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SUMMARY. The notiva of weak stability of & soeigroup Q) of contractions ia & Hilbort space
U ia introduced in this paper. The weak stability of @) is studied in ralation o that of the tonsor product
of @ with Q. Gonorlizations of the ‘mizing theorom" of ergudio 1heory Lo an arbitrary family of meamuro.
proeocving transformations oo & probability cp-n follow aa corvllarics. Ao analysis of the aitustion when
wuch a family of has & p distributivn dolined oa it is also givea.

1. IsTRODOCTION

Let 1 bo & Hilbert space and 9 a semigroup of contractions on Il. The
splitting theorem of Jacobs (1062-83) gives U as the dircct sum of two subspaces R
and F, which consist, respectively, of ‘roversible’ and “flight’ vectors fr the somigroup
). Vectors invariant under @ are roversible. This suggests tho consideration of
those scmigroups for which every reversiblo vector is invariant. Such semigroups
we call weakly stablo. Wo study the weak stability of @ in relation to that of @ =
(7 = VXV : Ve2}, the tonsor product of ¢ with itself, defined on tho tensur product
Hilbert space /{ x }{. Under certain conditions we prove, in Section 2, that ? is weakly
atable if and only if @ is 80 and that @ is weakly stable if and only if P Px P, where
P is the subspace of i t ol in Y and P is dofined similazly. Section 3
contains applications of the results of Section 2 to familics of measure-preserving
transformations on s probability space. Theso give generalizations of the ‘mixing
theorem® of ergodic theory.

To scé the extent of our goneralization in rolation to other recent generaliza.
tions of thia theorem, wo recall that, for an invertible measure-preserving transforma-
tion T on a probability spaco (£, 8, m), the mixmg theorem (Halnos, 1066) atates
the equivall of the following three st

(I) For every pair A and B of measurablo sots, the sequence
=)
l;Eo [P~ A(\B)—m{A(B)| tends to zero.
(II) Constants are the only eigen funclions for U, the unitary operator on
£4(Q) induced by 7.

(II) The Cartesian square T of 7 dofined on the product space 0} = QX 0

by T(, o') = (Tw, To') is ergodic.
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A generalization of this theorem to blo topol 1 e of
preserving transformations was obtained by Dyo (IDGJ) Tho cumiderntion of such
semigroups is necessitated by the need for replacing the convergenco condition of
statement (I) by a suitable ono in moro genceral cases. Leaving statement (I) Mooro
(1066) has given & generalization of the cquivaleico of atatements (IT) and (L) to
Borel transformation groups. We get, in Section 3, resuits of the latter typo for an
arbitrary family of measure-prescrving transformations. The generslity of the
results in Scction 2 allows us to apply them to semigroups of Markov transition func-
tions also.

In Section 4, we consider the case of a family of mecasure-prescrving trans-
formations with a probability distribution. Such a family induces a Markov transi-
tion function aa well aa o certain ‘skew’ transformation. We study the weak stability
of the family in conjunction with that of the skew transformation and of the contrac-
tion induced by the transition function. We find that the weak stability of the latter
two are equivalent and equivalent to a weaker condition on the family than its weak
stability. This extends a result of Gladysz (1056).

2. SEMICROUPS OP CONTRAOTIONS IN A HILBERT SPAOE

Let H be a (complex) Hilbert space and Il = I x H, the tensor product of

H with itself. A contraction V on I{ is an op (i.e., 8 L ded linear -
mation) on H with |Vl < 1. If V is a contraction on H/, the tensor product of V

with ¥, denoted by V(= VX V) is a contraction on JI. For a semigroup 9 of con-

tractions on I/, the set @ = (‘7 : Veq) is again a scmigroup of contractions (on I}).
We may call V(%) the tensor square of V(®).

Following Jacobs (1062-63), wo shall introduce the notion of reversible and
flight vectors under a given igroup @ of contractions. The orbit of an element
ze H under the seniigroup @ is the set {Vz: Veq) = (92). By w{Vz) we denoto its
weak closure. The weak operator closure 1{Q) of 9 is again o semigroup of contrac-
tions and (x{(?)x) = w(Vr) for any zell.

Definition 2.1 1 An element z¢ 1 is reversible if for every Wew(), there exists
a Weer{®) such that WolWVz = 2.

