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1. INTRODUCTION AND SUMMARY

In comparative experiments involving a fairly Jarge number of varictics,
when for lack of homogeneous experimental wnits, complete block designs are not
available, Balanced Incomplete Block (BIB) designa prove very convenient in two
respects,  Firtly, the analysis is very simple and recondly, comparison between
any two varieties has the zame precision.  On the other hand, a BIB design requires
a large number of experimental units, because balancing is not possible unless the
number of blocks is atlcast ny Inrge aa tho number of varietics. “To abviate this dif-
ficulty, different types of incompleto block designs have been introduced of which the
most notablo is the Partially Balanced Incomplete Block {PBIB) design introduced
by Bose and Nair (1939). Another class of incomplete block designs, ealled Linked
Block (LB) designs was introduced by Youden (1951) which he obtained by dunlising
several BIB designs, that is by taking the varicties and blocks of tho BIB design
respectively as blocka and varietics in the LB design.  The LB designs so constructed
Ly Youden happen to be atl PBIB designs, but this is not necessarily true. A great
advantage of LB designs is that the analysis can bo easily worked out.

In this paper, we show how the imrn-block:annlysis of & LB design can be
neatly earried out. The efficiency factor of a LB design is obtnined. The methods
are illustrated with a numerical example.  An exhaustive list of all LB designs with
ten or less plota per block and involving ten or less replications is given.  Tliese designa
fall into - three groups: (1) symmetrical BID designs, (2) PBIB designs and
(3) Irregular designa.  For plans of L1 designa Lelonging to group (2) reference is
made to the serinl number of the two-nassociate class PBIB designs enumerated by
Bose, Clatworthy and Shrikhande (1954). Plans for other designs belonging to
gronps {2) and (3) are given in detail. Certain theorems are derived which aro
useful in determining frem the parameters of a given two-associnte clas PBIB
denign whether the design is of tho LB type or not.

2, SUME DEFINITIONS

An arrangement of v varieties in b blocks, each of & plots, & < v such that
each variety occurs atmost once in any block and altogether in r blocks will be ealled
and equi-replicate incompleto block design,  Such a design is completely character-
ized by ita “incidenco-matrix”

N = ((ny)
where  nyy =1 if the j-th variety occurs in tho i-th block

and O otherwiso i = 1,2, ...0: 5 =12, .,%
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Let A, denote tho number of blocks in which the i-th and the j-th varieties
oceur together § #j = 1,2,...,v and g, the number of varicties which occur both
in tho i-th and j-th blocks ¢ 3£ j=1,2,...,b.

’
Then Ay= l:l nny

v
My =~§1 By
For the sake of completencss write

&
=T nfy=r
fel

Hi= 3. nf, =k
vat

We shall call the matrix A ={(A;)) the association matrix’ of the design and
M = () the ‘block-characteristic matrix’ of the design.  Obviously A = X’N and
M=NN.

An cqui-replicate incomplete block design is called a Linked Block (LB)
design if gy = g for all § 5§ =1, 2,..., b and it is enid to be a Balanced Incomplete
Block (BIB) design if Ay = A for all § #j =1.2,...,v. Tt is well known that the
necessary and sufficient condition for a BIB design to be a LB design and vice-versa
is that v=1b.

A design obtained from a given design by considering its blocks as varieties
and varictics aa blocks is said to be its dual. Obviously a LB design is the dual of some
BIB design and vice-versa. Sinee a BIB design requires at least as many blocks as
the number of varieties in a LB design the numbher of blocks ean not exceced the number
of varieties.

The following definition of a PBIB design from Boso and Shimamoto (1952)
will be required in later sections:

A design is 9aid to bo a PBID design with m associato clnsses if thero exists
& relationship of association between every pair of the v varicties satisfying the follow-
ing conditions:

(2) Any two varieties are either first, second, ..., or m-th aseociates and any
pair of verictics which are s-th associates occur together in A, blocks, (s = 1, 2, ..., m).

