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PREFACE

Completely positive (CP-) maps are special kinds of positivity preserving maps on
C*-algebras. W.F. Stinespring [Sti55] obtained a structure theorem for CP-maps
showing that they are closely connected with *-homomorphisms. W. Arveson and
other operator algebraists quickly realized the importance of these maps. Presently
the role of the theory of CP-maps in our understanding of C*-algebras and von
Neumann algebras is well recognised. It has been argued by physicists that CP-
maps are physically more meaningful than just positive maps due to their stability
under ampliations. From quantum probabilistic point of view CP-maps are quantum
analogues of stochastic or sub-stochastic transition probability maps. Therefore one
begins with such maps in order to construct quantum Markov processes. Recently
there has been lot of interest in quantum computation and quantum information
theory and here trace preserving, unital CP-maps play the role of quantum channels.
This justifies detailed study of CP-maps and related concepts.

Often it is the structure theorems that makes a theory worth studying. GNS-
theorem and Stinespring’s theorem are the basic structure theorems for CP-maps.
Our main tool to study CP-maps is the theory of Hilbert C*-modules. They are
objects similar to Hilbert spaces. Close connections between CP-maps and Hilbert
C*-modules are well-known ([Kas80, Mur97, Pas73]).

Given CP-maps ¢, and @y between unital C*-algebras A and B, by a common
representation module for them we mean a Hilbert A-B-module E where they can be
represented, that is, there exists z; € E such that ¢;(-) = (x;, (-)x;). We define § as
the infimum of the norm differences ||z, — x| taken over all common representation
modules £ and representing vectors x; € F, and call it Bures distance. We show
the existence of a sort of universal module where we can take infimum to compute
the Bures distance, and thereby prove that £ is a metric when the CP-maps under
consideration map to a von Neumann algebra or to an injective C*-algebra. However,
B is not a metric when the range algebra is a general C*-algebra. The definition of
Bures distance is abstract and does not give us indications as to how to compute
it for concrete examples. We show that Bures distance can be computed using
intertwiners between two (minimal) GNS-constructions of CP-maps. We also prove
a rigidity theorem, showing that GNS-representation modules ([Pas73]) of CP-maps

which are close to the identity map contain a copy of the original algebra.

il



If o : A — B is a linear map, then by a ¢-map we mean a linear map 7 : £ — F
from a Hilbert A-module F into a Hilbert B-module F' such that (T'(zy),T(xq)) =
o((z1,x9)) for all z; € E, that is, T preserves the inner product up to the linear map
. We prove that if F is full and if ¢ is bounded linear, then ¢ will be automatically
CP. Moreover, T is completely bounded with CB-norm |||, := sup,, | Tn|l = /]l
We derive a Stinespring type structure theorem for ¢-maps for the case when A =
B(G) and F = B(G, H), where G and H are Hilbert spaces. We also find three
equivalent conditions that tell us when a map T': E — F'is a p-map for some CP-
map o without knowing ¢, just by looking at T". One of the important condition says
that they are precisely CP-H-extendable maps, that is, maps T': £ — F which allows
a blockwise CP-extension between the extended linking algebras of E and Fr :=
span T'(E)B such that the 22-corner of the CP-extension is a *-homomorphism. If
such an extension is possible into the extended linking algebra of F'we call T : E —
F a CPH-map. CPH-maps are important if we want to talk about semigroups of CP-
H-extendable maps. We also study maps 17" : £ — F' which allows a strict blockwise
CP-extension between the linking algebras of E and F', and give a factorization

theorem of such maps that generalizes those of Asadi([Asa09]) and Skeide([Skel2]).

X 3k k ok 3k

CHAPTER 1. We begin the thesis by providing necessary background mate-
rial on Hilbert C*-modules. Our purpose in this chapter is to review some basic
theory of Hilbert C*-modules to make it accessible to non-specialists. Most of the
definitions, examples, results and proofs can be found in [Lan95, Chapters 1-5,
7],[Ske01, Chapters 1-4]. We will not mention it explicitly each time. Other details
can be found in the articles cited. Michael Frank’s Hilbert C*-Modules Home Page
(http://www.imn.htwk-leipzig.de/ mfrank /hilmod.html) lists about 1700 references.

CHAPTER 2. D. Bures [Bur69] defined a notion of distance (metric) between
states on von Neumann algebras and that there is a scope to generalize this to CP-
maps was shown by [KSW08a]. We study this generalization using the language of
Hilbert C*-modules.

CHAPTER 3. We consider maps between Hilbert C*-modules which generalizes
the notion of isometries and unitaries. This study was motivated mainly by the work
of [Asa09, TS07, Skel2]. First we search properties of such maps and later discuss

structure theorem for such maps. In particular, we strengthen Asadi’s theorem

v



([Asa09]) and discuss the minimality of the representations and prove the uniqueness
of such representations up to unitary.

CHAPTER 4. We investigate maps, called CP-H-extendable maps, between
Hilbert C*-modules which allows for a CP-extension to a map between the associ-
ated extended linking algebras acting blockwise with 22-corner a *-homomorphism.
We give different characterizations of such maps. This study is motivated by the
work of Bakic-Guljas([BG02b]), Skeide ([Ske06b]) and Abbaspour-Skeide ([TS07]).

APPENDIX A. In appendix we give some background materials. Basic defini-
tions and theory of C*-algebra, von Neumann algebra, CP-maps, CB-maps, normal
maps, CP-semigroups, Fy-semigroups, dilation of semigroups and operator spaces

are outlined.
%k % %k ok

Notations and conventions: By N, R, R" and C we denote the set of all positive
integers, real numbers, non-negative real numbers and complex numbers, respec-
tively. All vector spaces under consideration are over the field C. We use &, ® to
denote algebraic direct sum and algebraic tensor product of vector spaces.

We use G, H, K to denote Hilbert spaces. For denoting C*-algebras we use
A, B,C. Hilbert C*-modules are denoted by the symbols E, F,E,F,etc. We use
X,Y,Z to denote subsets, subspaces, normed spaces, operator spaces, etc. All
sesquilinear maps are linear in its second variable and conjugate linear in its first
variable. In particular, our inner products are linear in second variable and con-
jugate linear in first variable. If (x,y) — zy is bilinear or sesquilinear on X x Y,
then XY is the set {zy : € X, y € Y}. We do not adopt the convention that
XY =span{zy:z € X, ye Y} or XY =35pan{zy : x € X, y € Y}. Sequences and
nets in a set X are denoted as {z, }nen, {Za taca, respectively, where A is a directed
set. We let M,,(X) denote the set of all n x n matrices over X. Elements of M,,(X)
are denoted as z = [z;;] where z;; € X is the (i, j)"-entry of z. We use ‘t’ to denote
the transpose of a matrix.