Definition 2.2: An element zell is flight if Ocw{x).

Let R and F denote, respectively, tho set of all roversible and flight vectors,
We say that an element xel! is invariant (under @) if Vz = z for every Veq); a sub-
spaco S of I is invariant (under @) if V(S) C S for every Ve. We shall be using
the following two theorems of Jacobs (1062-63) in our work.

Theorem A: R and F are My orth ! invariant subsp of H and
H = R@F. The restriction of w{®@) to R is & group of unilary operators.

Theorem B : R is the closed linear span of an orthogonal system of minimal

invariant subsp of R.  Every minimal invariant subspace of R is of finite dimension;
of dimension one if @ ia abelian.
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Tt follows that if Q1 is the aemigroup {V#}, n = 0, 1, 2, ... gencrated by a singlo
contraction ¥, then the subsapaco R i kpanned by tho cigen vectors of V correaponding
to cigen values of modulus one.

Let P be tho subspaco of vectors invariant undor a remigroup 9 of cont
tions. Then P R. It is thuw intercsting to consider semigroupa @ for which
P=DR. Let us make tho following definition.

Definition 2.3: A scmigroup @ is weakly stable if every reversible vector
ia invariant.

Let us first consider @ to be tho igroup g ted by a contraction V.
If @ is weakly stable, wo shall call ¥ weakly stablo. Cleatly V is weakly stablo if
and only if every eigen vector of ¥ corresponding to an eigen value of modulus one is
inveriant. The following theorem gives an interesting characterization of the weak
atability of P. The mativation for this result cones from the spectral characteri-
zation theorem of Natarajan and Viswanath (1967). A lemma of Foguel (1063) ia
needed for ita proof.

Lemma 2.1: Let K = {z:||V*x]l = |ixll V** 2l = |lz]| for all n} where V*
is the adjoint of V. Then K is a subspace of Il invariant under V and V*. The restric-
tion of V to K ia unitary. 1f z_| K, the sequence V* z lende 1o 0 weakly.

Theorem 2.1: A contraction V on I is weakly stable if and only if, for every
puir z and y of elements in I, the sequence (VAz, y) is sirong Cesaro convergent, i.c.,
there is a conalant Cy,y such that

lim 4 B (V1 2, 5)=Cry| =0.
n "0

Proof : Let V be weakly stable. By Theorem A, we have H = POF.
We apply Lemma 2.1 to F and write F = Fy@F, whero Fy and F, are subspaces in-
variant under ¥, ¥ on F, is unitary and ¥%z tenda to 0 weakly for every zin Fy. Ttia
Smmediote that the sequence (Vor, y) is sirong Cesnro convergent for overy z in the
subspace P@F, and overy y in JI. Let U bo tho restriction of V. to Fy. Since U
is unitary and every vector in F, is a flight vector, U has no point spectrum. If E(-)
is tho spectral measure associated with U and U = fAdE in tho usual notation, then,
for any fixed z¢Fy, tho measure p,(d) = (E(A)x, z) is & nonatomio measure on tho
circle gronp.  Henco tho measuro v, = gz, « %, whero Ji,(4) = z2,(d) is also nonatomio.
A simple calculation shows that

LEYwr e np = L8 puvan
" - ’ T onie *

1-a
=I ar=x N

The integrand ia bounded and tends to zeto ns n— 0.  Thua |(Unz, )| tends to zero
in tho Cesaro senso. Since

= 13 s
T I Waal < {5 £ 105l
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it fullows that (U z, ) is strong Coanro cunvergont to zoro as n—» c0. This oxtonds,
by standard arguments, to the kequenco (Un 2, y) with z, ye F,, Tt is now clear that
(¥nz, y) is strong Cesaxo convergont for any z, yell.

Let now {V#z, y) be strong Cesnto convergent for every z and y in M. If
¥ is not weakly stable, there exists A vector zeR such that fjxf| = 1, Vz = 2z, [A|= 1
but A 5 1. Then (V*z, z) = A* which docs not convergo in the strong Cesaro sense.
Thus V is weakly etablo and the theorem is proved.