(b) Each varicty has n, s-th associates

(¢) Tor any pair of varictics which aro s-th nssociates, tho number of vario-
ties which aro simul ly tho j-th i of tho first and u-th associntes of
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the sccond is pi, and this is independent of the pair of varictics with which we start.
Furthermore

Po=rli#Fwiou=12..,mn).
It is known that the following conditions aro satisfied by the parameters:

»
T n,=v-1

-l

T ad, = r(k=1)
awl

b i
S P =
=l

{ n=1 if i=j
no iR
npl. = mph = n.pl

3. TNTRA-BLOCK ANALYSIS OF LIXKED BLOCK DESIONS

Consider a Linked Block (LB) design involving v varieties in b blocks, each of
& plots, each varicty replicated r times in which any two blocks have s varieties in
common, Obviously,

bk =rv, pb—1) = kr—1), b
Let N = ({n;)) be the incidence matrix of this design.

» i v
Then Sn,=r Say=Fk ¥ on, =
@ o m M=

Let y; denote the yield from that plot of the i-th block which gets tho j-th
treatment. Then, denoting the effect of tho i-th block by £; and that of the j -th
trentment by 7; the normal equations for estimating theso parameters from intra-
block differences (under the usual assumption of additivity of block and treatment
cffects) are:

»
Ty=r1+ Elnu B (=1,2,..,v) . {3.1)
B = l'ﬂ‘-{-Elnu 7, 6=12.,b . (32)

where 7 stands for the total yicld of all plots getting the j-th variety and B- that
for all plots in tho i-th block.
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Eliminating 7' from (3.1) and (3.2) we get

r
8= 73 DR

and finally n=4—8
1
where P =B - ; TN e (3.3)
=
S S I
b= Ty S P e (34

Thua the paramelers §; and 7, nre estimable exeept for an additive indeterminate

Let us take [
1
and b,=l;b P, e (3.5)

for a particular solution of the normal equationa {3.1) and (3.2). Then any varietal

.
1, =0 is estimable and its best intra-block linear estimate

.
contrast ¥ 17, with
=1 b

v
is ¥ Lf with varianee given by
i

SAEEILCp o (39)
1,1
h Cy="+-=
where K r+/:h
A,
and Cp = -r;:,b . 37

A denating the number of Llocks in which the j-th and j'-th varieties occur together
and o1 is tho intra-black error variance which can be estimated from the error compo-
nent in the analysis of variance given helow:

TAHRLE L. ANALYSIS OF VARIANCE

warintion ilue 1o Py wf. P varintion due 10
w1 [
Blockn e lsptoer b1 srles Blocks
nndjuate) A KT BT ued)
. [ -
varielics S, =8 480 8 o—1 =X T, ~CF = &, vurirtica
[ AT TR [ ¥ (nadjusted)

error

-8, M-boot] S-S, -

total Smyzd-cF M1 ssof-cF toul

Crand totol = (1, CF = 1k,
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Wo have scen that tho varianco of the Lest estimate of a varietal difference
sy, r‘—r; is

[} L Ay
721 —_ -
'U{r+/lb b

80 that the averago varinnce of tho estimate of a treatment difference is

20t =X
Juhalii B S
I3 { + Iz}
whero A = r{k=1)f{o—1).
In a randomised block design with the same intra-bluck error variance and the xamo
number of replications, the varianco of the estimale of nny varietal dilference is 20%/r.
This beara to the former the ratio

E=1f {H'r/;::\} . (38)

which is defined to Le the efliciency of the design. Sincer 2 X, ES1and £E=1
jmplies v = k.
4. NOMERICAL ILLUSTRATION

We give below the computational details of the intra-block analysis of a
LB design involving 18 varictics in 9 blocks cach contnining 8 plots, in which each
variety is replicated 4 times and the number of varictics common to any two blocky
is 3. ‘This iy design number 24 in our list givenin §7. The peculinrity of this design
is that pairs of varicties may occur together in 0, 1, 2 or 3 blocks, but it docs not belong
to any of tho well known designs—e.g. the PBIB designs.

The plan and the yickls are given in Table 2. Varicties are indiented by
numbers in brackets and correspoiding yiclda are wrilten by their sides. In Table
3, the numerical details of estimating varictal cffects ace given and in Table 4 the
intra-block analysis of variance is presented. Table 5 gives the estimated standard
crrors of estimates of different types of varictal differences.

