol
M XN
g =@NT B X )= g = s, e (4.00)

and similarly for other means such ag #x), #31,,, #32,,, 5} and eo on.

8
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Now our objects of statistical inferences concorning finite populations will
be concerned with all or somoe of the sums of squares

M ox
Sp (M, N)= ‘}3‘ E‘ (Yy—Tus)t w (4.07)
Sg(3,N)=XN l:_‘:'l (Fix~Fun) w. (4.08)
Se(M, N)= X él(ﬂ_\u—ﬂu.\v)’ e (4.00)
MOX
Sy, Ny = 2 E GG JurtJus) v {4.10)

while our estimators will bo all or some of the following sume of squares which can be
caleulated from our samplo

S?’(mm)-=—"_2'l é (—zaie e (41D)
S mym) = n T -2 - (412)
Stm, m) =m T (a5 - (413)
Spmm =T % (s—ap—stany . 419)

respectively.

The relation between S {f, N) and 84(m,n) is quite simple. Indeed tho
division of the totality of M xN elements into tho four parts which consist of
mxXn, mX(N—n), (M—m)xn and (I —m)x(¥—n) clements respectively, will lead
to tho following analysis of variance:

SA, K) = SP(m, n)+8Q(m, N—n)+
+SP(M—m, 1)+ S —m, N—n)

+83(m, n; M, N), . (415)
whero
Sp0m, N—m) =T+ & (—sip,_ - (10)
fml y=adl
SPM—mm) = ¥ F (dp-zgl, B . (817)
Wil #=l

¢
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b4 x
SPM—m N—n) =3 ¥ (-

emy) Pany]

Sm, 9; M, N) = SGHm, n)+ SN —m, =)+
+8%m, N—n) 4+ SN H—m, N—n)

in which 83m, w) = ma(xi2)— 2\t
SPtm, N—n) = m(N = nNED. o TP
SHY —om, n) = (I —mn(FR =TGN

SPH—m, N=n) = (H—m)N—n)ET . v s~ FFN)%

[(Panr 1
. (4.18)
. (4.19)
. (4.20)

(4.21)
. {4.22)

(3.23)

As 10 tho relation between Sy (M, X) and 8,,{m, 2}, & similar decomposition

may be applied to the quantitics 20} = x{}'= 2 -30)+ 01 which yicld us

S,{M, N) = S(m, )4+ 8P m, N—n)4
+S0X U —m, m)+ SN —m, N =n)+
+ S (s 0, N—n)+ 8 (M —m; n, N=n)+
+85 (nim, A —m)+ Sy (N—n; m, M —m),

whero

M
Sk, Nmm) 22 i-“'v-_"lzl(;:_)-:gg — i)

M
I N— o 5 *
S (M —m; 5, N—n) = LNL) E (1;_3_,«7: i +,g)___‘.._)

Memn -mN-n

Smme]
—m) 1
Simim, .ll—m)'s:&("ﬁl_'l) g ( a‘,’:,’—:—:.’,!—f‘,}’..,.-l-i‘}’.-.-)

S

I
2T3 A _ m{3{—m) . 2
A s m, M — ).z ,2';(":"‘721"::"5?‘."""'?}')" n\]

(4.24)

{4.25)

(4.26)

. (427)

(1.28)

Reganding Se(3!, ¥) and .S‘,’,’ (m, 1) their relation Lecomes more complicated
so that wo cannot separato out S‘,:) (m,n) ws an independent component from

Sp (I, N}, Inded wo can writo merely
SN = 870 1, New) 4 S5 —m; 3, N—m)
8 m n, A‘—n)-{-é‘,"’(“l—m; nN—n)

10
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. nu,.—"::) A o S O
S0 n, N—n) = Z;;( =L — ""—) e (430)

Si (Jl—m nN-n)=N Z ("“‘”“‘SP ) + N_—W‘V_‘-;l?)'&.'_)

LEE 2}
v (4.31)

sy Yomin, N=n) = l\'m(" T + (V—n)(.r‘,va,‘_—I‘g“,)) 2 (432)

S ~m ; n, Ner) 32 KM —m) ".(337':-‘-,-"_3‘55) (_")("w-'--‘f‘u.x)) (433)
4
and similarly for So(3, N').

Here let it bo observed that (1) in each of the right-hand sides of (4.15), (4.24)
and (4.20) all the summands are mutually independent among tl {ves and that
(2) each summand is distributed ling to tho tral chi-sq distributi
with its respective trality p ter, whero the degrees of freodom aro equi-
valent to thoso valid in tho caso of null-hypothesis, whilo tho non-centrality parameters
are thoso corresponding to the finite population formulation and depending upon

our permutation. For plo tho ch istio function of S7¥m, n) in given by

(=20t T exp{ "ml(i',:.),’,z"'“ - (30
whero
m, = _’>-. Z; - o 435)

Tho definitions of &7, ¥ aro similar to thoso of &Y, Z1) derived from {y).
Indecd theso are defined by operating our permutation on tho sot {§;).  As to the in-
ferences to Sy (M,N) by means of Sglm,n) and these to 8,{).X) by means of
Sy{m,n) thero aro many common featurcs among thom and an ordinary analysis of
varianco. Our inferences concerning theso two enxea will depend upon tho ratios of
two independent non-central chi-squarcs, Let §; and 8; bo two independent non-
central chi-squares with tho degrees of freedom f, and f; and with the non-centrality
paramiclers A and A, respectively,
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Then tho probability density function of tho distribution of §,/S, will be given
by

Mz fulis fuls)

s D)t
2:‘ ¢ Eix INTFRING 2+.‘)(l+zL+b+’+.

