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Abstract

Let {B:,t > 0} be a standard one-dimensional Brownian motion. For each
t > 0 let oy be the last entrance time before ¢ into the interval (a,b), d; the
time of the first exit from (a,b) after ¢ and Y; := By — B,,. In this paper we
study i) the limit behaviour of the normalised occupation times of the process
(Y3), ii) the limiting joint distribution of (¢t — o, d¢ —t) and (d¢ —t, Ba, — Bt),
conditioned on the event {B; € (a,b)}, as t — oo and iii) derive renewal
equations satisfied by the probabilities ¢(t) := Pa{0 < t —0r < u, 0 <
B, — Bo, <y} and y(t) == Po{0 < di —t <wu, 0< Bag, — Bt < y}.
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1 Introduction

Let B = (B;) be a one-dimensional Brownian motion and a < b real
numbers. For ¢t > 0, let o, be the last entrance time into the interval (a,b),
before ¢, by B. Since P(B; € (a,b)for some t > 0) = 1, o is well defined, for
all ¢ large, almost surely. Let Ny denote the number of crossings of (a, b) by
time t (see precise definitions in Section 2). Let Y; := B; — B,,, t > 0. In
Section 3, Theorem 3.3, we derive a limit theorem for the occupation times
of {Y; : t > 0}. More precisely we show that

sty ([re a

where —% stands for convergence in the sense of distributions; &; /» is the
Mittag-Leffler distribution of index 1/2 (see equation (2.1) below);
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S=(—(b—a),b—a) and 7 is a finite measure on the Borel o- field S (see
Section 3 for the definition of 7). When (Y;) is a time homogeneous Markov
process such results go back to Darling and Kac (1957) (see also Kallianpur and
Robbins (1953); Papanicolau, Stroock and Varadhan (1977)). In Athreya
(1986), a different proof of the results in Darling and Kac (1957) was given
and the same results were also extended to regenerative processes. The
process (Y;) defined above and its semi-martingale structure was studied in
Rajeev (1989b). Note that (Y;) is not a Markov process and it is in gen-
eral not a regenerative process as defined in Athreya (1986). However when
By = a (or =b) then we can show that it is regenerative,with regeneration
times having heavy tails. Let Ny denote the number of cycles (or renewals)
completed by time t (see precise definition in Section 2). In Section 2, we
develop limit theorems for N; when the regeneration times have heavy tails.
We apply this to the Brownian crossing process (Y;) and derive (1.1) above
in Theorem 3.3.

Let d; be the first exit time from (a,b) by B after time ¢ > 0. Analo-
gous to renewal theory, the interval (o¢,d;) may be considered an ‘excursion
interval’ for the excursions of B into (a,b). In Section (4), we derive the
limiting joint distribution of (¢t — oy, d; —t) and (dy —t, Bg, — By), conditioned
on {B; € (a,b)} as t — oo (see Theorems 4.2 and 4.6 and Remark 4.7).
Note that the conditioning event {B; € (a,b)} has probability going to zero
as t — oo. Thus the results of Section 4 are similar to those in branching
processes for the critical and subcritical cases (see Athreya and Ney (2000)).
In Section 5, as a consequence of the strong Markov property for Brownian
motion, we derive (Theorem 5.1) a renewal equation for the probabilities

o(t):=P{0<t—o0y<u, 0< By — By, <y|By=a}
and

y({t):=P{0<di—t<u, 0< By, — B, <y|By=a}
where 0 < y < b — a and u > 0 are fixed numbers.

2 Limiting distribution of a renewal process with heavy tailed
regeneration times

Let (X;)i>1 be iid. positive non lattice random variables. such that
P(X1>1t) ~c/Vtast— oo for some 0 < ¢ < oo.

Let no = 0, = X1 +Xo+ ...+ Xj,7 > 1. For 0 <t < oo, let
Ny :=sup{k : g <t}. Note that Ny =k if np, <t <mps1,k=0,1,2,....