We ahall now consider an arbitrary semigroup  of contractions on I and its
tensor square . ‘The reverxible, fight and invariant subspacea for D will be
denoted by R Fand P reapectively. For notational convenienco, we denote the

tensor square of w{?) by &(?). It is ensily scen that {®) = w{@). To prove our
main results on the weak stability of @, we need tho following lemma.

Lemma 22: R= RxR and F = Fx R®Rx FOFxF.

Proof : 1t is eaxy to sco that zeF, yell imply that 2.y and y.z are in F. Thus
FxR, RxF and Fx F are contained in F. We have to show that RxRC R. Let
z and y bo in R and let Wa{Z) be given. Since w(P) = ), W* = I for nome
Wear(?). Since z and y are reversiblo and sinco «{(?) acts as a group of unitary opera-
tors on R, given We{®), there exiats a W) such that for all reversible vectora
1, Wol¥r = r and hence lf’.l;’z-y = 2.y anil If’.pli-(‘l)) = w(‘i)). This shows that z.y ¢ R
and tho lemma is proved.

Our first result showsa that weak stability is proserved under passage to tensor
squares if there exists at least ono non-zero invariant vector.

Theotem 2.2: A semigroup UV of contraclions with P 3 0 is weakly stable if

and only if ils tensor square 9V is so.

Proof: Lot 9 be weakly stablo. Then R= Pandso R = RxR = PxPCE.
Since P C R always, it follows that E=P(=PxP). Thudis weakly stable.

Conversely, suppuzo that @ in weakly stable. Thon R=P. If @ is not weakly
stable, there exists a non-invariant veetor z in R, Let y be a non-zero vector in P.
Then zoyeRX R = R and is not invariant under 9, & contradiction.

By a conjugation J on o Hilbert space II, we mean a one-one conjugate linenr
map of JI onto I auch that J* = I and (Jz, Jy) = (y, z) for all 2, y e H. An operator
¥ on 1 Is anid to be real with respoct to the conjugation J (Stone, 1932)if VJ = JV.
Let us call & family @ of operators real if thore exista a conjugation J with respect to
which every Ve® is real. Our noxt result in for real somigroups of contractions.

Theoromn 2.3: A real semigroup Q of rontractions is weakly stable if and only
if P=PxP.
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Proof: 'The necessity part in trivial and does not require the semigroup to
bo roal. Suppoxo now that @ is not weakly stablo. Then, by Theorem B, thero exixta
a minimal finito di ional subspace R, of R which is invariant for @ and dues not
consist of invariant vectors alone. Without loss of gencrality,we can sisumo that
R, 1 P. Since @ is real, J(P) = P, whero J is tho nssociated conjugation. Hence
JR)LP. If (2, 2y ..., 2} Ia an orthonormal Lasia in Ry, then (Jx,, J 5y, ..., Ja)

1y
is an orthonormal basis in J(R,). It can e shown that the non-zero vector 'Elz,-.lz,

ia invariant under ¢ (using the fact that tho restriction of any ¥Ve® to R, i unitary),
but is orthogonal to PX.I’. Thix completes the proof.

3. APPLIOATIONS OF THE RESULTS IN SECTIOX 2
In this section, we consider & probunbility space ({2, @, m) and its (complex)
Lyspace, L(Q).  Tho tensor squaro of «£4(Q) in £4(€2) whero £3is tho Catlesian square

of :} = Qx 0. Let @ bea semigroup of contractions in «£4(02). Al tho definitions
and results of Section 2 can bo applicd to 9. Beridea, wo shall consider tho fullowing
two propertics A somigroup nioy posscsa.

Definition 3.1 A remigronp @ is ergodic if every invariant function ia o cons-
tant.

Definition 3.2: A semigroup @ fs weakly mizing if it ia weakly stable and
ergodio, i.e., if every ible function is a t.

Asi di Ilarica of Tt 2.2 ond 2.3, we get the following resulta,

Corollary 3.1: A4 semigroup Q with P 3% 0 is weakly mixing if and only if ita
tensor square @ ia weakly mixing.

Corollary 3.2: A real semigroup  with P £ 0 i weakly mixing if dnd only if
9 is ergodic.

In what follows, we shall conrider the natural conjugation J in «£4(Q) which
takes any eloment f to its compl jugato /. The condition of reality of a family

9 of operators thon meana that V] = Tf for overy f and every Pe@.