. (4.30)

We shall hero observe immediately

Theorem 4.3:  The characteristic function of the statistic S{{I, N){Sy (m, n)—1
and that of Sy(), N}/Sy{m, n)—1 are given by

B on{(%80 1 )

"SHm,n)
= TPt x,l’ ZB [“Pl" [;:‘;‘:;‘\,,; ]}] e (437)
o 52 )
S I
where
E [exp {nr(;)(f:‘ :’)) )}]

=fem l'(z; MN=1, N, Ny e, n)t; mn—1, p3om, n)‘)d: . (139)

E [exp{:‘r f‘zf(‘:_'ﬁ:}—l m

= [l K ATV =13 PO, NP pitm, 1

(m=1)n=1), e, ) 2 . (440)

[}]
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with
M o» -
HPOL NP = @YY S Gyl e (141)
iah =1
P, )t = (2097 Y S ER-EDN, - (142)
=l o=l
N X . . .
HPUL N = @0 S S Gy b—fuHEus, e (443)
el jeml
PP Ol = 2001 S S G- EN- I e (44)
1 =

To proceed to Sy(JM; V) we have to preparo the following

Lemma $.7: Let {z}, {y3 6 = 1,2,..., k) le @ set of 2k mutually indcpendent
slochastic variables where each z; and y; are distribuled in N(a;,0%) and in N(b;, o)
respectively. Let p and q be non-negative real nunbers such that p*4q* = 1.

Let us now define

S=% (z-2), e (4.43)
=1

Sy = 'zl_zl (%—3" e (4.40)
I 2

S=3x (p(rl—")+q(y‘—y.)). e (447)
i=]

Then the characteristic function of the joint distribntion of Sy, Sy, and Sy is given by

E [ exp (SiHS H,S)] = Kt,i-le exp {_Ai‘.l } e (4.48)
where Ay = (1=20%(t, + P11 — 2%ty + g%)) +p*gtos, e (440
L=20% At —2otipey  —(a—d)
Am 27',“' —20%ipqt, 1-20%(tytg¥y)  — (8= o (4.80)
—(a—8) —-b) (ay— A+t —B?

where @ and B aro the arithmetic means of {a} and {5} respectively.
13
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The proof can bo obinined by a dircct ealealntion of the characteristic func-
tion. This lemma and the fullowing curollary keem to win to bo very important in
successivo dexigns of experimenta.

Corollary 4.1: The characteristic Junction of the Joint distribulion Junction
of 8, and 8y is given by

Elexpli(Sity+554))]

3
2gtioyt, + 20%l, ,‘;‘ (pJa,+qu)’}
=

=1
P T RN Y -
= (1—20%it,— 2a%it,— 4oty L) exp { 1=230%t, — 20%ily— 4%y 13

e (51)
where o2 = (209 ;’f;(n,—d)’. o (457)
8a; = (2o} Yay—3), . (4.53)

8y = (210)(b—T). e (4.54)

The essentinl point to note here is that thero are somo charncteristic features of
the exact sampling theory for finite populations which make it necessary to uso
somewbat coherent statistics es in (4.51).

5. SuMMARY

Wo have catablished a certain set of exact sampling distribiitions wixler certain
srautnptions which in our opinion will give & moroe carrect picture of real situations,
Here wo have been content with giving theoretical iderations which in
tion with somo abbreviated nuincrical caleulations will yicld us somo uscful results
spplicable to practical cases. Speeinlly, the average taken over all possiblo
permutations will make it clear how and unider what conditions ordinary uses of - and
F-distributions may Lo justificd. 1t ju also to be noted that our fundamental iden
is to appeal to subsample and t plo fc lations, and that, on the contrary,
assumptions of mormality aro rather artificial.
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PART V. OPERATIONAL FORMULATION OF PROBLEMS OF STATISTICAL
INFERENCES IN SAMI'LE SURVEYS

1, INTRODUCTORY

Different types of crrors occur in the caso of large-scalo eamplo surveys.
Deming (1944, 1950) gnve  detailes] listing andd deseription of the different types of
errors which should be tuken into consideration both in designing and analysing
sample surveys. Recently Hansen, Hurwitz, Marks, and Mauldin (1951) discussed res-
ponso errore which are important factors influcncing accuracies of surveys.
In this Part V, we shall consider the mainsources of errorin lnrge-scale samplo surveys,
For this purposo tho classifieation of different types of error into threo typea made
by Mahalanobis (1044, 1946} is specially suited at least for general considerations.
Mahalanobis (1944) mentions the following threo types of error: (1) sampling fluctua-
tion, (2) obscrvational error and (3) gross inaccuracics, where (1) and (2) may be pre-
sumcd to follow probabilistic schemes exactly or at least approximately and hence
to bo amenablo to statistical treatment which, however, does not apply to errors of
typo (3).

...In actual practice, however, it is diflicult to separate these latter two
groups, and it is neceasary to pool together the second and the third types under one
coramon head which may Lo called recording mistakes arising from the human factor”
(Mahalanobis, 1944). Ho also “revealed tho great importance of controlling and

liminating as far as possiblo tho mistakes which occurred at tho stage of tho field
survey" (Mahalanobis, 1944, p.40D). “Ono way of doing this would be to organise the
samplo survey in the form of two or more interpenetrating subsamples™ (Mahalanobis,
1944, p. 381).  Infact,in spite of many controversies over the usefulness of inter-
penetrating sampley, their dingnostic power can only bo duly recognised after one has
taken into consideration all the threo types of crrors and not merely (1) and (2). If
we consider—and we must consider —situations in which errors of all these three typea
should bo duly treated, our usual formulation will be found to bo too narrow and our
usual theorics of statistical infercnco will not bo sufficient to cover all the problems.
How to consider this typo of error will bo discussed in § 2, whereas § 3 will be devoted
to the problem of statistical inferenco and controls for guarding against this type of
error,

2.7 STATE, OPERATOR AND SCREME

We now consider a caso where tho third ¢ype of errors viz., gross inaccuracies
should Lo taken into consideration in order that wo should be ablo to give a more
realistic formulation of tho prohlem of sampling design.  If wo confine oursclves to
tho first typoe of error, viz. sampling fluctuations, then ench element of our population
hoy a definito value which may bo a acalar but may sometinics bo vectorinl, If we
connider both tho first and tho second types of error, then to each clement of our
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population there should correspond a stochastio varinble, so far as the sccond type of
error may Lo amenable to probablilistic approach.