196 B. Rajeev and K. B. Athreya

Let F(z) = P(X; < 2),0 < z < co. Let &, denote a random variable
with the Mittag—Leffler distribution with parameter a,0 < o < 1, i.e. it is a
random variable with values in [0, 00) and moments

B¢k = k\(T(ak+1)"! £=0,1,2, - (2.1)

It maybe noted that the moments of &, satisfy the Carleman condition viz.

1
2, =
L pgg
where pp := F¢F; hence the moments determine the distribution of &,

uniquely (see Feller, 1986, VIL.4, p. 224). In what follows, for two non-
negative functions a(t),b(t) and 0 < ¢ty < oo, we write a(t) ~ b(t) as t — to
if hm a(t)/b(t)=1. The following result and (Theorem 2.3 below) were men-
tloned in Athreya (1986), but we give a proof for the sake of completeness.

THEOREM 2.1. Let (Ny),(X;),(n:) be as above. Suppose that P(X1 >
t) ~ C/\/t ast — oo for some 0 < C < oo. Then

a) ast — 0o, EN(t)/vt — C?w’

b) ast— oo, N(t)/\/t 4 CXI/W§1/2

To prove the theorem, we need the following Tauberian theorem. The
Gamma function is denoted as I'(.).

THEOREM 2.2. (Karamata’s Tauberian Theorem) Let U(-) be a nonde-
o0

creasing non-negative function on (0,00). Let W(r) = [e ™U (dt) for
0
7> 0. Let L(-) be slowly varying at co.
Then
tPL(t)
U(t) ~ ,  for some (0 < p<oo,ast oo
(t) o+ 1) f p T

if
W(s) ~s L <i> as s | 0.

For a proof, we refer to Feller Vol. 11, p. 421, Theorem 2.
PROOF OF THEOREM 2.1. a). We note that E(N(t))* < oo,k =1,2,---
(see Athreya and Lahiri (2006), Cor. 3.5.2.) and further that

0ifm >t

N®:{1+Nu—mmh§u (22)
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{N(u) : u > 0} being the same process as {IN(u) : u > 0} but defined in
terms of {n; : j > 2}, i.e. N, := sup{k : 7 < u} where 7y := 0,7); =

J
EXiJrl)j:l)Q"' .

=1
So taking expectations in (2.2), we get

EN(t) = F(t) + E{N(t —m) : ;1 <t},t>0. (2.3)

Let M(t) := EN(t),t > 0. Then from (2.3), using the independence of (N,,)
and 77 we get

M(t) = F(t)+ / M(t — u) dF(u) (2.4)
0.4

= F({t)+ M« F(t) (2.5)
Let

Ni(s) = / e~ dM(u) and F(s) = / AR (), 5 > 0.

[0,00) [0,00)

Then, taking Laplace transforms in eqn (2.4), we get

[0,00) [0,00) 0
= S/e_sx / dF(t) | dz :s/e_sw(l F(x)) dz
0 2,00) 0

¢
By hypothesis 1 — F(z) ~ C/\/x as © — oo and hence [(1 — F(z)) dz ~
0
2CV/t.

So by Karamata’s Tauberian Theorem 2.2, as s | 0, we get

L=F6) | =laer <3> .
s 2
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This implies that as s | 0, 1 — F(s) ~ /sCT(1/2). Also as s | 0, F(s) 1
[ dF(t)=1. Soas s |0,

[0,00)
~ 1
M(s) ~ .
)~ ser (1)
By Karamata’s Theorem 2.2 above, this yields, as t — oo,
t 1 2/t
M(t) ~ Vv 2/

r@)er() o

This proves part a) of the theorem.
b). Let My(t) = BE(N(t))*, k > 1.
Then,

Mi(t) = B(N@®)*:m >t)+E((1+N(t—m))*:m <t)

k—1
= E(Z:<%>“W"W:m<ﬂ)+E«N@m%:m<w>

=0
= S u M;(t —u) dF(u Mp.(t —u) dF'(u).
jﬂ(jZA i )()ﬂi (e~ ) dF(w)
Thus, we have,
k—1
Mi(t) = 2) < ’; > (M; = F)(t) + My  F(2). (2.6)

where * stands for convolution as in eqn (2.4). Let
M;(s) = / e dM;(u),j =1,2,...,and F(s) = / e’ dF(u).
[0,00) [0,00)

Then taking Laplace transforms in eqn (2.5) we get,

) ) kel ) )

- Fe) = (X (5) we ) Fo)

j=0

For k = 2, using the fact that Mp(s) = 0, we get

M;(s)(1 — F(s)) = 2My(s) F(s).
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Since M;(s) = F(s)/1 — F(s), we get

(B
M) =20 e
Similarly for k = 3, we get
: 3xAEG) . (F(s))
= R TP R

By induction

<y (F)F
My(s) = k!(l _ B(s))t + lower order terms.