Given two (normed) vector spaces X and Y, the space of all linear maps from X
to Y is denoted by £(X,Y"), and the space of all bounded linear maps from X to Y
is denoted by B(X,Y). If X =Y, then £(X) := L(X, X) and B(X) := B(X, X).
We may denote B(X @ Y) as B( (i)) if X,Y are inner product spaces. The norm



completion of a normed space X is denoted by X. Also the closure of a subset Y in

a topological space X is denoted by Y.
* ok ok K %
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CHAPTER 1

INTRODUCTION TO HILBERT C*-MODULES

Irving Kaplansky ([Kap53]) introduced the notion of Hilbert C*-modules as a gener-
alization of Hilbert spaces by allowing the inner product to take values in a commu-
tative unital C*-algebra. Subsequently W. L. Paschke [Pas73] extended this theory
to noncommutative C*-algebras. Independently, M. A. Rieffel [Rie74a] developed
similar theory and applied it successfully to the study of induced representations of
C*-algebras. Hilbert C*-modules can also be viewed as the generalization of vector
bundles to noncommutative C*-algebras. Hilbert C*-modules arise often in operator
theory, operator algebras, operator space theory, operator K-theory, group represen-
tation theory, noncommutative geometry, etc. Besides this, the theory of Hilbert
C*-modules is very rich and well studied.

In quantum dynamics, product systems of Hilbert C*-modules were introduced
by Bhat and Skeide [BS00], as a generalization of products systems of Hilbert spaces
([Arv89]). They are necessary to extend Arveson’s theory from B(H) to general C*-
algebras. This is one of our motivations.

This introduction (including notations) is based mostly on the works of M. Skeide
([Ske00, Ske01]). We also borrow results and ideas from Lance ([L.an95]) and papers

of several other authors.

1.1 Hilbert C*-modules

1.1.1 Pre-Hilbert C*-modules

Definition 1.1.1. Let B be a pre-C*-algebra. An inner product B-module (or pre-
Hilbert B-module) is a complex linear space F which is a right B-module (with a
compatible scalar multiplication: A(zb) = (Ax)b = z(\b) for allz € E, be B, A €
C), together with a map (-,-) : E x E — B such that

(1) (z,z) >0 (x € E),
(2) (z,2) =0<=2=0 (x € E),
(3) (x,\y+ Nz) = Nax,y) + Nz, 2) (x,y,z € E and \, X € C),

[l An element is said to be positive in a pre-C*-algebra B if it is positive in the completion of B.
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(4) (z,yb) = (z,y)b (z,y € £ and b € B),
(5) (z,y) = (y, )" (z,y € E).
If F satisfies all the conditions for an inner product B-module except (2), then we
call E a semi-Hilbert B-module. By a submodule of a pre-Hilbert B-module E we

always mean a B-submodule of E.

The map (-, ) will be called a B-valued inner product on E. Note that condition
(3) requires the inner product to be linear in its second variable. It follows from (5)
that the inner product is conjugate linear in its first variable and (zb,y) = b*(z,y).

As in the case of inner product spaces we have the polarization identity given by

3
Z(—l)n@ +i"y, x +1i"y) Ve, ye B, i?=—1.
n=0

(z,y) =

o |

Example 1.1.2. Here are some basic examples of pre-Hilbert C*-modules.

(i) Any pre-C*-algebra B is a pre-Hilbert B-module with inner product (b,b) :=
b*t'. More generally, any right ideal I in B can be made into a pre-Hilbert
B-module (actually a pre-Hilbert I-module) in the same way.

(ii) Let G and H be pre-Hilbert spaces and let B C B(G) be a x-algebra of bounded
operators on G. Suppose E C B(G, H) is a subspace such that EB C E and
E*E"C B. Then E forms a pre-Hilbert B-module with composition as module

action and inner product given by (z,y) := z*y.

1.1.2 Cauchy-Schwarz inequality

Recall that in a semi-Hilbert space the Cauchy-Schwarz inequality, which asserts
that (hy, ha)(ha, h1) < (ha, ho){(hq, hy) for all elements hy, hy, allows to quotient out
the null vectors'. For semi-Hilbert C*-modules we have the following version: Let

E be a semi-Hilbert C*-module over a pre-C*-algebra B. Then

(2, y)(y,x) < [y, vl {z,2)

[PIFor any subset X of a C*-algebra, X* := {z* : x € X}.
[IA vector z € E is said to be a null vector if (z,z) = 0.




CHAPTER 1. 1.1. HILBERT C*-MODULES

for all x,y € E. So if x € F is a null vector, then (z,y) =0 = (y,x) for all y € E.
Now given x € E define

1 1
el == (@ a)]1* and |a| = {z,2)}.

Note that |-| may not satisfy triangular inequality.

Proposition 1.1.3. Let E be a semi-Hilbert B-module. Then
(i) |Ill is a semi-norm on E, which is a norm if and only if E is a pre-Hilbert
B-module.
(D) [[¢z, ) | < Nzl lyll and |Gz, y)| < [zl ly]. In particular (x,0) = (0,y) =0 for
all x,y € E.
(iii) ||z0| < ||z|| [|b]| and |xb| < ||z|| |b] for all z € E and b € B.
(iv) If x € E, then ||z| = supy, < [[(y, 2)]|-

Proposition 1.1.4. Let E be a semi-Hilbert B-module and Ng := {x € E : (z,x) = 0}.
Then Ng is a closed submodule of E so that the quotient E/Ng is a right B-module.
Moreover, E /Ng inherits an inner product which turns it into a pre-Hilbert B-module
by defining

(x+ N,y + Ng) = (z,9)

forall x,y € E.

Suppose E is a pre-Hilbert B-module. Then (x,y) = (2/,y) for all y € E implies
that x = /. Also if B is unital, then 1z = x for all x € E. If B is not unital
and B is the unitalization of B, then F becomes a pre-Hilbert B-module if we define

zl:=x forallz € E.