Tho third typo of error, on the other hand, is actually & very broad type which
includes all errora belonging to neither of these two, and naturally involvea various
kinds of errors; § iea and falschood in stal ta and Jing, tricks and
80 on. Thus the sound approach to mnko a step forward i not to givo a teo broad
(and obscure) formulation aiming 1o cover all types of errore that conld bo imngined,
but rather to choose, corresponding to each stage of theoretical and practical develop-
nient, some restricted domain wo should take and we covld take into considera-
tion to make an adequato and cflective improvement of our designa and annlysis.

For this purpose, we propose to introduce hero the notions of state, operator
and scheme.

In almost all sampling surveys, wo shall be able to introsduce the notions of
respondents, investigntors and acheme of surveys. To ench respondent thero corres-
ponds an objective existenco which we call o state and which can be recogniscd to bs
an existence independent of our surveys. Responses obtained (if possible) from a
respondent through eomo procedure by investigators may result in vector values, be-
cause they will give information on cach question item of the schedule, giving answers
of the nature of cither attributes or variables. Thero will, however, occur problems
of non-response and also of possible interference between investigators and respondents,
An abstract idea of investigators which may include any other type of questionnaires
such as mail or telephone or interview survey should be more relevantly represented
by the notion of operators, Thus thero is a state £ of objective existenco and to each
state an operator a will Lo applied so that it may give us variables under a certain
goheme . The domain of & in which, under the scheme S, we may bo able to observe
some variablo corresponding to a state § does not necesearily cover the whole of
possible states. If it be defined for a certain sct of stato £, operation « and schemo S,
then we shall denote the variable by S (x, E).

An obstract idea of S(z, E) will bo 80 broad as to be associnted with or to be
éubject to falschood, deliberntions and even sirategies, for which there could not bo
any objectivo appronch, unless wo restrict ourselves to certain realms of S, a and &.
Some kinds of falschood, deliberations and atrategics mny have naturally various
sources. It is impossiblo to suggest a priori a method by which wo should be ablo to
measure or to control all sorts of these errors. Nevertheless wo think some or all of
the following approaches would bo particularly useful in dealing with this third type
of error.

(8) Restriction within a ccriain domain of lypes of error:  In taking into consi-
doration all sorta of errora at the samo time, our attitude should Lo gradunily progres-
sive. At the first atnge we may consider tho types of error for which the following
procedures (b)—(d) are comparatively essier than others.

10
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(b) Application of randomisation: Tho principal object of randomisation
is to introduce o probabilistic kcheme ko that valid statistical inferencen can Lo made.
Ono eannot help appealing to this principle in order to extablish any wscful resulty
applicablo to somy class of errors belonging to the third type. Indeed tho schemo
which Hansen, Jurwitz, Marks and Maulden (1051) wned in dixenasing response errors
in surveys and tho scheme which Sukhatmo and Seth (1952) wsed in stilying non-
sampling crrom in surveys have this as & common feature that each of them appenls
to tho prineiple of randomisntion (although the models are different).

(¢) Application of the principle of ‘lransformation’: In actual cuses it fre-
quently occurs that we are really concerned not with tho variables A(x, E) themuselves
Dbut some differences among these.  In these cancs we may be able to eliminate certnin
unmanngable factors, thanks to tho operationy of differences, For instance, supposs
we aro concerned with the states at two different times, say, A(x, &,) and A(z, &)
In spite of the fact that for some sct of A, @ and &, A(a, &,) and A(x, E,) cannot be
obtained, it may be possible in such cases to obtain the variables A(z, &,—E,) defined
for cvery set of A, x and §.

This principle belongs to the realm of logic and may be regarded as a proto-
type of analysis of varinnce, but it also has an intimate relation with the following
principle a. Generally apeaking there may sometimes be another function ¢ such
that A(x, §{&,, &,)) can be defined throughout the whole domain or at least in a broader
domain. Moreover there are possibilities of making use of a couple or & team of opera-
tors by which A{(a, £).F) may be defined throughout a broader domain. The combi-
nation (z, #) means the co-operation of two typea of investigators x and £ where 2
is a proper investigator who wants to obtain y data from respondents while
B is an auxiliary person who is not well-trained as an investigator but who hax inti-
mate knowledge of the reapondents and will serve to make respondents confident
cnough to answer correetly to a.  Similarly tho questionnaire may somctimes contain
some sct B of queations which has a similar cffect on the respondenta as this auxilisry
person f. This can be expressed by the symbol (A, B) (x,E). Instead of starting
direct questionning about domentic economies of households, it is often more cflective
to speak about gencral topics which lead them naturally to answer the desired

queations.

Both before and in courso of the sequence of aurveys, thero sometimes arisvs
the need of somo enligh t and ‘education’ for rexpondents by which we can expect
to cnlarge tho domain of a for which A(x,£) are defined. This domain should be
actually denoted by A(x, L§) where Z ntands for enligh to the respond

Theso principles or procedures seem to belong to some sort of expert techniques,
but it will not only bo possible but also necexsary to givo theoretical considerntions
and alxo to analyso real data. By suitablo formulation the chiciencics of such trans-
formations and the costs for executing them should bo discussed in a manner similar
to the discunsion in parts I-1I[ of costs of surveys and variances of cstimates whero
the Jatter was concerned with the first typo of crror only.
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{d) Application of operational view-points: After all our efforts of making
use of (a), {b) And {c) there may still remain certain crses in which the domain of £
for which A(z, £) is defined for overy a and A is not coincident with the whole space
of £ For example, let us consider a sampling survey on living costs which requires
of each sample houschold to writo in their diary tho daily expenditures on and the
quantities consumed of each item of food in avitable wnita, All houscholds cannot
bo expected to agreo with writing this sort of dinry for several months. Thus, broadly
speaking, thers arises tho problem of non-rewponso 8o far as wo adhere to such uses
of diarics, The social and economic circumstances which causo this type of non-

g have somo relationship with, say, the living standnrd and wo cannot deny
that the biases may not bo negligiblo, if our survey should be confined to tho diary
records.  In such a situation our attitude (to bo justified from operational peint of
view) should be to divide the aima of our surveys into two types; the finst type will
be concerned with the dinry reports, while tho second type will aim to investigate the
circumstances under which some houscholds cannot or will not respond and also to
study the relationship of this with their ways of living. So far as it is accompanicd
by the latter surveyw, tho first part of the survey is uscful for a certain class of opera-
tionnl problems, for ple, for wago ag botween the entreprencur and the
lubnur union. ‘The estimales of living coata obtained from a sample survey of the ﬁm
part with auxiliary data of the sccond part may be gnised to have
value. This was the method adopted by Kitagawa and Fujita (1051} for a sampling
survey of living costs of coal mincrs in 1048,