TABLE 2. PLAN AXND YIELD

blocks aumbces of variction and correspanding yickls

m &) )] (U] 3 (d) [¢)] (L] )

I (787 (¥8) 33 (56 sk (d) 68 (3Bl (1} M (T (6

2 (9 A2 (13) 83 (1) & (1) 6 (2) 36 {1 60 (1} B (3
9 (17 57 (4) G0 (4 02 (9) & (0 A (g W (1) &

(16) 43 (10) 60 (7) 62 (&) ST (1) 30 {18 & (13 3T  (12) ¢
63

4

[ (2) 60 (13) 86 (10) 51 (%) & {16) 61 {14} 60 (%) 58
¢ (1) G (1) BS (G 4T (1) &2 (13) 4T (13) 54 (B &8 (2 &3
708 B 08 G5 U B2 (3 B (R AL (1) AV {4) W (12) s
B (13 62 (7 02 (0) v (4) BT (18) 53 (17) B (& G0 (3 3l
U v 48 UX 61 () 38 (1) &0 (K) 48 (7 02 () W (y) o4
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TABLE 8. ESTIMATION OF VARIETAL EFFECTS

j Ty 5"'0(”'-" by ] 1 I ;nl"T’ )

t [} 3 [0} (D) ®) m (8} "
1 [ Gmo 5830 1 o 3750 -4
2 -1 e 3. 2 4 1758 —-16
3 201 - 3308 50.08 3 01 1530 85
4 239 102 8351 8,81 4 48l 1956 [
5 ER) 0 o183 §7.23 t; 418 10 n
[} 187 ~135 1Lt 48,00 0 425 1740 —48
7 243 -3 ogis  61.63 7 432 1760 -4
8 208 ~us 1875 62.55 L 453 1790 24
[ 208 -39 o923 5480 ] 04 1740 ~130
1 27 2 5933 .03 totul 4017 16008 o
1 212 -233 5937 53,10

12 49 " 8427 61.38

n 208 62 &544 51,43

1] o w 8563 80.37 Compuintionsl chiecks:

(83 37 -~149 L) 55,63

16 249 200 [SF) 8031 i‘_‘(r}’;) =0

1”7 2 20 o 55.31 fi‘"""r‘) -0

n 23 151 5870 34,33 rI =G

1otal 1017 0 103130 1004, 20

Horo ym 18, 8 m M, rmd, kmB -l
Gmnd Lot @ = 4017, CF = a1tk

Tota] 8.8. = § = Ty¥ ~CF

. 1 .
Block 8.8, (unadjusted) = &} = 3 2B} —CK
Varioty 8.8, (unsdjustod) w &} = -'l 1) -c¥

Block 8.3. (adjustod) = &y =

Py

Varioty 6.5, (aljustod) = §, = 53 +8,

Ertor 8.5, m 8, = S—S’v—b‘n - S—S‘ —S"
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TABLE 4, ANALYSIS OF VARIANCE

varintion duo to  d.f. s, LY » LLEN ss.  df  variation dus o

Iockn £ 700.00 —_ 7.60 52,81 422.48 8 blocks

(unndjusted) {ndjusted)
- » .

(:A‘;\‘.;::f) 17wl 63.30 T.7¢ — 12083 17 (.'.'.Tﬂf,‘.'.‘.‘..a,

ercor W 31679 6.8 B.50 318.70 46 orror
tolnl 71 2019.%8 2010.88 total

TABLE 5. STANDARD ERROR OF VARIETAL DIFFERENCES

number  of  blocks mandard error  of
in_ which a given varietal difference
pair of variclices oc.

cur togother

A net {HL;Z)" {bkfb._f:-bl}.
[0} 2) &)

o 0.574074 1.088

1 0.435338 1.938

2 0.537037 1.023

3 0.318310 1.800

Table 5. has to be used in carrying out a f-test to examine any particular
varictal difference. For example, if we have to sce if varieties 1 and 7 are different,
we observe that they oceur together in X = 2 blocks. The estimate of the difference
7y—Ty is {—l; = 66.39—61.53 =—5.14 obtained from Table 3 and its standard error
is 1,023 as given in Tablo 5. Honco the statistic to use is

t = —65.14/1.023 = —2.,673

which as a t-statistic with 40 degrees of freedom is significant at 19 level.