Proposition 1.1.5. Let E be a pre-Hilbert B-module and v € E. Then
(i) zeq — x for any approvimate unit {ey}aen of B.

(i) b =0 for all b € B implies that v = 0.

Proposition 1.1.6. Let E be a pre-Hilbert B-module. Then
(i) span EB= E.

[d]

By span we always mean the B-linear span.
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(ii) span (E, E) is a closed two-sided ideal in B and span E(E,E) = E.

Definition 1.1.7. The ideal By := span(E, E) is called range ideal. If By = B, then
we say E is full.

In general span (F, E) is not whole of B, that is, F' may not be full. (Recall that
pre-Hilbert spaces are full pre-Hilbert C-module.) But E can always be thought of
as a full pre-Hilbert Bg-module. If B is a unital C*-algebra and if there exists a unit

vector € F (i.e., (x,z) = 1), then E is a full Hilbert B-module.

1.1.3 Hilbert C*-modules

Definition 1.1.8. A Hilbert C*-module is a pre-Hilbert module over a C*-algebra

which is complete with respect to the norm defined in Proposition 1.1.3.

Example 1.1.9. Following are some examples of Hilbert C*-modules.

(i) A complex Hilbert space is a Hilbert C-module under its inner product.

(ii) If 2 is a locally compact Hausdorff space and E a vector bundle over €2 with a
Riemannian metric d, then the space of continuous sections of E is a Hilbert
C(€)-module. The inner product is given by (f, g)(z) := d(f(x), g(x)).

(iii)) A C*-algebra is a Hilbert C*-module over itself.

(iv) Let B be a C*-algebra and H be a Hilbert space. Then the vector space tensor
product H ® B is a Hilbert B-module with right action (h®b)b’ := h®bb" and
inner product (h @ b, h' @ V') := (h, 1) zb*l'.

(v) If {E,}7_, is a finite set of Hilbert C*-modules over a C*-algebra B, then
®p_, Ey is a Hilbert B-module if we define ({zx}, {yx}) == >, (@r, yx) and
{z}b := {xyb}. In particular, if E, = FE for all k, then we write E" for
®r_Ex. Also we write elements of E™ as column vectors rather than as row
vectors.

(vi) Let {E4}aeca be an infinite set of Hilbert C*-modules over a C*-algebra B.
Define ®perFy = {{xa}a@\ © Y o{Ta, To) conerges in B}, which is a Hilbert
B-module with inner product ({z.}, {ya}) := >, (%a, ya) and module action

[IIf E is a pre-Hilbert B-module, then (E, E) := {(z,y) : z,y € E} and E(E,E) := {x(y, z) :
z,y,z € E}.
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{z,}b = {z,b}.

Remark 1.1.10. The following remarks enables us to assume that both the underlying
pre-C*-algebra and the pre-Hilbert C*-module are complete.

(i) Let B be a C*-algebra and E be a pre-Hilbert B-module. Then using the
completeness of the C*-algebra B, we can make the completion E of F into
Hilbert B-module in a natural fashion.

(ii) We can define a Hilbert B-module over a pre-C*-algebra B in exactly the same
way as a Hilbert C*-module over a C*-algebra. Now if F be a Hilbert B-
module, then, using the continuity of the right multiplication (z,b) — xb (in
fact this map is jointly continuous), the module action of B on E can be extend
to a module action of B on F, and thereby to make E a Hilbert B-module.

(iii) Suppose B is a pre-C*-algebra and E is a pre-Hilbert B-module. Then, using
the joint continuity of right multiplication, £ can be made into a Hilbert

B-module. Note that completeness of £ may not imply completeness of B.

Proposition 1.1.11 ([Ske09¢, Lemma 3.2]). Let E be a full Hilbert C*-module over a
unital C*-algebra. Then there exists n € N and £ € E™ such that (£,&) = 1.

1.1.4 Ideal submodules

From here onwards by an ideal in a C*-algebra B we always mean a closed two-sided
ideal. An ideal By in B is said to be essential if there is no nonzero ideal of B that
has zero intersection with By. It is well known that for any C*-algebra B there is a
unique (up to isomorphism) C*-algebra which contains B as an essential ideal and
is maximal in the sense that any other such algebra can be embedded in it. This
algebra is called the multiplier algebra of B and is denoted by M (B). If B is unital,
then M(B) = B. (See [Mur90, Ped79] for details).

In this section we discuss ideal submodules of Hilbert C*-module. Details can
be found in [BG02b].

Definition 1.1.12. Let I be an ideal in a C*-algebra B and E be a Hilbert B-module.
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The associated ideal submodule E; is defined by

E;:=span El =span{zb:x € E, be I}.

Proposition 1.1.13. Let E be a Hilbert B-module and I be an ideal in B. Then
(i) Ey=FEl={xb:x € E, beI}.
i) BEr={xeE:(zv,x)el}={x e E:(x,2/) €] foral a’ € E}.

If E is full, then Er is full as a Hilbert I-module.

Corollary 1.1.14. If E is a Hilbert B-module, then E = {zb:x € E, b € B}.

Proposition 1.1.15. Let E be a Hilbert B-module and I be an essential ideal in B.
Then for all x € F,

(i) [|z]| =sup {|j=b]| : b€ I, |b]| <1} and

(ii) [Jz] = sup { [z, 2")]| : 2" € Ep, [|l2'|| < 1}.
Conversely, if E is a full B-module in which (i) or (ii) is satisfied with respect to
(the ideal submodule associated with) some ideal I in B, then I is an essential ideal

in B.

1.1.5 Self-duality

We have seen a substitute for Cauchy-Schwarz inequality in case of Hilbert C*-
modules. A very natural question is: Hilbert C*-modules are self-dual or not 7 We
know that Hilbert spaces are self-dual, that is, all bounded linear functional are

given by an inner product.

Definition 1.1.16. Let E be pre-Hilbert module over a pre-C*-algebra B. Define

E":={¢: E — B: ¢is linear and ¢(zb) = (¢px)b Vr € E, be B, |¢|| < oo}
E* :={2z*: E— B:2*(2) == (x,2") Vax,2’ € E}.