3. OreRATIONAL FORMULATION OF STATISTICAL INPERENCE

In dealing with tho third type of errors our general principles illustrated in
§ 2 should bo introduced both in designing tho samplo survey and in the analysis of
data. Regarding the latter it seema necessary (and adequate) to appeal to an opera-
tional formulation of the problem of statintical inference. An operational formula-
tion means an elaboration of our statistica! decisions so as to deal with some sort of
previous knowledgo andfor problems of prognosis in a moro comprehensive way as
we have done in two previous papers (Kitagawa, 1053a, 1053b).

In o provious paper (Kitagowa, 1063a) it was pointed out that certain opera-
tional formulations of previous knowledgo would imes bo useful, becauso of tho
fact that previous knowledge may be derived from various sources, not necessarily
from sampling, or from designed experiments to which probabilistio approachcs
aro possible, but also sometimes from current literaturo and from obscuro sources.
Such situations will surely occur when we shall take into conalderation the third typo
of errors discussed in §1 and §2. Sinco there remaina usually a lack of objective
knowledge enough to appeal to averaging proccrs, howover, wo may endcavour to
apply certain principles enunciated in § 2, and also somo etatistical procedures which
aro both operational and objective, Some elaboration of statistical inferences such
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a4 pooling of data (i.c. estimation after preliminary testing of hypothesis) as well as
a more general procedure of successive procesa of statistical inferences discussed in our
papers (Kitagawa, 1850n, 1953b) will bo found to bo specially useful in such situations.
In the next section, we shail give an examplo of applicntions in connection with
interpenetrating samples. Detailed designs of experiments doveloped in agricultural
experimentation may be also helpful in analysing some types of errors in conjunction
with psyel ric, sociometric and tric studies on sources of such errors
to which sampling survey and design of experiments aro now being applied by various
research workers,

Successive procedures scem to be extremely useful in dealing with the broad
elnss of errors belonging to tho third type. Indced a follow-up procedure dealing
with the non-response problem adopted by Hansen and Hurwitz (1043) and an
interesting method of finding samplo size due to Bimbaum and Sirken (1950) when
non-response is present, appeal to double sampling or to two sample procedure each of
which is a special cnse of successive procedure.

4. USES OF INTERPEXETRATING SAMPLES

The method of interpenetrating nct-works of samples in sample surveys
usos a type of design in which the sample unite are arranged in two or more independent
scts of samples eagh supplying an independent estimate of the variate under stady.
This brilliant idea is originally due to Mahalanobis (1940,1946) and has been recommen-
ded by the United Nations Sub-commission on Statistical Sampling. Its purpose is
“to provido statistical controls for detecting and gunrding against such recording
mistakes™ (Mahalanobis, 1044) where ‘‘recording mistakes” in his terminology
comprise the second and tho third types of error in §2.

Indeed there havo been several authors on both the practical and tho
theoretical sides who do not recogniso this method as a useful statistical control. The
present author is unablo to discuss the effects of the application of the method,
examining in detail tho data available. It is, however, intended to show that some of
the theorctical objections against the method are not quite appropriate. This is due to
not taking the whole role of inter-penctrating samples in consideration fully.
Thus although the caleulations of tho efficicncy per unit cost given by Mokashi (1949)
shows ono of casential loss of efficicncy due to the interpenetrating samples, hia
considerations do not scem to cover the diflferent roles and the functions of these
samples, There are various aspects of interpenetrating samples which sometimes lead
us to somo sort of confusion of notions. To mnke our viows clear in distinction with
somo authors, lct us quote here the deseription of Ghosh (1849) who discussed the func-
tions of interpenctrating snmples in some details and who was not convineed of
tho actual waes of theso samples. According to Ghosh (1949) tho basio roles of theso
samples arc enuncinted s followa. “Basically tho method consists in having two
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(or more) samples from the same population so designed that (i) each of these amples
will furnish a valid catimate (with ita confidence limita) of a common population
characteristic: (ii) it will be possible to make atatistically valid comparisona between
the diferent samples and (iii) in case the samples (as obuerved) are not significantly
Jifferent frum one another (as is expeeted if the samples are enumerated correctly)
it will bo possible to construct a joint estimate (with confidence limits) of the popula-
tion characterixtio by pooling the information from all the ramples™. (Ghosh, 1949,
pp.108-109). Furthermore le points out {quite appropriatcly) the following: “It
may be noted that the stronger the {positive) correlation between the samples the
greater will be the sensitiveness (or discriminating power) of the comparison between
the samples, mentioned under (i) above andthe lower will be the efficiency (or precision)
of tho joint cstimate from all the samples, mentioned under (iii)."” (Ghosh 1949,
p109). It is thus clear that the uxes of interpenetrating samplea can be judged not
only by the efliciency of the joint estimate but also Ly the discriminating power of the
comparison between the samples, and also that once we enter into the latter, what
we are really concerned with is not only the null hypothesia but also the alternative
hypothesis, that is, the possibility of different populations must be taken into consi-
deration, Conscquently the description of Ghosh scema to us somewhat unsatis.
factory.