5 CLASSIFICATION OF LINKED DLOCK DESIONS

LB designe are duals of BIB designa and Shrikhando (1952} haa shown that
the dual of a BIB design is a PBID design with two associate classes in the following
cascs:

(a) if in tho BIB design A=1 (v#¥)

(b) if in the BIB design A =2, r=k42, k=1
Roy (1054) haa shown further that the dual of any unreduced BIB design (that is a

design obtained by forming a block with cach possible combinntion of variotics subjoct
to tho condition that the number of plots in a block is fixed) is noccssarily of the
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PBIB type. Agnin,if a BIB design is symmetric, that is if in a BIB design the
number of blocke ia equal to tho number of varictics, then itadual is also 8 BIB design.
However, the dual of any BIB design in not necexsarily a BIB or even PBIB design.

We may therefore clussify all LB designa into the following threo main groups:
(1) Symmetrical BIB designs (2) PBIB designa and (3) Irregular desigis not belonging
to any of tho known typen. Wo hall omit the symmetrical BIB designa from our
consideration as they do not prescnt any new features.

Tnt order to get the LB design of the PBID type, one way i ta start with the
plans of all BIB designs, dunlise them and then pick out from them the designs of the
PBIB type. This, however, in a formidable task. On the other hand, Boxe, Clat-
worthy and Shrikhande (1934) have prepared a kit of useful two associnte PBIB
designs and enumerated their plana and parameters, 1t is considerably mimpler to
pick out from thia list the LB designs with the use of the theotems derived in the next
scction which state the necensary and suflicient conditions on tho paranicters of a
PBIB design so that it may be of the LB type.

In §7 we give & detailed classified list of all LB designs with ten or less repli-
cations and ten or leas plote per block.

6. CONDITION TIIAT A TWO-ASSOCIATE PRIB DESIGN MAY RE OF THFE LB TYPE

It is & well known property of matricea that given any two matrices 4, B
such that the matrix products AB and BA are possible, the non-zero roots of the
two determinantal equations

|AB—zxl|=0
|BA—xi|= 0

are identicnl. It follows therefore that for any design, the association matrix and
tho block characteristic martix have the same set of non-zero Iatent rooty.

Now the block-characteristio matrix of a LB design has ail dingonal elements
equal to & and sll off-diagonal elomenta equal to g, & being the number of plots per
block and g the number of varicties common to any two blocks. Conscquently the
block-characteristic matrix of a LB design has only two distinct latent roots, namely
k4+(d—1)p = rk and k—p the latter of multiplicity (b—1). On the other hand, for
the block characteriatic matrix, if & is a latent root with (1, 1, ..., 1) for latent vector,
and k—pu is another Intent root of multiplicity 15—1), all other roots being zero, tho
devign must be of the LI type. Agnin, it followa from the work of Connor and Clat-
worthy (1054) that latent roots other than rk of tho nmsociation matrix of a two-asso-
ciate PBIB design aro except for repetitions the same as those of the matrix

[l
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where ay = r4Apli+HAple—Aun,
= Aph+ Al -
ag = A phi+Asph—Asmy
agy = r+Aph+AFh—Am,

(8.1)

where the parameters have their usunl significance. They have also ehown that the
matrix A can not have two equal Jatent roots. Hence we have tho following

‘Theorem 0.1, The neceasary and sufficient condition for a PBIB design with tico
Ty Gy i

ay a”) defined in (0.1)
has only one non-2ero rool and thiz occurs (b—1) limes as a latent roof of the arso-
ciation matriz of the PBIB design.

associate classes to be of the LB type ia thal the malrix A = (

Two associate PRI designa have heen classified by Bose, Clatworthy and
Shrikhande (1954) as (1) Group Divisible (a) Singular (b) Semi-Regular (c) Regular
(2) Triangular (3) Latin Square Type (4) Simple and (5) Cyclic. Theorem 8.1 gives
the following comlitions on tho parameters af the fimst four of these designs which
ensure that they belong to the LB type.

For a Group Divisiblo (GD) design
v=smn, ny=n=lngmmn—1),p, =a—2and r > A, rk > vAy.

A GD design is singular if r = A;, semi-regular if r > A, rk = vA, and regular if
r> A rk > vAy. For a singular GD design b 35 m and for a semi-regular GD design
b2 v~m41. These results are due to Bosc and Connor (1952). Applieation of
theorem 6.1 gives the following result. A regular GD ia never of the LB type, tho
necessary and sufficient condition for a singular GD to bs of the LB type is that § = m
and that for a semi-regular GD is that b = v—m+1.