Since (1 — F(s)) ~ v/sCT'(1/2) as s | 0, and F(s) 11 as s | 0 it follows from
(2.6) that as s | 0,
~ kls—k/2

My(s) ~ (C\/ﬂ)k’kzl’Q"“

By Karamata’s Theorem 2.2 above, we get as ¢t T oo

e kIR 1 B
BOV@" ~ 6y T + 1)) Vk=12,...

i.e.

N(t) Cym\" Koo B
E< i >—>P(§+1)_E(§1/2)k,k_1,2,...

Then part b) follows from the method of moments.
A more general result holds. Let L(t) be a slowly varying function at oco.

THEOREM 2.3. Suppose for some 0 < o < 1, P(X1 > t) ~ t~*L(t).
ThenV k=1,2,...

k
E (N(t) (;;‘ L(t)> — k! (D(ka+1))7" (2.7)

where Co, = T'(1 + «)/(1 — «) and hence

N(t) L(t) d &a
T,
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PROOF. Since P(X; > t) ~t7“L(t), as t — oo, we have

tteL(t)  tYe L) T(1+ «)

O/PX1>M“ (1—a) ~ T+a)l-a)

as t — oo, and hence by Karamata’s Tauberian Theorem 2.2

/e‘% P(Xy>t)dt ~5179 L <1> T(1+a) as s 0.
s) (1-a)

But
/e_St P(X;>t)dt = /e_St /dF(ac) dt
0 t
= / /eStdt dF (z) = / (1-e dF(z) = 1= F(s)
s
0 \0 0
Thus

(1 F(s) ~ s°L <i> F((ll_*:;).

Proceeding as in the proof of Theorem 2.1, we get as s | 0 and k =1,2,---

Y —ak k!
Mi(s) ~ s (L(ng)ca)‘

By Karamata’s Tauberian Theorem 2.2 we get as t — oo and k =1,2,---

ok gl

Mi(t) T(1+ak) (L(t)Cy)k

and hence eqn (2.7) follows. So by the method of moments,

~
Q
Iy
§2%
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3 Limiting distribution of occupation times of {Y; : ¢ > 0.}

Let a and b are real numbers with a < b. Let (B;) be a one-dimensional
Brownian motion with By = a. Define a sequence of stopping times {7 }x>0
as follows: Let 79 = 0. Let

Tok+1 = inf{s>7'2k:BS:b},k:(),l,Q,---
o = inf{s>7'2k,1:BS:a},k:I,Q,---

We will denote by T, the first passage time to level ¢ € R by an independent
real valued standard Brownian motion (W;) viz. T, = inf{s > 0: W5 = c}.
Let Tp = 0 and let Tj := 7o — To(x—1), k¥ = 1,2,---. Note that by the strong

Markov property, T 4 T5(p—q) where 2 denotes equality in law. It follows

again from the strong Markov property and the symmetry of the standard
Brownian motion that (7} )x>1 are independent and identically distributed.
The T}’s thus generate a renewal process and we continue to denote by N;
the number of renewals, i.e. Ny = sup {k : 7o < t}, t > 0. Note that
Toi = Z;’:1Tj7 i=1,---. Let oy :=sup {s < t: Bs € (a,b)¢} be the last
entrance times of B into the interval (a,b) before time ¢ with the convention
that sup{¢} = 0. Let Y; := By — By, be the associated crossing process (see
Rajeev (1989Db)).