The discriminating power of interpenctrating samplea ehould be empha-
sised, The caleulation of efficiencics given by Mokashi seems therefore to be inade-
quate (1949) who takes into consideration the role (iii) merely. “Il comparicons
hotween the different investigatora by means of interpenetrating ramples have been
nrranged, the comparative resulta must Le available as quickly as poxsible, in order
that ¢ffective action may be taken if discrepancics are discovered”, (F. Yates, 1849,
p.107). Yatcsalso indicntes the following important points:'Interpenctrating samples
are of value if the aurvey or census has Lo be carried out by successive atages. This
i frequently necessary when preliminary results are required quickly™. (Yatey, 1949,
o)

In summing up, onr conclusion is that the true merits of interpenetrating
namples ean only be suitably discussed from the point of view of muccessive process of
wintistical inferences and controls in which we must and we shall discuss rome
claborated inferences and alno effecta of atatiatical controls. In what fullows wo shall
state bricfly what wo want to mean by this assertion.  For tho xako of simplicity
omphaxixing tho csseatial points of our views, we shall asme in what follows
an infinite normal population, although in real situations we are concerned with
finite populationa. This simplification is justificd by the theory which we have
already shown in Part 1V as n means of focussing our essentinl puints, The assumption
of the normality of our parent population is alzo a matter of mathematical technique,
On the other hand, certnin characteristic features of interpenctrating snmples should
bo carcfully formulated and introduced in tho Assumptiona,
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5, EXAMPLES OF STATISTICAL INFERENCE CONNECTED WITH
INTERPENETRATING SAMPLES
Our Assumptions will bo as follows:
Assumption 1. Let (2, y) be distributed in a Livariate normal distribution
T with the density function

(210, 03)" (1 =p)~d exp (—Q/A1—pY)}, e (5.01)
where Q—("_“)’ 2plE=alr) :l)y' l')+(” i (5.02)

Assumption 2. Let O, :{(z, y) i =1,2,..,n} be a random sample of
sizo » from the population IT.

Assumplion 3. The total cost for observing the sample O, is equal to
efin)+cfying) where ¢, and ¢, aro costs per single observation of z and y
respectively.

The correlation p represents a certain degree of intraclass correlation between
the members of a pair, 2, and y;, for the same i, 1f we adopt the functional forr of
the cost of journeys due to Mokashi (1049), then fi(n) = fy(n) = kn}, k being a certain
constant,

In the discussion in §4 the statiatical problem connected with interpenetrat-
ing samples have been shown to bo one of estimation after testing of hypotheses, that
is, of the so-called pooling of data. There may be various procedures which resemble
real operations actually adopted in practical circumstances, Whatever they may be,
the common features are to test statistical hypothescs as a first step.  In our formula.
tion we may ider, for example, threo different null hypotheses

(19 Hy:a=d 0l =03 (2 Hy:a=b; ) Hy:0) =0},

each of which iy composite. The testing of theso null hypotheses iy the first step.
The second step will depend on the results of these. If the tests do not show
wignificant differences tho final estimates should be the pooled ones. If, however,
differences are signifieant there may be various procedures possible.  For instance, we
may consider the following threo procedures:

Procedure A: 1f there are certain a priori reasons for preferring the z-obser-
vations to the y-obscrvations, our procedure will be to adopt the set of observations
(21, 23, ..., 2,), the set (yy, ¥a, ..., 3a) being completely ignored.

Procedure B: There is a possibility of appealing to a successive process of
pooling such aa waa discussed in Part I1I of tho present paper.

Procedure C; This process ia to draw from the population another random
samplo of a snitablo sizo which shoull be regarded with moro confidence than cither
of the samples; (z,, 2y, ..., 2,) O (4, Ygo veer Vo)
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For each of theso procedures wo may give a formulation aceording to which
our etatistienl proceduro will bo defined. Parts T and IIL of the present paper may
bo of some wro after certain genel ions. These g will bo in two
reapects, firstly concerned with tho intercorrelation p, whilo the second one with cost
considerations,

Let ua now confine ourselves to one apecial cass where o, = o, = & (unknown)
will Lo assumed and where tho statistical proceduro will be of the typoe (A). This case
will arise when there is no differenco botween tho varinnces of two operators but the
presenco of some bias of the less trained one which gives us y-values is expected.

Tho statistical proceduro will bo as followa:

(i) Lot tho statistic ¢ bo defined by

Vnd

= R (6.03)

whero we have put
d=n1 2 d =1 S (—p), . (5.00)

i=1 (=]
8 = {{n—1) fﬂl(d;-ﬂ)’)'- e (5.05)
{ii} The estimate Z of @ will be defined in the following manner:
() If [E] <ty y(x), then

2 = 29F+J) v (5.08)
and () z==3, il otherwine, v (5.07)

whero /,_,(a) denotes the valuo of ¢ with n—1 degrees of freedom for a significance
level @, 0 <a < 1.

Theorem 0.1t Let £ be any assigned real number. The distribution of Z is given

by

Pro(Z<s=Pr.{3<n|t] <t fa}+Pr.{Z<z|t] > bf@)... (5.08

where we have

Pri<s, | ] <t _.(a))=pf.{'_";9. <z }Pr{lt) <hofel .. (5.00)

0
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with
(2nt _ mu—2Na 4 b))
{ <z } _r—_f’n)a:l+p) chp{ = aIp) }du - (5.001)
and

I‘(ﬂ] { n{a—b)? %

Pr.(| 4] <ty @) = IS s T=m)} . (5.002)
EINE A
-1(a)lin~1) I ( _—
, =R (3 o o) & - 610)
x ° (H_n-.- 2’ X14))" 20%1—p)
Priz <511 > toyfa)}= [ (2—,,,r exp(~ 2E=2 4z x
I3)
2 exp { nfa— b+$l—p)(z—n))'}
NN
[ [ fa=b)+(1=plz=a)}
x 2 Ty —n—y | ¥
--x(“)("—l)"(l+j) [ ALH)’ 20%(1—p?)
Here ,F, is the confluent hypergeometric funclion given by
.
A1) = ZF((§+:))J'( ) . (&11)
2 r+g) Tlr+1)
Proof: Let us consider the transformation of (z, y,) into (¥, v;):
= 2a—y) v = 2Nz tw) o {8.12)

for i=1,2,..,n
Then wo shall have
0 = (2041 —p")Y(z,—a)*—2p{x,—a)(y—b) +{y,—b)")
= (20Y1=p)) W= 2 Ha— P+ (2014 o= 2 Ha 4B e (5.03)
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Consequently the clementary probability associnted with the sample of size n i.o.