The space E" is called the space of all bounded right linear B-functionals (or B-
functionals) on E and the space E* is called the dual module of E.

From Proposition 1.1.3 we have ||z*|| = ||z||. Thus z + z* is an antilinear Banach
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space isometry from E onto E*. Clearly E* C E" C B(FE, B). The containment can
be even proper. Thus, in general, a B-functional on a (pre-) Hilbert module may
not be given by an inner product. So sometimes one may consider on E other B-
valued inner products defining norms equivalent to the given one ([Fra99, Man96b,
Man96al).

Definition 1.1.17. A pre-Hilbert B-module F is said to be self-dual if E* = E".

Self-dual pre-Hilbert modules over C*-algebras are complete. The converse is not
true in general. So the cases where we need self-dual Hilbert C*-modules we con-
sider “von Neumann modules” (Section 1.4) which are modules over von Neumann

algebras.

Definition 1.1.18. The B-weak topology on a pre-Hilbert B-module E is the locally
convex Hausdorff topology generated by the family ||(z,-)|| (z € E) of seminorms.

Theorem 1.1.19 ([Fra99, Theorem 6.4]). Let B be a C*-algebra and E be a Hilbert
B-module. Then E s self-dual if and only if the unit ball of E is complete with
respect to the B-weak topology.

Proposition 1.1.20 ([Pas73, Proposition 3.8]). Let E be a self-dual Hilbert C*-module

over a W*-algebra. Then E s a conjugate space.

Proposition 1.1.21 ([Pas73, Proposition 3.11]). Let E be a self-dual Hilbert C*-module
over a W*-algebra B. Then each © € E can be written x = w |z|, where w € E is
such that (w,w) is the range projection of |x|. This decomposition is unique in the
sense that if x = vb where 0 < b € B and (v,v) is the range projection of b, then

w=v and b= |z|.
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1.2 Operators on Hilbert C*-modules

1.2.1 Bounded adjointable operators

Definition 1.2.1. Let E and F be semi-Hilbert modules over a pre-C*-algebra B. A
map T : E — F is said to be adjointable, if there exists a map T : F' — E such
that (T'z,y) = (x,T*y) for all x € E, y € F and we call T* an adjoint of T. If T" is
adjointable, then so is T* with (T*)* = T.

Let T': E — F be a linear map between semi-Hilbert B-modules. Then the
operator norm of 7" is given by

I} := sup [[T]| =~ sup |{y, Tx)|.
Jafl <1 Jall <L, lyll <1

Clearly ||Tz| < ||T| ||z| for all z € E with ||z|| # 0. Now if E is a pre-Hilbert
module, then the inequality holds for all z € E. If T is adjointable, then by definition
|T|| = ||T*|| and | T*T|| > ||T||>. For pre Hilbert B-modules E and F we can have
17T = |ITI*.

We let L%(E,F) and B"(E, F) denote the space of all linear adjointable and
bounded right linear (i.e., B-linear) maps from E to F respectively, and let L(F) =
LY(E,FE) and B"(E) = B"(FE, E). Note that E" = B"(E, B).

Proposition 1.2.2. Let E and F be semi-Hilbert B-modules.
(i) Any map T € LY(E, F) gives rise to a unique element T € L*(E/Ng, F/Np).
(ii) Any map T € B"(E, F) gives rise to a unique element T € B"(E/Ng, F/Np)

of the same norm.

Proposition 1.2.3. Let E and F be semi-Hilbert B-modules and let T : E — F
adjointable. Then

(i) E is pre-Hilbert B-module implies T* is unique.

(ii) F is pre-Hilbert B-module implies T is B-linear.

Proposition 1.2.4. Let E and F be pre-Hilbert B-modules and T : E — F be an
adjointable map. If either E or F' is complete, then T is bounded.
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Thus all adjointable maps between Hilbert C*-modules are bounded and right
linear. But the converse is not true in general, that is, bounded right linear maps

between Hilbert C*-modules may not be adjointable.

Proposition 1.2.5 ([Pas73, Proposition 3.4]). Let E and F be pre-Hilbert C*-modules
over the same C*-algebra and T : E — F be a bounded right linear map. If E is
self-dual, then T is adjointable.

For pre-Hilbert B-modules E and F' we denote the space of all bounded ad-
jointable maps from E to F' by B*(E, F'), and if E' = F then B*(E, E) = B*(E). If
one of F and F' is complete, then Proposition 1.2.4 says that L*(E, F) = B*(E, F).
From Proposition 1.2.3 we have B*(E, F') C B"(E, F). Clearly any z* € E* is ad-
jointable with adjoint given by (z*)* : b — b for all b € B, and thus E* C B*(E, B).

Proposition 1.2.6. Let E and F be pre-Hilbert B-modules. Then
(i) E is complete implies B*(E, F) is a closed subspace of B"(E, F).
(ii) F is complete implies B"(E, F') is a Banach space.
(iii) E and F' are complete implies B*(E, F) is a Banach subspace of B"(E, F).

Corollary 1.2.7. Let E be a pre-Hilbert B-module. Then B"(E) forms a normed al-
gebra and B*(E) forms a pre-C*-algebra. If E is complete, then B"(E) is a Banach
algebra and B(E) is a C*-algebra.

Proposition 1.2.8 ([Pas73, Proposition 3.10]). If E is a self-dual Hilbert C*-module
over a W*-algebra, then B*(E) is a W*-algebra.

Note that B*(E, F) forms a pre-Hilbert B%(FE)-module with composition as the
module action and with inner product given by (7,7") := T*T".

Example 1.2.9. Let E be a Hilbert C*-module. Since E' is complete so is E". Since
LY(E™) = M,(L*(F)), from Proposition 1.2.4, we have M, (B*(F)) = M,,(L*(E)) =
LYE™) = BYE™). Thus M, (B*(E)) forms a C*-algebra.
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Proposition 1.2.10. Let E and F' be pre-Hilbert B-modules and let t : E x F — B be
a bounded B-sesquilinear form (i.e., ||t|| := sup{||t(z,v)| : [|z]] < 1,|ly|]| < 1} <
and t(zb, yb') = b*t(x, y)b’ ).
(i) If E is self-dual, then there exists a unique operator T' € B"(F, E) such that
t(x,y) = (x,Ty) forallzx € E, y € F.
(ii) If also F' is self-dual, then T is adjointable.
In particular, for self-dual E and F', there is a one-to-one correspondence between

bounded B-sesquilinear forms t on E X F and operators T € B*(F, E) such that
t(z,y) = (z,Ty).