In o Trinngular design as defined by Boso and Shimamoto (1952) v = fn{n—1)
ny = 2n—2), ny = j(r—2}n—3), p}, = (n—2). The nceessary and sufficient con-
dition for a Triangular design to be of the LB type is that either (i) r = 24,~2,
and b=n or (i) r=(n—3)A;—(n—4)A, and b= j{n—1)n—-2).

For a Latin square type design with i constraints,
v=n) m =in—1). ny=(n—1)n—7+1) and p}, = i{i—3)+n.

In order that a Latin Squnre type design may be of the LB type it is necensary and
suflicient that cither

() r={i—n)d, =2+, and b =n(n—1)+i
or (1) r=iA;—A)+2, and b =in—1)+1,
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For a Simple design A, 3 0, Ay = 0 Doso and Clatworthy (1955) havo shown
that tho complete class of simple designs with A, = 1 and & > r 3> 2 is characterized
by tho parsmeters

v=Mr—1xk=D+08 b= rr—Dk—=D+0O/
ay =rk—1), = (r=1k—IXk—D)t
Ph = U=1r—1)+(k=2)
where 1t

The nccessary and sufficient condition that this is of the LB type is that (= r.

Using theso results, we have picked up all the LB designs anongst tho two-
associate PBIB designs tabulated by Bose, Clatworthy and Shrikhande (1054) nnd
the designs are presented in § 7.

7. LIST AND PLAN OF ALL LINKED BLOCK DISiaNg witn r, & < 20

In this section we givo a list of all LB designs (other than the symmetrical
BIB designs) requiring atmost ten replications and blocks of atmost ten plots. The
list is arranged in ascending order of tho number of varictics, blocks and replications.
The number of 1ypes of varietal differences estimable with different precisions is de-
noted by m, and the number of blocks in which a pair of varieties can oceur together
is denoted by A;. Ag...,A.. Tho efliciency factor of tho design is denoted by E.
Column 3 gives the nature of tho design, and in column 4 a reference ia made to the
serial number of the design (if it is a two-associate PBIB) in Bose, Clatworthy and
Shrikhando (1954) where tho plan of the design is given. The plans for designs other
than two-associate PBIB aro given in tho following pages. It is intercsting to observe
that for all theso designs, tho efficiency factor ia very high, Leing of tho order of 90%,.

It also follows easily from tho results of Connor (1052) that
2
/I:l —(r+p—=k) 2 A > rp—k
for i=L2..,m

Hence the number & i(k-—r)(k—/x)+l.

This is ono of the Irregular Linked Block deaigns, Tn this design estimates
of differences between pairs of treatments can bo divided into four groups, each having
a diffcrent precision. Tho peculinrity of this design which can be easily nnalysed
and has an efficiency of 01%, but is not partially balanced will bo clear from tho nsso-
ciation matrix given below:

m
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TAMLE 7. DESIGN NO, 24 (Irregulor)

PN, AmD,  rmd, k=B pe), E =001
mad, A3 AgmL Ag= Lo agmo,
Plun plan
hock

] 1 2 3 4 A L] 7 [}
2 t 2 3 [ 1 t i2 3
3 1 4 [ v 12 N L] "7
4 ] 3 7 n 12 1% 18 (1)
3 2 4 % v K] " W i3
L 2 5 ¢ n 1 13 1 17
1 3 4 ) 1 12 13 11 i
L] 3 5 7 14 3 1} 12 "
v [ 1 u o W " 12} 13

TABLE 8. ASSOCIATION MATRIN OF THE DESIGN XO. 24

number of Wocks in whicli the pair of trentmenta
(i, 3} oorur together

A1 2 3 4 5 6 7T 8 D10 W1 I2 I3 14 15 16 17 IR

! 202 02 2 2 2 ) 2 21 3% 1)1 2 )
2 2 2 2 2 1 2 1 2 2 1 3 V1 o2 1
3 2 02 1 2 2 2 1 2 2 2111 0 2 12
4 [ - D R D T R B - B4
Bl 2.2 1 0t 022 2 o2
¢ 2 2 2 1 2 ) 1 2 2 2 2 0
7 22 2 1 ¢ 0 2 2 12
L] P22 11 2 2 ) 1 2
o 2 2 2 2 3 1 v 2
(L] 2 2 2 2 2 2 © 2
(1] 2 21 3 1 2 1
5] Py o222 2
13 2 1 2 2 2
u [
13 2 02 2
1o ¥ 2
" 2
18