H '.’nTﬂ(ll—T:‘Ti exp {—q,} drdy, e {3.14)

will be tranaformed into

n np—2Matb)yy o mb_ A= 2Ham b,
G o= qtpr [ smion T P { =i 4 X

xaf ! Li st)as

Hi—ppt* . (B.A41)
whero wo have put
o= n""._’.I v, U= n“g‘u,. e (6.13)
St = '.‘_:‘.l (u—iy, e (5.16)
and the function G(z, p, ) denotes the gamma distribution
Gla,p,2) = S0 eoram, - (517)

Tip)
Wo now caleulate tho first and the second term of thoe right hand siclo (5.08) separately.
Regarding the first term it will suffico to noto that
2T §) = 210 w (5.18)
0 = (a—1)nitS-, e (B19)

and to make uso of tho non-central t-distribution.

Regarding tho sccond term, we shall first rowrite

a~b ad-byt

n _ ' n
0= Ml—p)[ == ) + 20’(—|+p){ b= =ar o (5:20)

= g5 (2 +;,.(’;__P,)(.-. — Ja=bH(l=pke—a) )t
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which gives us

Priz<z,|t] 3> t_{a)} e (5.21)

_I Ij ‘n)'(r e‘p{ "(’—“)'}d G(“(l s "%,l Stast x

- Py

(2n)} 3
X Eapoi =P el i
where the domain of integration is defined by
z2<z,
Dy . (5.2
(R—1)nE3S-3 > (3_\(a).

But the application of the non-central f-distribution gives us the relation (5.10) where
we have introduced f = n73$-3, 0% being equal to 2bu,

Wo can readily observo from Theorem 5.1 the following:

Theorem 5.2:  The k-th moment of the alatistic = ia given by

B =nt | (2 + (58 or) exp (= L}ty . (= ute B0-pr 1+

2y ] {a4n-loh)t exp {—-’é-’}.Il._.(a‘.(8+h)'(l—p')")dln, e (523)

where we have put

I'(3) I I )

R —— s 5
¢ )Fr ("—')F ( ) "'"I’"'-‘v-"’ 4 “H)
(5.24)

8 = nH{a—b)o—t - (4.25)

while «® is defined by the central t-distribution with n—1 degrecs of [reedom such
that a® is the point whose significance value is equal 2M,_\(2), that iz to say

Iasfa®) = 20, _jfa). o (3.26)
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Corrolary 5.1: The mean and the variance of the stutistic Z are given by

Ef) = "+b(l—ll__,)+uu_.,+Eml'?, v (5.27)

o) = '+pv’(l-—ll._,)+_(r’ll’ RIS P

R4 R T AR g T +E) -

-.zn"_+_° V=) +a 50—, e (328)

where we have put for the aake af brevity

Hoy = 1\, 841 —p)) e (5.20)

-
R mame | ke (-~ Q} AN !l‘élilji) dh, .. (530)
Zw e
for v=10,1,2.

1t remains to caleulate distribution function of z and its momients numerically.
Nevertheless the Theorem and its coroliary enable us to make the following obser-
vations:

(1) Several authory ¢.g. Ghosh (1949) points out that the stronger the (posi-
tive) correlation p between x and y tho greater tho sensitiveness (or discriminating
power) of tho comparison Letween tho two samples. Our results bear out these in
quantitntive terms, for it may bo scen from the terms of the non-central I-distribu-

tion that the parameters of non-centrality aro §%1—p)-t and {84+M)}/(1—p?), whero
3 = nip—a)e.

{2) Further, several authors e.g. Mokashi (1949), Ghosh (1949) point out also
at Lhe same time that the stronger tho (positive) eorrelation p between z and y the lower
is the efficiency of tho joint estimate. Indeed the former showed that the variance of
tho joint estimate will Lo (14p) times that of an estimnto based on an independent
samplo of sizo 2n. This is not accurate unless wo havo definitely nssigned our statis-
tical proceduro. On tho contrary, wo arsert that at least under our formulation tho
circumstances aro not o simple as supposed. Ono must obscrve tho real situntions
from (3.24). Indecd thero in ono term which takes tho form (14 plotk, that is, tho first

term on the right-hand sido of (5.28), but it s merely ono conslituent term of tho
contributions duo to p,

(3) Unless tho population means a and & are cvincidont with each other tho
moro comparison betweon tho variances ia not adequnte, bocawso tho joint estimato
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ie not an unbiassed estimato of @. It ia evident that the mcan bias of our esti-
mato z is always Iess than that of the joint estimate without sny preliminary testing
of hypotheses.

It is worth while to notico the meaning of tho correlation p . Indeed in view
of general considerations on effects of biases developed in Cochran (1953, chapter 13)
and rpecially his formulations on interpenctrating subsamples, the formulation due to
Hansen, Hurwitz, Marks and Mauldin (1951) and also of our formulation developed
in Chapter 1V of the present paper, the existence and the magnitudo of the corrclation
p reflect the characteristic features of both finite population and state, operator and
echeme formulation, of which more detailed deseription should be required. We have
only pointed out the main features rather in an abstract formulation. The generalised
mode! of analysis of varinnce discussed in our paper (Kitagawa, 1053) has found its
adequacy here.

The correlation p derives sometimes from these generalised models, Thus
normal regression theory in the presence of interclass correlation discussed by Halperin
(1651) and in & different way from the point of view of successive process of statistical
inferences in our paper (Kitagawa, 19530) will be useful in developing the detailed
discussion of interpenetrating samples.

The numerical calculations invelved and the detailed description of condi-
tions under which our present formulation will give an approximative picture of real
situations will be postponed to another occassion,

PART VI. THE EFFECTS OF STRATIFICATION
1. INTRODUCTORY TO TIIE PRODLEM OF STRATIFICATION

The problem of constructing a system of strata is different from that of opti-
mum allocation when a certain stratification is given, In this Part we shall consider
various problems arising in practice restricting ourselves, however, as a ficst approach,
to non-sequentinl theories. Onr problems will bo discussed by introducing a ccrtain
mathematical madel relating to the objectives and by comparing tho effects of various
stratifieations with referenco to theso models. It has been'a tradition of oxperts to rely
largely on intuition and experience. We shall discuss some of theso with the
purpose of investigating their merits under tho theorctical formulations.