Theorem 1.2.11 ([Pas73, Theorem 2.8]). Let E and F be Hilbert C*-modules over a
unital C*-algebra B. Then for a linear map T : E — F the following are equivalent:
(i) T is bounded and T(xb) = (Tx)b for allx € E, be B, i.e., T € B"(E,F).

(ii) There exists r € R™ such that (T'(z),T(z)) < r{z,z) for all x € E.

Corollary 1.2.12 ([Pas73, Remark 2.9]). If E and F are Hilbert C*-modules over a
unital C*-algebra B and T € B"(E, F), then

IT|| = inf{rz : (T(z),T(z)) < r{z,2) V& € E, r € R*}.

1.2.2 Finite-rank and compact operators

Let E and F be Hilbert C*-modules over a C*-algebra B. Given x € E, y € F
define |y)(z| : E — F by 2’ +— y(x,2’) for all 2’ € E. Then |y)(z| € B*(E, F) with
adjoint |z)(y|.

Definition 1.2.13. An operator of the form |y)(xz| € B*(E,F) is called rank-one
operator. The linear space F(FE, F') of all rank-one operators is called the space
of finite-rank operators, and its completion K(E, F') is called the Banach space of
compact operators. If E = F| then F(E) := F(E, E) and X(F) := K(E, E).

In general, neither the finite-rank operators have finite rank in the sense of

operators between linear spaces, nor the compact operators are compact in the

sense of operators between Banach spaces.

10
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Proposition 1.2.14. Let E and F' be Hilbert B-modules. Then
(1) |y) (| 2| = ly(z, 2) Y| = [y)(y' (@', 2)| for all z,2’ € E, y,y' € F.
(ii) Tlx)(y| = |Tx)(y| for allz € E, y € F, T € B*(E).

(iii) |x)(y|S = |x)(S*y| for allx € E, y € F,S € B*(F).

Corollary 1.2.15. Let E be a Hilbert B-module. Then X(E) is an ideal in B*(E).

Observation 1.2.16. Suppose B is a C*-algebra and F is a Hilbert B-module.

(i) Given x € E define r, : B — E by r,(b) := xb. Then r, € B*(B, E) with
adjoint z* € E* C B E,B). Since (zb)* = |b*)(z| and EB = E we have
E* = {a* : x € F} = K(E,B). Consequently {r, : x € E} = X(B, E).
Moreover, E 5 x +— 1, € B*(B, F) is an isometric linear isomorphism of E onto
K(B, E). If B is unital, then X(B, F) = B*(B, E) and X(FE,B) = B*(E, B).
In fact, any T € B*(B, E) equals |T(1))(1| and any T € B*(E,B) equals
(T(1))" = [1)(T*(1)].

(ii) Considering B as a Hilbert B-module we have B 5 b — [, € B%(B) with
(V') := bb is an C*-isomorphism of B onto K (B). If B is unital, then B =
K(B) = B*(B).

Notation. From here onwards we write xy* instead of |z)(y|.

Definition 1.2.17. Suppose E is a Hilbert B-module and X C FE' is a subset. Then
X is a generating set for E if span XB = E. We say that E is countably generated

if it has a countable generating set.

Proposition 1.2.18 ([Lan95, Proposition 6.7]). A Hilbert B-module E is countably gen-
erated if and only if the C*-algebra K(F) is o-unital.

As in Hilbert space theory, in Hilbert C*-module theory also there are notions

called orthonormal basis and orthonormal systems. See [BG02a, Ara08, Ske00] for
details.

11
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1.2.3 Positive operators

Definition 1.2.19. Suppose B is a C*-algebra and E is a Hilbert B-module. A linear
map T : E — FE is said to be positive if (x,Tz) > 0 for all x € E, and we denote it
by T > 0.

If T is positive, then T is adjointable with 7" = T*. Given T, S € B*(E) such
that T'— S > 0, then we write T'> S or S < T.

Proposition 1.2.20. For T € B"(E) the following are equivalent:
(i) T is positive in the C*-algebra B*(E).
(ii) T is positive according to definition 1.2.19.

Proposition 1.2.21. Let E and F be Hilbert C*-modules over the same C*-algebra.
(i) A positive operator T € B(E) is a contraction if and only if (x,Tz) < (z,z)
forallz € F.
(i) For T € B*(E,F) and x € E, (Tx, Tx) < ||T|* (x, z).

Example 1.2.22. Let E be a Hilbert B-module. By identifying B with K(B) we
have M,(B) = M,(X(B)) = X(B"). Then [(z;, ;)] is positive in M,(B) for all
T1,...,T, € E. We have seen that E™ is a Hilbert B-module. Now for [b;;] € M,,(B)
and x = (21, - ,2) y = (Y1, ,yn)" € E™ define

(w,y) = [any)]  and  alby] = O wwbp, - Y Tbrn)” (1.2.1)

With these structures E™ becomes a Hilbert M, (B)-module. The two norms (given
by B-valued and M, (B)-valued inner products) on E™ are different, but they are
equivalent, and so in particular E™ is a Hilbert M, (B)-module, which we denote
by E(,. We may write elements of E(,) as row vectors, so that operations given in

(1.2.1) are very natural. (See [Lan95, Page 39].)

1.2.4 Projections and complemented submodules

Definition 1.2.23. A linear map P : £ — F on a Hilbert C*-module F is a projection
if P? = P = P*,

12
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Note that by definition P is adjointable and therefore is right linear. Since
IP|| = | P*P|| = ||P||*, we have ||P|| =1 or ||P]| = 0.

Example 1.2.24. If £ = ®,cpF, is a direct sum of Hilbert C*-modules, then the

canonical projections P, onto E, is a projection in B*(E).

Definition 1.2.25. For a subset X of a Hilbert C*-module E we define the orthogonal

complement of X as
Xti={zecE:(x,2)=0 Va' e X}.

A closed submodule Ey of E is said to be orthogonally complemented, in short
complemented in E, if E = Ey @ Ef. We say that Ej is topologically complemented
if there is a closed submodule Ej of E such that Ey + Ej = E and E, N E| = {0}.
We say Ej is orthogonally closed in E if Ef+ := (Ey)* = Ej.