128
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TABLE 0. DESIGN N0. 25 {Trregular)

emlB, be®, rmB kml0 H=8 Ewm0.03
mmé Mmd Adm) =2 A=l

plan
Llocka
1 1 1 L] » 10 13 1] 15 17 13
2 2 3 L] L] " 10 1”2 1] L] 17
3 1 2 5 7 3 ? n 12 12 10
+ 2 3 3 L] 7 10 n 13 n 13
1 3 3 5 L] 10 12 13 13 10 18
L] 1 2 4 ] 8 B 12 u 13 1
7 1 3 + 7 1t 1”2 4 15 18 17
L] [} 2 3 4 L] ? n 13 17 18
4 [ L T b 1 [} ie 17 I8
TABLE 10. DESIGN NO, 28 (lrregular)
vemlI8 bml0) rmb k=) A=md E=0D
memd =4 Aym3 i@ =]
blocks plon

1 1 2 3 4 5 [ 7 L] 9

o
w
o
-
=
G
a
-

120
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TABLE ). DESION NO 33
(Partially Balancod with Thre Ansocinto-Cluwcs)

vm, =m0, rmb FmD, A=3 & =002

med Amd hm oAy =0,  ny =l omy ek owy =

Jisn
blovks
) : 3 4 5 & 1 8 o
I 2 T (| S T AT S PR TS
T4 5 6 10 1 g2 w1 a8
L T N
51 4 T qv i3 8w s s
L Y B N R U )
L L T L T T B S T Y
& 2 5 7T W Mo o om on
LI S T LT BT S STy
L L T I BT ST R
L 2 Rt T A B
L L T (T R T
B2 5 8 2 a3 oW o o
Hoo2 e P o0 3 o W o2 oum
133 6 9 10 13 w2 m oy
13 6 ¥ 1z 13 e o1 e oy
This is & partinlly balanced design with th into classes. The values of the

P}, parameters arc given below:

=2 ph=o Pla=1
Fehi=0 =4 ph=o0

Fﬂ.-:l P=0 =0




CLASSIFICATION AND ANALYSIS OF LINKED BLOCK DESIGNS

TABLE 12, DESIGN XO, 38 {Irrgular)

v=30, bm 10, r=), k=9 Am2 E=0mM
med A m? ayml], =0,
plan
blocks
I 1 2 3 4 8 7 8 o
H 1 2 10 n [F 2] 13 10
3 1 3 ] 17 18 20 21 2
+ 2 4 1] 1”7 18 E 23 8
8 3 1] 2 3 (1] 24 2 3
L] 4 L 10 14 10 7 20 0
1 5 7 1 15 17 20 i 20
8 [ 8 ” 18 18 0 ki 30
L 1 ? 3 13 2r n 23 30
o B L] n 16 20 24 27 29

TAMLE 13. DESIGN NO. 39 (Irngulur)

v=30, dm2l, rm? kml0 p=3 E£m=003
mmd, amd Apm2 Ay=0

plan
M % 5 o 0 ®m s n m
2 208 3 o 10 12 18 7 18 22
3 [T S B SR T S RN T B TR
4 2 8 1T 0 13 M 16 2w 2 m
5 18 6 8 1z 13 a5 1 0 2%
) I T N TR T S CRN Y S S TR
7 3 4 6 10 N 13 7 s 2002
) ¢ B P W 1T 2 % on oW 20
9 3 4 B 13 6 19 2 e 2 30
10 2 3 12 B 13 18 m 23 w30
" U S TR T I T Bt R S TR~ S )
12 17 10 12 16 20 8 a4 % 0
1 ¢ 7 0 11 5 10 a2 =2 27 30
in 5 6 8 10 18 2 2 s 3 W
15 3 6 12 18 a5 2 e 20
I8 2 5 10 1 16 20 24 2 2
1 14 9 10 10 2 2 2 36 M
18 3 7 8 0 18 20 2 2 25 2
1 2 8 8 M 1T W M oM W
15 13 W10 1B 2 23 1w
2 ¢ 1 12 1B 22 g8 o
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