Let now @ be an arbitrary family of isomotries on &£4{f2). The motivation
for defining the weak stability of @), comes from tho following lomma.

Lommn 3.1: A semigronp @ of isometrics on a Hilbert space I is weakly
atable if and only if every finite dimensional invariant subspace of I consisis only of
inrariant vectors.

The proof of this lemma is dono by showing that any finite dimensional in-
variant subxpace of I/ ia contained in R.  The puint of this lesma is that, for isomotrics,
woak stability can bo dufined without any reference to reversiblo veotors.
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With obvious definitions of invatiant functions and subspaces for @, we
call ', ergodic if every invariant function is a constant and weukly stable (vosp. weakly
miring) if every finito di ional invariant sul of £,(Q) consista only of invariant
functions (resp. constants). It follows that the ergodicity, wenk stability, weak mix-
ing and renlity of @' and @, the semigroup generated by @), are respectively equivalent.
Thus Theorem 2.2 and Corollary 3.1 hold for an arbitrary family @), of isomotrics
with Py 3 0. If 0, is real and Py 3 0, then Thoorem 2.3 and Corollary 3.2 also hold
for @,

Next we consider an arbitrary family J, of measure-preserving transformations
on Q. This induces a family 9’ of isumetrics on &£4(Q). The Cartesian squaro 7 of
a transformation 7' is defined on Qos T (w, w') = (Tw, Tw') and s A mensure-pre-
serving transformation. Let F, = (T : Tedy). Clearly, the tenwor square Dy of V,

is tho family of isometrics on .f,(ﬁ) induced by J,. A set Aegia called invariant if
m{AAT-14) = 0 for all TeZ,. Let 4, bo tho o-ficld of invariant sets. 7, is called
ergodic if every set in g, has menauro zero or one. It follows that 2, is ergodic if and
only if @, i ergodio (in the scnso of the preceding paragraph). We call J, weakly
slable (vesp. weakly mixing) if Y, is weakly stable (resp. weakly mixing). The family
2, is obviously real and P, 3 0 and 8 the preceding results hold for @,. Thus J, is

wenkly stable if and only:f F, is 80 and also if and only if J,, JoX S, (which is equi-

valent to the relation P, Pyx P;). Besides, J, is weakly mixing if and only if Z,
is ergodio. Thia gencralizes staternents 11 and III (in the Introduction) of the mixing
theorem to an arbitrary family of preserving transfor

The generality in which we have proved our rosults enables us to apply them to
igroups of Markov transition functions also. A function P (w, A) on QX & to the
unit interval such that (i) for fixed A8, P(s, A) is a mensurable function, (i) for fixed
wef), P(w, +) is & probability measure and (iii) [P(w, A) m(dw) = m(4) is called o
Markov transition function with invariant measure m. Any such function P(w, 4)
induces & map ¥ on «£& () dofined by (V/){w) = [ f(w’) P(w, dw’) for fe£y(Q). V isan
operator with |[V|| = 1. The product of two transition functions P and Q is
the transition function R = PQ defined by R(w, B) = [ P(w,dw')Q(w’, B). This
multiplication is associative in the sct of all transition functions on (R, .8, m). Let Z
be a semigroup of transition functions and @ the semigroup of contractions induced
by . Clearly < is real and P 5= 0 and so Theorems 2.2 and 2.3 as well as Corollarica
3.1. and 3.2 are true for @.

Before closing this scction, wo shall mention a g lization of tho stat
(I) and (1I) of the mixing theorem to blo topological igroups. This ia
obtained as a simplo corollary to the main thesrem of D)o (1065) and 8o the proof is
omitted.
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Let G bo a topological semigroup and C(@) the supnorm algebra of all bounded
complex-valued continuous functions on G. By a left mean M on @ is meant a linear
functional on C(G) such that (i) f > 0=3J((f) > 0 (ii) M(1) = 1 and (iii) M) = ()
for all feC(G).and all heQ whero (\f}g) = f(hg). Thero is a similar notion of right mean
using the functions (/1)(g) = f(gh). G is amenable if it admits both a left and a right
mean. \Wo say that a function feC(G) in almosl convergent with limit o if M(f) =& for
ench right mean and each Jeft mean J on G.