2. EFPRCTIVE METIODS OF PRELIMINARY STRATIFICATIONS —
MAHALANOBIS METIHOD
In apilo of tho clegant theory of optimum allocation in stratificd. random
snmpling,.thero is ono serious difficulty, especially at the beginning of a seq of
sample surveys, which may prevent any attempt to adopt tho optimum allocation
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given in current literature.  Thin is due to the lack of previous knowledge concerning
the population which would bo necessary for adopting any symtem of stratification,
in particular the knowledge of the within siratum variances. Inmuch a situation there
is a method of stratifiention advocated by Mahalanobin, Broadly np(:nking, he nuggesta
that when the number of strata is assigned a practical method of powsible stratifica-
tion is to stratify the whole population Tl into o #et of & strata {1} (i =1,2,..., 1)
such that ‘the stratum sums aro expected 10 be equal at least approximately, that i,
in the notation of Part I

Ny = .. = Ny e {2.01)

Since wo have no accurate knowledge of the steatum suma, it in clear that we must
make use of rough catimates or some values highly correlated with these stratum
amms.

One justification of the method may be derived from the elementary fact that
under an assigned sum of gth powers of {r}), say LE 7 = A, (1) the minimum value

=t
nfﬁ a7 for a certain p > ¢ and (2) the maximum value of ,\_.: a? for a cortain
-l f-l

p < q will be attained when z, = 2, = ... =z, (for each fixed k). Thus we ensily
get

Lemma 6.1, Under the general assumplions in §3 in Part I1, let us assume
that there exists a real number r > 1 such that

1] ..
S (Ape)™ = conat, aay, M, e (209)
=1

Jor all possible slratifications now under consideration.

Then among all these aystems of stratification the minimum value of the variance
with the respective optimum allocaliona vs given by the one whick will satisfy

Ale, = A%ty = ... = ARy, e (200)

provided that & system of airatification eatisfying (2.03) belongs to the class of all
aystems of siratificalion considered.

The stratifications for which the optimum allocation satisfy (2.03) are those
for which equal cost will bo divided into cach stratum in their optimum allocation.
The caso when prf(14p) = 1/2 is npecially important becauso they are concerncd
with lincar combinations of stratum means, and it may bo worth noting[that there
will appear another restriction to Mshalanobin's advoeacy aa to their cost function.
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Indeed we have

Corollary 6.1: In Lemma 0.1, lct us assume in parficular that r = (p4-1)[2p,
that 1s lo sny,

13 KN
> A5C)” = Const. e (204)

5=
Then our conclusion fo Lemma 0.1 holds true, 80 fur as 0 < p < 1.

We are now in a position where cither of two courses can be taken into
consideration. The first course is to justify the advocacy of Mahalarobis, that is, to
give some suflicient conditions in verifying tho advocacy which we shali enunciate in
Theorem 6.1, Tho second course is to investigate in moro detail a more gencralised
principle which our mathematical analysis will suggest us and of which Mahalanobis
has been surely conscious as scen in Lemma 6.1, that is, the principle of equipartition
of total cost in each stratum. As to the first course, wo may enunciate

Theorem 6.1:  Let & be an assigned positive integer, Let § = {S.) be a set of
atratifications with the k strata for which the cost function (3.02) in Part 11 and the con-
dition (2.02) in this Part VI will hold true with a cerlain power p such that 0 < p < 1,
Let the cost per unit be assumed lo be a common value ¢ which is independent of sirata for
any S, belonging to 8. Let Sq be a stratification for which A, = Ay = ... = A, holds
true.

Then S, is a sliralification for which the variance of our estimatea in ils
oplimum allocation 18 not yreater than any one of 8, belonging to S.

Furthermore specially when Ay = (No)* and when at the same time, it holds
true that

18

(2.05)

a,
S F—
T3

F

kA

Jor any stratification S, belonging to S, then Sy can be charactrised by (2.01).

This theorem is of course a formal ono for which zome detailed discussions
should be required, beenuso wo have no precise knowledgo concerning every popula-
tion parameter and cost functions in the Leginning of our surveys, but it may be
utill usoful to make clear the underlying conditions in justifying Mahalarobis’ ideas.

Let us now turn to tho sccond course.  In our real situations we have to appeal
to a set of approximate values {4} and {¢}} in order to make stratification 8o as to
eatisly tho conditions at least approximately

241
v

A6, =, = .. = 426, = (¥). e (2.00)
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Conscquently our actual varionce to be expected under the adoption of equi-
distribution principle should be

a7
:‘1"—,,) e (2.07)
On the other hand when we have plete knowledge about p w,
we have

1 prl

Fym L(INESE
i o {2.08)

c'

3. DRINCIPLE OF EQUIPARTITION OF TOTAL COST INTO EACH STRATUS

In view of {2.06) and (2.07) we can observe the following assertions which may
have some practical interest in themsclves,

3.1, The oplimum determination of the number of strala: Let us consider the
case when all ¢; sre coincident with a common value cfk) and hence all A; with a
common value Ayk). Under our sssumplion of having applied the principle of
equipartition of total cost into each stratum we have

s 4
kAT e = . (3.01)
Let us also put
»
kA =T, . (3.02)

and asauming that 7 js independent upon of &, we ahall have

F2a} _
” r-
v,=T" otk "

Yaapnd
= g }’ (3.03)

Tho assumption that T is independent of & holds truo under the conditions
of Theorem 6.1.

Now tho problem how the number & of strata may be determincd is seen to

bo rerluced to minimizing

e
o(k) = bk " . (3.05)

whero k runs through the domnin & 3 1.
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The investigation of cost functions will bo dono in various sampling surveys,.
and hero ¥ may bo considered roughly inversely proportional to tho area. Thue as
a first approximation wo may put here

k) = a+‘—I:- ... (3.06)

whero a, b and ¢ are positive constants independent of £, Tho valuo of £ which mini-
mizes (3.00) and henco V, is now given by

e = (b qr
ko= { (r—1)(1+p) l)} (301
provided that ¢ > (r—1){1+p)r~! and k, gives us an answer so far as £y > 1.