Define the measure m on the Borel o-field S of S := (—(b—a),b — a) as
follows: For A € S define 7(A) := 1/2{x"(A) + 7~ (A)}, where

Ty—a
T = )71 ds
(4) = E /0 La(W)") d

and

T (b—a
(4) = E/O Y (W)Y ds

Note that 7t (A4),7~(A) are respectively the expected time spent in the
portion of A above (respectively, below) zero up to the time (W;) reaches
b—a (respectively —(b—a)). Further 77 (A), 7 (A) are supported on (0,b—a)
and (—(b — a),0). Since 7T{0} is the expected time spent by a standard
Brownian motion below 0 during [0,7},_,) it is necessarily infinity. Similarly
7~ {0} = co. However the following holds:

ProprosiTIiON 3.1.
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PROOF. Let (L(t,x)) = (LY (t,7)) denote the local time process of (W;)
at x € R. Since Wy = 0, we have using Tanaka’s formula (see Revuz and

Yor (1991), Chap. VI, Sec. 1), for 0 < z < ¢,
EL(T,,x) = gm B(L(T. ANt x)) = gm 2E(Wrpe — )"
= 2(c—ux)

We then have, from the occupation density formula (see Revuz and Yor
(1991), Chap. VI, Sec. 1),

Ty—a
TOb=0) = B[ Toaay (W) ds
b—a
= E/o L(Ty_q,x) dz
b—a

= EL(Ty—q,x) dx

0
b—a
= / 2((b—a) —x) dx
0
= (b— a)2.

By symmetry, 77 ((0,b —a)) = 7~ (—=(b—a),0) and the proof is complete.

REMARK 3.1. It can be checked that the random variable &/, defined

via equation (2.1) with o = 1/2, has the same distribution as v/2|X|, where
X ~ N(0,1). It is also known that |X| has the same distribution as the

random variable \} sup Wy. Further as a consequence of Skorokhod’s lemma
s<t

(see Revuz and Yor (1991), Chap. VI, Sec. 2) the latter has the same
distribution as L(\/t’to) for each ¢t > 0.

We then have the following result.

THEOREM 3.3. Let {Ny,t > 0},{Y; : t > 0.},m,and &5 be as above.
Then

1. The process (Yy) is regenerative with regenerative times Top, k = 1,2,--- .

§1/2

d
2. Further as t — oo we have N/t — 2v/2(b—a)

3. Let f: S =R, [|f] dr < oc. Then as t — oo,

1t d 3
\/t/of(yt)dt—>2\/2(b—a) S/fdw
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PrOOF. 1). It suffices to show following the definition of a regenerative
process (see Section 2; Athreya (1986)) that {Y;, 7o <t < Ty4q)} for
i =1,2,--- are independent and identically distributed. We first note that
during a down crossing interval

d _
Y, i1 St <y ={-(W)7, 0<t<T (g}
fori=1,2,--- and that during an up crossing interval
d
{V, mi <t <mip} ={(W)", 0<t<Tp g}

for i = 0,1,---. By the strong Markov property, the processes {Y;, 7o; <
t < Toq1)t for i = 1,2,--- are independent. Moreover, for each fixed i,
the processes {Yi, 7o; <t < 7o41} and {Yy, 7241 <t < To(4)) ave
independent. Since

Vi, 1 <t <munt={¥, m<t< T2i+1}U{Y%7 Toi+1 <t < Ty}

it follows from the above observations that the law of {Y;, 7o; <t < To (i +1)}
is determined as a functional of {(W;)*, 0 <t < T{,_q)} and {—(W{)~, 0<
t <T_(y—q)}, where (W;) and (W) are two independent standard Brownian
motions. Hence {Y;, 72 <t < Tyqyp)} for i = 1,2,--- are identically
distributed. It follows that (Y;) is regenerative.