Clearly X+ is a closed submodule of E. If Ey is orthogonally complemented, then
clearly Ej is topologically complemented; but the converse is false. Unlike Hilbert
spaces, closed submodules are not complemented (Ey is usually larger than FEjp)
in general. If Ej is orthogonally complemented, then it is orthogonally closed. But

the converse is not necessarily true in general ([Sch99]).

Theorem 1.2.26 ([Sch99, Theorem 1]). If E is a full Hilbert C*-module, then every
closed submodule of E is orthogonally closed if and only if every closed submodule

of E is orthogonally complemented in E .

Theorem 1.2.27 ([Mag97a, Theorem 1]). Let B be a C*-algebra. If there exists a full
Hilbert B-module in which every closed submodule is orthogonally complemented,
then B is x-isomorphic to a C*-algebra of (not necessarily all) compact operators
on some Hilbert space. Consequently, all closed submodules in all Hilbert B-modules

are orthogonally complemented.

J. Schweizer ([Sch99]), under the weaker assumption that every closed submod-

ule in FE is orthogonally closed, showed that not only B but also X(E) and E are

13
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isomorphic to a C*-subalgebra and C*-submodule, respectively, of the algebra of
compact operators on some Hilbert space. See also [Kus05] for details on orthogo-
nally closed modules. On the other direction, study of Hilbert C*-modules over the
C*-algebras of compact operators is also interesting ([BG02a, Fra08, FS10]).

Proposition 1.2.28 ([Zet94, Man96a]). Let E be a Hilbert C*-module and let E =
Ey® Es be a topological direct sum (not necessarily orthogonal) of closed submodules.
Then there exists a new inner product on E equivalent to the given one with respect

to which given decomposition is orthogonal.

Proposition 1.2.29. Let E be a Hilbert C*-module. Then a closed submodule Ey of E
is complemented in E if and only if there exists a projection P € B*(E) onto Ej.

Proposition 1.2.30. Let E and F be Hilbert C*-modules over the same C*-algebra
and suppose that T € B*(E, F') has closed range. Then
(i) ker(T) is a complemented submodule of E.

(i1) ran(T) is a complemented submodule of F'.
(i) T* € B*(F, E) has closed range.

Observation 1.2.31. Suppose E, F' are Hilbert C*-modules and T' € B*(E, F).
(i) It is easy to verify that ran(T)t = ker(T*). But it need not be the case that
ker(T*)*= ran(T).
(ii) If T has closed range, then from proposition 1.2.30 we can get E = ker(T") &
ran(T*) and F = ran(T) &+ ker(T™).

(iii) If 7' does not have closed range, then neither ker(7") nor ran(7") need be com-

1

plemented.

(iv) If T has closed range, then ran(7") = ran(T'T™*). Since T* also has closed range,
ran(T™*) = ran(T*T).

(v) In general we have ran(7") = ran(77™*) and ran(7*) = ran(T"T).

Definition 1.2.32. A Hilbert B-module is called complementary, if it is complemented

in all Hilbert B-modules where it appears as a submodule.

14
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Proposition 1.2.33. Self-dual Hilbert C*-modules are complementary.

1.2.5 Isometries and unitaries

Definition 1.2.34. Suppose B is a C*-algebra and E, I’ are Hilbert B-modules. An
1sometry between E and F'is a map V : E — F' that preserves inner products, i.e.,

(Va,Va') = (x,2') for all z,2" € E.

Proposition 1.2.35 ([Lan94]). For a map V : E — F the following are equivalent:
(i) V is an isometry.
(i) V' is B-linear and ||Vz| = ||z|| for all z € E.

In Hilbert space case a map V' is an isometry if and only if V*V = id. But in
Hilbert C*-module theory this is not the case. Because isometries are not adjointable

in general.

Proposition 1.2.36. An isometry V : E — F is adjointable if and only if the ran(V)

s complemented in F.

Corollary 1.2.37. For a map V : E — F the following are equivalent:
(i) V is an isometry with complemented range.

(ii) V € BYE,F) and V*V =idg.

Definition 1.2.38. A map between Hilbert C*-modules is called unitary if it is a
surjective isometry. Two Hilbert B-modules F and F' are said to be isomorphic, and

write £/ = F'| if there exists a unitary U : 2 — F.
Proposition 1.2.39. For a map U : E — F the following are equivalent:
(i) U is unitary.

(i) U is adjointable with U*U = idp and UU* = idp.

Proposition 1.2.40. Let E and F' be Hilbert C*-modules and T' € B*(E, F). If T and
T* have dense range, then E = F.

15
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Proposition 1.2.41 ([Lin92, Proposition 2.6]). Let E, F' be Hilbert C*-modules. If there
exists an invertible map T € B*(E, F), then E = F.

Proposition 1.2.42 ([Lin92, Proposition 2.7]). Let E and F be two Hilbert C*-modules
such that B"(E) = B*(E). If there exists an invertible map T € B"(E, F), then
E=F.

Given Hilbert C*-modules over a C*-algebra B one may ask whether they are
isomorphic as Banach B-module or as Hilbert B-module ([Lan94, Fra97a, Fra99,
Bro85]). Recall that two Hilbert spaces are isomorphic as Banach spaces if and only
if they are unitarily isomorphic if and only if they are isometrically isomorphic. L.
G. Brown ([Bro85]) gave examples of Hilbert C*-modules which are isomorphic as

Banach C*-modules but which are nonisomorphic as Hilbert C*-modules.

Theorem 1.2.43 ([Fra97a]). Let B be a C*-algebra and E be a right Banach B-module
with two B-valued inner products (-,-)1, (-, Yo which induce norms equivalent to the
given one. Then the following conditions are equivalent:
(i) The Hilbert B-modules (E,(-,-)1) and (E, (-, -)2) are isomorphic as Hilbert C*-
modules.
(ii) The Hilbert B-modules (E,(-,-)1) and (E,(-,-)2) are isometrically isomorphic
as Banach B-modules.
(iii) The C*-algebras X(E, (-,-)1) and KX(E,(-,-)2) are *-isomorphic.
(iv) The unital C*-algebras B*(E, (-,-)1) and B*(E, (-,-)2) are x-isomorphic.