Let O Ve an blo topolugical semigroup. Suppuse that to ench element
g of @, there ponds & preserving transformation 7, of Q such that T,
= TAT, and the map g— m(T;'ANB) is continuous furall A, Be8. Wecall Ty a
ving anti-re) tation of @. For such semigroups wo
have the fullowing rt-vuh.
Corollary 3. 3 Lll Tebea i -preserving anti-reg
of an ble topol igroup G on Q. Then T, is weakly alable if and only if

the function (m(T, lAﬁB) j' P(A | H)m{dw) | i3 almost convergent to zero for every A, Be3,

whese P(A|J) is the cond:lumnl probability of A with respect to S, the o-fidd of invariant
acls.

4. FANILY OP TRANSFORMATIONS WITI[ A DISTRIBOTION

Weo shall asaume in thiz scction that we are given & family 2 of ncasure-
preserving transformations on (€, 8, m) endowed with a probability distribution.
For notational convenienco, let us index the transformations in Z by a sct X and let
X be a probability space (X, A, ). Various authora (Kakutani, 1051; Ryll-Nardzewski,
1054; Glody»z, 1056) have cunsidered this et-up and proved ‘random ergodie theorems®
as well as discussed tho ergadic and weak mixing propertics of the family . Before
stating our result in this direction, wo need to introduce certain notations and defini-
tions.

We shall nssume hercafter that the family  satisfies tho following property :
DBe8 implics that {(w, z) : T,weB) €8x A. The definitions of invariant sets, functions
and subapaces used in Section 3 have to Lo modified slightly in accordance with the
principlo that scts of zero menasure are ‘negligiblo’; o.g., a subspace S of £y(f)) is
invariant if ¥,(8) C S for almost all zeX, whero V, is tho isometry induced by T,.

The family Z inducea n Markov transition function P(w, B) on Qx & defined
as follows (Kakutani, 1951):

P(w, B) = pfz: T,weB). wf), Bes.

This transition function is invariant with respect to tho measure m :

J Plw, B)m{dw) = m(B).

Tho contraction ¥ on &£, (Q) induced by tho tranition function Pw, B) (sco Section 3)
hoa tho interesting and useful property :
(Vf)w) = It AT w)p(ds).
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Lot (X*, A", 1) bo the one-eided infinite product of (X, A, ) with itself. The
n-th coordinate of a point z°¢X*® is denoted by z,(x*), n =0,1,2,.... The shift
x in X* dofined by Z(x £') = Z,,4(<°) i3 8 mensure-proserving transformation on
X°. Wo alio connider the product spnco (21X X°, 8X A*, mXp*). Tho ‘skow' trans-
formation ¢ on Qx X* defincd by the equation
B, 2) = (T, gy, x2°)

is measuro-preserving. It is easy to soo that
B7w, %) = Ty g0y - Tggueni X°2°)

forn=1,23,...

Tho ergodicity of ¢ on 02X X* is defined a3 usual.  That of Z and of V have
been defined in Section 3. (Noto tho romark above regavding null sets.) The main
result of Kakutaui (1961) is that tho ergodicitics of Z, ¥ and 4 ave equivalont.

The wenk stability and tho weak mixing of the fumily Z, the transformation
¢ and the operator ¥ have already been doﬁncd in Sections 2 and 3.  Kakutani (1051)
poxed the interesti blom of di g the equivalence of the weak mixing (hence
also tho wenk ntnblhty) of Z, 4 and V. We rhall prove that tho weak stability of ¢
and V aro equivalent and equivalent to tho following property of the family 2, which
ia (shown to be) weaker than tho weak stability of .

Definition 4.1: The family Z is cnlled weakly G-stable if |X| = 1, feLy(Q)
and V,f = Af for almost all z imply that A = 1.

This definition corvesponds to the definition of weak mixing (called wenk
G-mixing in what follows) of the family Z according to Gludysz (1966). Gladysz has
proved tho oquivalence of the weak @-mixing of Z and tho weak mixing of 3. Here,
we go o step further and bring the operator F into the picture. Besides wo do not
assume tho invertibility of the transformations in . First of all, let us establish that
the weak G-stability of Z is weaker than ita weak atability.