2). From the distribution of the hitting time of Brownian motion,
\/tP(Tz(b,a) >t) — C, where C' > 0 is a constant. Indeed for z > 0,we have

as ¢ — 00,
P(T, > t) = 2 <\9/”t>> 1~ jif

Taking X := T3 4 T5(p—a), the assertion 2) follows from Theorem 2.1 with

the constant C' in that theorem now evaluated as C' = 2(b — a)\/2/7.
3). We have

1 [t N1 [t
o /O TR /0 f(¥;) dt (3.1)

Since (Y}) is regenerative, we have as in Proposition 2 of Athreya (1986), for
[ satisfying the given hypothesis that [ |f| dm < oo (which, since 7{0} = o
S

implies f(0) = 0),

]\Z/Otf(Yt) dt — E/Omf(Ys) ds—/fdﬂ-
S
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almost surely, as ¢t — oo,. It follows, using part 2) of the theorem that the

. e e e . §1/2 :
RHS in eqn (3.1) converges in distribution, as t— oo to ov2(bea) < g f d7r>. This

completes the proof of the theorem.

REMARK 3.4. We remark that in the case of crossings of an interval (a, b)
by a Brownian motion, Theorem 2.1a) maybe directly proved as follows:
from Rajeev (1989a) we have the following relationship between the expected
number of crossings N/ of (a,b) by the Brownian motion (B;) during [0, ¢]
and the expected time spent in (a,b) by (B;) during [0, t]:

t
E/ Liap)(Bs) ds = (b—a)*EN{ + E(B; — B,,)*.
0

Since |B; — By,| < b — a, it follows that

EN! 1 1 [t 1 b 2
lim b = lim / / e 2sdx ds
t—o0 1/t t=oo (b—a)2 \/t Jo V2rs Ja

3 \/2 1
N Tb—a

/
po ENe_ 1. ENj 1

theo Jt | 2tbee t V27(b — a)

It follows that

REMARK 3.5. By the symmetry of Brownian motion around zero, {|Yy|,
7 <t < Tj} 4 {(Wy*t, 0<t< Ty} forj=0,1,---. In particular,

(|Yz]) is a regenerative process with regeneration times 7;, i = 0,1,---.
Now it follows from Theorem 1 of Athreya (1986), with S = [0,b — a) and
[:S =R, [|f] dr < oo, that as t — oo,

y /Otmm at % mif— ) </f dw+).

4 Limiting distributions related to excursion intervals

Let (B;) be a Brownian Motion as before but with By arbitrary, a < b
and (o) be as in the previous section. Let for ¢t > 0,

di :=1inf{s > t: By & (a,b)}.
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From the properties of Brownian motion, it follows that d; < oo almost
surely for all ¢ > 0. For = € (a,b) and u > 0 define

Y(z,u,a,b) = P<a< min BS<0I£a<X Bs<b\B(0)—w>

0<s<u

It is known (see Revuz and Yor (1991), Chap. 3, Sec. 3, ex. 3.15 for the
case a < 0 < b) that for a < b real numbers, ¥(z,u) = ¥(x,u,a,b) :=

b
[ K(u,z,a,b,y) dy where

1 X[ _wem-a)? _ w—20-2)+2n(b-a))?
K(u,z,a,b,y) = V2 Z e 2u —e 2u (4.1)
n=—o0

Thus 0 < ¢(z,u) <1, Y(x,u) — 1 as u — 0 and Y(x,u) — 0 as u — oo,
and is jointly continuous in x and wu.

ProrosiTION 4.1. t — 0y and d; — t converge to zero in probability as
t — o0.

PRrROOF. Enough to note that for —oco < a < b < 0o, P(B; € (a,b)) - 0
as t — oo and that for € > 0, {t —o; > €} and {d; —t > €} are both contained
in {B; € (a,b)}.

THEOREM 4.2. Let u; > 0, ug > 0 and ¥(.,.) be as above. Then

b

/¢(x,u1 + ug) dz.

a

1
lim P(t—at>u1, dt—t>u2|Bt€(a,b)):
t—00 b—a

PROOF. Let u; > 0, ug > 0. We note that,

{t—or>uy, di —t>us} =qa< inf B, < sup B, <by.
t—u1<s<ttug t—uy <s<t+uz

Using the Markov property at time ¢ — u; we get
P{t—Ut>U,1, dt—t>U,2’Bt€ (a,b)}

P{a < inf B < sup B < b}
t—uy <s<t+us t—uq <s<t+us

P(B; € (a,b))

fP{a < inf Bgy< sup Bs<b|By= aj}P(Bt,u1 € dr)
a 0<s<ui+us2 0<s<ui+us

be(Bt € dz)



206 B. Rajeev and K. B. Athreya

b
1 x
fw($’u1 +u2) \/27r(t7u1) ¥ (\/tfiu) dx

\/;ﬂt afb(p <\g;t) dx

where p(x) = e . The result follows on letting t — oo in the RHS above
and using the dominated convergence theorem.