Theorem 1.2.44 ([Man96a, Theorem 2.6]). Let E be a Hilbert C*-module over a W*-
algebra and let T € B*(E) is such that all its powers are uniformly bounded (i.e.,
|T™|| < r for some r € R and for all n € N). Then there exists an inner product

equivalent to the given one so that T s unitary with respect to this inner product.

Theorem 1.2.45 ([Fra90, Theorem 2.6]). If a Hilbert C*-module (E, (-,-)) over a C*-
algebra B is self dual, then every B-valued inner product (-,-)' on E inducing an
equivalent norm to the given one fulfills the identity (-,-) = (T'(:),T(-)) on E X E

for a unique positive invertible bounded B-linear operator T on E.

16
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Theorem 1.2.46 ([Fra99, Theorem 4.1]). Suppose B is a C*-algebra.

(i) If E is a countably generated right Banach B-module, then every pair of B-
valued inner products on E inducing equivalent norms to the given one defines
unitarily isomorphic Hilbert C*-module structures on E.

(ii) Two countably generated Hilbert B-modules are isomorphic as Hilbert B-modules
if and only if they are isomorphic as Banach B-modules if and only if they are

1sometrically isomorphic as Banach B-modules.

Theorem 1.2.47 ([Fra99, Theorem 4.2]). Let B be a C*-algebra and E be a Hilbert B-
module. Then any two B-valued inner products on E which induce equivalent norms
are pairwise unitarily isomorphic if every bounded B-linear operator on E possesses

an adjoint operator.

Proposition 1.2.48 ([Fra99, Proposition 5.3]). Let B be a C*-algebra and E be a Hilbert
B-module possessing two isomorphic B-valued inner products (-,-)1 = (T'(-),T(-))2,
where T' € B (E) is invertible.
(i) The operator T possesses an adjoint operator w.r.t (-,-)1 if and only if it has
an adjoint w.r.t (-, -)s.
(ii) IfT is adjointable, then the operator C*-algebras B*(E, (-,-)1) and B*(E, (-, -)2),
K(E,(-,-)1) and KX(E, (-, -)2) coincide pairwise as sets of bounded B-linear op-

erators on E.

Proposition 1.2.49 ([Fra99, Proposition 5.4],[JT91]). Let Ey, Ey be Hilbert C*-modules
over a C*-algebra B. If By = Es, then the corresponding C*-algebras of all compact/

adjointable B-linear operators are pairwise x-isomorphic. The converse is not true.

Definition 1.2.50. Let E and F' be Hilbert C*-modules. An element V' € B*(E, F)
is called a partial isometry if Fy= ran(V') is complemented in F' and there exists a

complemented submodule Ej of E such that V : Fy — Fj is unitary and V(EOL) =

{0}.

Proposition 1.2.51. For a map V € B*(E, F) the following conditions are equivalent:
(i) V is a partial isometry.

(ii) V*V is a projection in B*(E).

17
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(i) VV* is a projection in B*(F).
(iv) V = VV*V.
(v) V* = V*VV*

Adjointable operators between Hilbert C*-modules do not generally have a polar
decomposition. But under certain conditions we have a version of polar decomposi-

tion.

Proposition 1.2.52. Let E and F be Hilbert C*-modules and T € B*(E, F') be such
that ran(T) and ran(T*) are both complemented. Then there exists a partial isometry
V € BYE,F) such that T =V |T.

Proposition 1.2.53 ([Lin92, Lemma 2.4]). Let E be a Hilbert C*-module and T €
BYE). If T has a closed range, then E = ker(T') @ ran(|T|). In particular, T has a
polar decomposition T =V |T| in B*(E).

1.3 Topology of B“(F)

In this section we discuss different topologies of B%(E) other than the norm topology.

1.3.1 x-strong topology

Definition 1.3.1. Let E, F' be Hilbert C*-modules. The x-strong topology on B*(E, F)

is the locally convex Hausdorff topology generated by the two families
T |[Tzl|, Tw|T"y| (reE, yeF)

of semi-norms.

Observe that a net {7}, },ea converges in x-strong topology if and only if {7}, }aea
and {T},en converges strongly. Since E(FE, E) is total in E we can see that any
approximate unit {Q, taea for KX(E) converges x-strongly to idg. In fact, {TQu }aca
converges *-strongly to T for all T' € B(E).

18
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Proposition 1.3.2. Suppose E, F' are Hilbert C*-modules. Then
(i) B*(E, F) is complete in the x-strong topology.
(ii) The unit ball of K(E, F) is x-strongly dense in the unit ball of B*(E, F).
(iii) If C is a x-strongly dense C*-subalgebra of B*(E), then the unit ball of C is
x-strongly dense in the unit ball of B*(FE).

Proposition 1.3.3. If B is a o-unital C*-algebra and E is a full Hilbert B-module,
then there is a sequence {xy,}nen in E such that > (x,,x,) converges x-strongly to
1 in M(B).

1.3.2 B%FE) as a multiplier algebra

Definition 1.3.4. Let A, B be C*-algebras and let E' be a Hilbert B-module. A rep-
resentation of A on E is a x-homomorphism 7 : A — B%(E), and is said to be

nondegenerate if spanT(A)E = E.

If A is unital, then 7 is nondegenerate if and only if 7 is unital. Note that
Ey = span7(A)E is invariant under the action of A, so that 7 : A — B*(Ep) is

always nondegenerate.

Proposition 1.3.5. Suppose Ay is an ideal in A and 7 : Ay — B*(E) is a nondegen-
erate x-homomorphism. Then T extends uniquely to a x-homomorphism T : A —

BYE). If T is injective and Ay is essential in A, then T is injective.
Corollary 1.3.6. If B is a C*-algebra, then M(B) = B*(B) as C*-algebras.

Theorem 1.3.7. Let B be a C*-algebra.

(i) The algebra B*(B) is an essential extension of K(B) which is mazimal in the
sense that if KX(B) is an essential ideal in a C*-algebra C, then there is an
injective x-homomorphism from C to B*(B) whose restriction to K(B) is the
identity map.