3.2. The loss of efficiency by making use of approximate values {A%} and {c'}
in designing sample surveys on the principle of equipartition: This can be defined by

1+
, P
A’ ¢’ 4,¢) = .V’ = k T
1 £ ( i % i yor
3) (547%)
=] = 7T
i=1 =1 A, i
12
k ’
= T —7 .. (3.08)
A" ’ ry ¥l
) o
1=t J=1 A,’“

In the case of Mahalanobis principlo, wo shall have

ofd’, ¢'; A,¢)

( )’ (5

and under tho assumption that (2.04) should bo assumed not only for the population

(3.00)
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parameter {o} ond {7} but alsa for their respective approximate values {0} and
(&}, we may write more briefly

1¢p
134
A’y de) = ——— T . (3.10)
(S (S
I =

4, CONSTRUCTION OF FOPULATIONS WITII NEARLY CONSTANT COEFFICIZNTS
OF YARIATION )N DIFFERENT STRATA

Oug purpose in this section is to give I of populati T ing
the propertics stated in the title.

Let us assume that our whole population consists of an aggregate of sonie
clementary clusters and that any stratum which may bo our real evneern is also an
aggregate of these elementary clunters.  Our fundumental idea ia to set up elementary.
clusters whoso distributions are all of the Gibrat fype, that is, Jog-normal distri-
butions such o

gylr) = EayHaz)t exp {~(20%)Y(log x-E,)% e (01}

where o2 iy a value common to all elementary cluaters,

Let the sizo of thia cluster [l bo donoted by X and let us definc,a system
of stratification where each stratum T1; is an aggregate of {1} (j = 1,2,..., J,) und
by which our total population is nuw stratified into a sumof {1} (1 =1,3, ..., ).
Since the mean and the variance of distribution of (4.01) are equal to-

E(X,) = efo+% . (402
(X ="Huter (eory, - (103)

the following may bo readily obrerved:

(1) The mean of the i-th stratum is

e PR ]
EX) =) py BNy =c® ey,
‘ _‘;Z:‘ 4 ;"‘ e (404)
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{2) The variance within the i-th stratum is

A My
V(Xe} =3 PUEXG—EXIP+ D 2, V(X

=1 i=1
= (oot £ petu—(E pyetoyy (4.05)
Jo1 ot s WU,

(3)- Tho square of the coefficient of variation within the i-th stratum

(X, 3 P&I el
b"((\')) l— -1 . (4.06)
[ ( \ p " 25)
where we have put for o moment
Py = NNt Nt F Ny ) o (407)
for J=L2,, M5 s=02 004

Now concerning the ratios (4.06) wo have tho following assertions

(a) We havo always

max {¢*0
o V(.\L) < oo l<;<u(; -) -1 . (4.08)
({! 7y e‘“ »

(b) In particular when & can bo expressed as &y = si;+v;, tho coeflicients
of variations are independent of #; and merely dopendent upon v; and py such as

— \_n -1 e (4.00)

"T'heso assertions (a) and (b) are sufficient to observe under what conditiond our
stratifications will etatisly at least approximately the condition imposed in 1 of this
Lart VI. It may bo interesting to consider a fine structuroof our populationby which
a sct of A wystews of stratification cach of which will approximately satisfy tho

33
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conditions of constant cocflicients of variations will bo suggested.  Our fino structuro
may be defined by a decomposition of our whole population [T into tho steata

“ = :Z:é‘ ;h: Mii.in o ($:10)

whero the sizes of IT;,;, .. i, will be denoted by N, ....ix and they are assumed to Lo
distributed in Gibrat distributions with the p B iy...ip 20 ot Our
fine structure is now assumed to Lo as follows:

Eirtyoin = My H oo, ot e (411

for all combinations of 4, iy, ..., 1, and i

Indeed this is nothing but a k-way classification which will suggest 4 systems
of stratifications each of which will satisfy at least nearly our conditions.

Now wo shall proceed to a multi-dimensional Gibrat distribution beeause wo
in actual practice consider other quantitics which are highly correlated with
our variable and which may be also recognised to be distributed in Gibrat distribu-
tions. Indeed in applying the principlo of equipartitions and that of Mahalanobis,
our reference will be concerned with somo other variables highly correlated, for example,
with the stratum totals of cach possible stratification which can be derived from a
previous survey. For tho sake of simplicity, let us consider hero two-dimensional
formulations,

Let us now consider a two-dimensional Gibrat distribution according to which
two variables (Xy, Y) of each elementary cluster I is distributed, namely, the dis-
tribution such that log X;; and log Yy, are distributed in & bivariate normal distri-
bution with their means &, and 1, their variances of and ¢ and their corrclation
cocflicient p, where we shall assume o7, 0, and p are common to all elementary
clusters. Then tho covarianco between Xy and Yy is given by

2y 8
WXy Y mog=e 2T T gy, e (412)

Now what wo aro to discuss is tho effect of mixturing upon the correlation
cocflicient p(Xy., Yy.) between Xy, and Y. defined for tho stratum [T, It may be
observed that after an amalgation of theso elementary clusters ([T} into {11} correla-
tion coefficient p; resembles closely that of tho elemontary cluster; becauso tho Iatter
ia equal to

PXg Y) = e (413)
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while as to the latter wo have

0,0, .
AN Y = _=_%M x

T e B (g

x l—qu(E,:;qu('l,l)q 5. 7/;" 4 e (319
1— 1—¢"°
( )( - ‘Ju('l."l)}
where we have put
Mg .
3y& ) =‘El?u2"'e'“. e (4.15)
Mg )
7% 1) =z Pyt e (4.16)

and similarly for other notations. Similar assertions to those given in (a) and (b}
hold true for p{X;, Y ;) and analysis of variance scheme associated with a fine structnro
will reveal how this value may depend upon §'s and 7's.
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