—x2/2

COROLLARY 4.3.
: e o e
tlg(r)lo P{t—o,<u| B; € (a,b)} tlggo P{d; —t<wu|B; € (a,b)}

b

o 1_¢($7u)
= / b—a dx.

a

PRrOOF. Let u; | 0 and usg | 0 separately.

REMARK 4.4. Since ¢(xz,u) — 0 as u — oo for every fixed x € (a,b), the
RHS in Cor 4.3 defines a proper probability distribution and consequently
t — oy and d; — t, conditional on B, € (a,b) converge to proper probability
distributions.

Note that for a < x < b,
Y(x,u) = P{dy > u | By = z}.

For a < x < b, let i, be a random variable such that 7, is distributed as
do | By = z, i.e. P(ny <wu) =1—1(x,u). Let U be uniformly distributed
on the interval (a,b). Then we can rephrase the above Corollary as follows.

COROLLARY 4.5.
tlim P{di—t<wu|B;€ (a,b)} =Ef(U)
where f(x) = P(n, < u).

ProOF. The distribution of B, conditioned on the event {B; € (a,b)}
converges as t — oo to the uniform distribution on (a, b).

In fact, more is true. We have

THEOREM 4.6. For a Borel set A in R? we have
tllglo P{(dy —t, By, — B;) € A| By € (a,b)} = Eh(U)
where
h(z) := P{(dp, By, —x) € A| By =z}

and U is uniformly distributed over (a,b).
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PrOOF. We note that if di(w) < oo, di(w) =t + do(frw) and By, (w) =
By, (0w) where 6;w is the path w shifted by time ¢. Hence, using the Markov
property at time ¢,

P{(d; —t, B, — B;) € A,|B; € (a,b)}
b
J P{(do, By, — Bo) € A| By =a} , ‘p<jt> dx

f\/;nt cp(\%) dz

and the proof can be completed as in the previous theorem.

REMARK 4.7. Theorem 4.2 and Corollary 4.3 suggest that the following
analogue of Theorem 4.6 should be true viz.

tlim P{(t — O¢, Bt - Bot) € A | Bt € (CL, b)} == Eh(U)
where
h(w) = P{(do,x — Bdo) cA ‘ By = 1‘}

and U is uniformly distributed random variable over (a,b). This has not
been proved yet.

5 Some renewal equations
In this section we take © = C0,00), Bi(w) = w(t) for w € Q, t > 0. Let
F =o{B;,t > 0} and F; = 0{B;s,0 < s < t}. Let Py denote the standard
Wiener measure on (2, F) with By = 0. The translates of Py are denoted
as Pp(A) .= Py(A—x), A€ F. Fix a <b. Let 74,k =0,1,2... and oy,t >0
be as in Section 3. Let u > 0 and 0 < y < b — a be given. Define for
t>0,0(t),2(t),v(t),y(t) as follows:

o(t) = P{0<t—or<u, 0<B;— B, <y}

z2(t) == P{0<t—o0y<u, 0< B —B,, <y, 0<t<m} (51)
v(t) = P{0<di—t<wu, 0< By — B <y}

yt) = P{0<di—t<u, 0<Bg —B; <y, 0<t<m}.

We now show that ¢ and v satisfy renewal equations.