If Zis weakly stable and if there is an fe.£,(02) and A of modulus one nuch thnb
V,j Af for almost all z, then the subsp ] d by fis a i
i bspace and ro ists entively of invariant functions, i.0., f is invariant.
Honeo Z is weakly G-stablo. But tho converse is not true in general. Consider
) = X = the circle group with Lebergue mensure and 7',w = wx for all zeX, weQ.
The family Z is then weakly G-mixing and honco weakly O-atablo. For, if fe0y(Q)
with V,.f = Af fur alnost all 2, [A] = 1, lot f(w) = Ec w™ (Weo know that the func-
tions f(w) = w*, n =0, £1, £2, ... form a completo orthonormal basis for «£4(Q).)
Then (¥, f)(w) = £ ¢,2%" = E Acqw” and hence cpz® = Ac, for all . If £ is not o
constant, some ¢, for n 3 0 is non-zero, say Cpo # 0. Then 20 = 2, i.0., zis 8 root of
A. Thus V. f = Af can hold only for at most a countable number of values of z (those
z which ato roots of 1), a contradiction. Hence f must bo o constant. Howevor,
the family & is not woakly stablo, since tho ono-dimensional subspace of .£,(Q)
gonerated by tho function f(w) = w®, n 3 0, is invariant, but contains tho non-
invariant function f(w) = w*.
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Weo aro now In a position to prove our main result, We peed tho fullowing
lomma duo to Gladyez (1950).

Lemma 4.1: If f(w, 2°) € LAQX X®) i such that

Sidlo, 2N = aftw, ) ace.

Jor some constant a of modulus one, then there exists a 8-measurable function glw) such
that

Jlw, ) = g(w) ae.
Thoorem 4.1: The following el are equivul
(i) J 1s weakly G-stable
(i) 1V is weakly stable
(ili) ¢ is weakly slable.
Proof : We shall prove that {iii) == (ii) == (i) == {iii).
If ¢ is weakly stable, then, by Theorem 2.1, tho sequence (f*(gh), g°) is

strong Cesaro convergent for f°, g*e£y(Q2X X°). Taking nuw f, ge£,(2) and putting
S, 2*) = f(w), g, z*) = g{w), we bave

LM, 2 =1 (T.H(‘.) Tt ...)

and so

9Y).9") = a ){x..’( T.._‘(.-) T"(‘.) m)ﬂ_‘") m{dw)p’(dz*)

= i‘; x{. .Joj(T"‘"" T.om)mm(du)p(rln_,) o pldey)

=(Vt1.9)

and honce the sequence (V2 £, p) i strong Cesaro convergent. By Theorem 2.1, V
is weakly stable.

Lot V be wealily stablo. If A iy a complex number of modulus ono such that,
for somo f6&£4(Q), V.f = Af for almost all z, thon,

(VNlw) = ‘I_ (Vf)w)n(ds)

= M(w).
The weak stability of V now implics that A = 1.

Lot now  be weakly G-stable. If 8 is not weakly stalle, thon theroisa X % 1,
{A] =1 and an f(w, 2*)eL{Qx X*) such that
S, 5) = M(w,2°) 8.0,
By Lemma 4.1 thera is a function g{w)€.£,(Q) such that
flo, 2*) = glw) ae.
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Henco wo havo

g(’l‘.p(..)w) = Aglw) a.o.

It Is now cnsy to sco that for almost all z,
AT\ w) = Aglw) a.0. (w).

Since Z is weakly G-stablo, A = 1, a contrudiction.

Corollary 4.1: The follows fements ave equivalent :
(i)  ie weakly O-miring

(ii) V is weakly mizing

(ili) ¢ is weakly miring.

In connecction with tho results of this section, the refereo has posed the
following question. Let (X, A.p)bes probability epaco and for each zeX, let T, bo
a contraction on & Hilbert space /. Tho weak G-stability of tho family 7 = {Tyis
dofined in the obvious way. Tho equation

(Yy.2) = [ (T, 9, 2Julde)

for y, 2¢]I yiclds a new contraction V (under suitable measurability assumptions). Is
tho weak stability of ¥ cquivalent to tho weak G-stability of the family Zt Tt is
enay to see that if § is weakly stable, then 7 is weakly @-stablo. The answer to the
other part of the question is not known.
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