THEOREM 5.1. Let pq(A) := P,{ma € A} be the distribution of 7o under
P,. Then, for allt >0 we have
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o) = +/¢ t—s) pa(ds) (5.2)
0

W) = wlt)+ / At~ 5) ra(ds)
0

PRrROOF. 1. Let 6; : @ — Q, Oyw(s) = w(s+1t), s >0,t > 0. For w € Q we
observe the following: Let t > 7o(w). Let w’ = 0w, the path w shifted by
the stopping time 7o(w). Let s :==t — 73(w). Then, os(w’) = o¢(w) — 2 (w).
In particular, it follows that if ¢ > 7 (w), then t — To(w) — 047, () (Or,w) =
t—o¢(w). Further, By, () (W) = By, (w)—r(w) (W) = Bg,(w)(w). In particular,
it follows that if ¢t > 7o(w),

Bthz(w) (w/) - Bot,w(w)(w’)(w/) = B, T2 (w) © 07’2 (w) BUFTQ(W) o 072 (w)
= Bi(w) = By, ()W)
= Bi(w) = By, (w) (W)
We then have,
Ga(t) — 2(t) = P{0<t—0,<u,0<B;— By <y,m <t}
= Pu{0<t—T(w) = 04_ry(w) 0 Oy (W) < u,
0< Bthz(w)(arzw) - B
= Ea[l(TQSt)Pa{O <t—T9 — Op—py O 072 < u,
0br, <y|Fr}

Or,w) <y, <t}

Ut*v(w)(

0< Bthz o 97'2 - Bcrt,
= Eull(r<t)0B,, ({t — T2)]

2

t
= /qﬁa(t —8) Py(m2 € ds) | since By, = al
0

where the last but one equality follows from an application of the strong
Markov property (see Revuz and Yor (1991)).

2. The proof is similar using the strong Markov property and the re-
lations dy(w) = dy_r, () (w') and By, (w) = Bdhmw)(w/)(w’) where T (w) < ¢
and W' = 0,w.



BROWNIAN CROSSINGS VIA REGENERATION TIMES 209

REMARK 5.2. A similar result holds when —(b — a) < y < 0 and also
when P, is replaced by P, with appropriate changes in the definition of the
function z(t) and pg.

Let Uy(t) := Y 02 F*"(t), where F(t) := P,{m2 € [0,t]} and for n > 1,
F*(t) is the n'" convolution power of F and F*O(t) = I}y »0)(1).
COROLLARY 5.3. Fizt > 0,0 <y <b—a. Then we have

ot) = / St — u)Us (du). (5.3)

[0,¢]

PrOOF. It is well known (see Resnick (1992)) that the unique solution
of equation (5.2) is given by equation (5.3).

REMARK 5.4. Using the fact that the process (13 )p>0 has stationary and
independent increments and the explicit form of the distribution of T, (see
Revuz and Yor (1991), p. 107), it follows from the definition of the renewal
function that

Uut) = /Of(s,b—a) ds

where for s > 0,z > 0 we define

Further, let m(¢,x, z) denote the joint density of (By, My) under Py, where
M, := sup Bs (see Revuz and Yor (1991), Ex. 3.14). Using the spatial

s<t
homogeneity of Brownian motion, z; defined in eqn (5.1) can be written as
2(t) =P{0<t—0y <u,0< By <y,t <71}
where 6; := sup{s < t: Bs; ¢ (0,b —a)}. By conditioning the RHS with

respect to (B_q, My—,,) we can write z(t) as follows:

b—a pz
z(t) = / / h(u,y,z, z)m(t —u,z,z) de dz
0 —00

where the function h(u,y,z,z) is given as follows: Define N, := inf B,.

r<u
Then,

h(u,y,x,z) = I(foo,O](x)Pa:{Mu <b—a,0< B, < y}
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+ Loz (x) Pe{N, <0< M, <b—a,0< B, <y}
= I( ooO](a:)Pm{Mu<b—a,0<Bu<y}
+ Lo, (x) Pe{ M, < b—a,0 < B, <y}
— Lo,2)(®)P:{0 < Ny < M, < b—a,0< B, <y}
= l_oo0)(®)Pe{M, <b—a,0< B, <y}
+ Lz (7) Pe{ M, < b—a,0< B, <y}
()

— L) PeA{0 <u <To ANTy4,0 < By, <y}

Note that

y
PA0<u<ToyANTp—q,0 < By, <y}—/ K(u,2,0,b —a,r) dr
0

where the density K (u,x,0,b — a,y) is given explicitly by equation (4.1).
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