(i) If the C*-algebra C is a mazimal essential extension of B, then there is a *-

isomorphism from C onto B*(B) whose restriction to B is the canonical map

from B to K(B).
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Proposition 1.3.8. Suppose that 7 : A — B*(E) is a nondegenerate injective -
homomorphism and let I be the idealiser of T(A) in B*(E); that is,

I={T € BYF): Tt(A) C7(A) and 7(A)T C 7(A)}.
Then T extends to a x-isomorphism between M(A) and I.
Theorem 1.3.9 ([Kas80]). As C*-algebras B*(K(E)) = M(K(E)) = B*(E). In par-

ticular the Hilbert C*-modules E and X(E) have the same C*-algebra of adjointable

operators.

Proposition 1.3.10. For a x-homomorphism 7 : A — B*(E), the following conditions
are equivalent:
(i) 7 is nondegenerate.
(ii) 7 is the restriction to A of a unital x-homomorphism T : M(A) — B (E)
which is x-strongly continuous on the unit ball.
(iii) For some approzimate unit {e,}aen of A, {T(€a)}aca converges x-strongly to

1dp.

Observation 1.3.11. In fact, if (iii) holds for one approximate unit, then it must holds

for any other approximate unit.

1.3.3 Strict topology

Suppose £ is a Hilbert C*-module. Being the multiplier algebra of X(E) we equip
B¢(FE) with a new topology.

Definition 1.3.12. The strict topology on B*(E) is the locally convex Hausdorff topol-
ogy generated by the two families

T |TQl, T |T*Q| (Q € X(E))

of semi-norms.

Observation 1.3.13. The strict topology is finer than the *-strong topology.
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Proposition 1.3.14. The strict topology and the x-strong topology of B*(E) coincide

on bounded subsets.

Corollary 1.3.15. Suppose E is a Hilbert C*-module.

(i) Any approzimate unit for K(E) converges strictly to idg.

(ii) (The unit ball of ) K(F) is strictly dense in (the unit ball of ) B*(E).
(iii) B*(E) is complete in the strict topology.

Definition 1.3.16. Let A, B be C*-algebras and F be a Hilbert B-module. A CP-map
¢ A — BYE) is said to be strict if {p(eqs)}aea is strictly Cauchy in B*(E) for

some approximate unit {e, }aep of A.

Remark 1.3.17. The unit ball of B*(E) is complete for the strict topology. So ¢ :
A — B*(E) is strict if and only if there is a positive element 7' € B*(E) with
IT]| < |||l such that {p(ey)} — T strictly.

Proposition 1.3.18. Suppose that A, B are C*-algebras, E, F are Hilbert B-modules,
m: A — BYF) is a nondegenerate x-homomorphism and W € B*(E,F). Then
¢ A— BYE) defined by p(a) := W*r(a)W is a strict CP-map.

Theorem 1.3.19. Suppose that A, B are C*-algebras and E is a Hilbert B-module.
If o + A — B*E) is a strict CP-map, then there exists a Hilbert B-module F,
a *-homomorphism = : A — B*(F) and an element W € B*(E,F) such that
spanT(A)WE = F and p(a) = W*n(a)W for alla € A.

Definition 1.3.20. The unique (up to unitary equivalence) triple (F, 7, W) obtained

from ¢ as in above theorem is called the KSGNS-construction associated with .

If F = B = C, then the KSGNS-construction reduces to the classical GNS-
construction. If B = C (so that F' is a Hilbert space), then we get the Stinespring’s
construction. In the context of Hilbert C*-modules the construction was given by

Kasparov ([Kas80], [Mur97, Theorem 2.4]).
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Corollary 1.3.21. Suppose that A,B are C*-algebras, E is a Hilbert B-module and
v : A — BYE) is a CP-map. Then ¢ is strict if and only if there is a CP-map
o M(A) — BYE), strictly continuous on the unit ball, whose restriction to A is
equal to @. Also, ¢ is unital if and only if {¢(€q)}aca converges strictly to idg in

BYE) for some approrimate unit {ey}tacn of A.

Proposition 1.3.22. Suppose that A, B are C*-algebras and E is a Hilbert B-module.
Then for a x-homomorphism w : A — B*(E) the following are equivalent:

(i) spanw(A)E is complemented submodule of E.

(ii) 7 is the restriction to A of a x-homomorphism 7 : M(A) — B*(E) which is

strictly continuous on the unit ball.

(iii) 7 us strict.
If these conditions hold then 7(1), which is the strict limit of {p(eqs)}tacn for an
approzimate unit {eq,}aca of A, is the projection from E onto spanm(A)E.

Following Lance’s convention ([Lan95]), from here onwards, by a strict map from
BYE) — B*(F) we always mean a bounded linear map which is strictly (and hence
x-strongly) continuous on bounded subsets. Note that since B*(FE) = M(B*(E)),
from Corollary 1.3.21, this definition coincides with Definition 1.3.16.

1.4 von Neumann modules

1.4.1 Two-sided Hilbert C*-modules

Definition 1.4.1. Suppose A, B are C*-algebras. A Hilbert B-module E with a non-
degenerate x-homomorphism 7 : A — B*(E) is called Hilbert A-B-module or A-B-

correspondence.

If E is a Hilbert A-B-module, then we may consider A C B*(E), and we denote
7(a) by a itself and thereby 7(a)xr = az for all x € E, a € A. Since 7 is contractive

automatically, [laz|| < |7l la[| ||z]] < {la] [l=]-

Definition 1.4.2. Suppose E and F' are Hilbert A-B-modules. A linear map ¢ : £ —
F is said to be A-B-linear (or bilinear) if ®(axb) = a®(x)b Yaec A be B, x € E.
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The space of all bounded, adjointable and bilinear maps from E to F' is denoted
by BY(E, F). If E = F, then B*"(E) := B*"(E F). Note that B4 (E) is the
relative commutant of the image of A in B*(E).

The complement of an A-B-submodule F is again a A-B-submodule. The range
of a projection P is an A-B-submodule if and only if P € BY(E).

Example 1.4.3. Suppose A, B are C*-algebras.

(i) If £ is a Hilbert B-module, then E is a Hilbert B*(E)-B-module with left
action given by 7(a)z := ax for all x € E, a € B*(E). Moreover, E" is a
Hilbert M, (B*(E))-B-module with an obvious left action.

(ii) If E is a Hilbert A-B-module, then A has a homomorphic image in B*(E).
Therefore M, (A) has a homomorphic image in M, (B*(EF)) so that E" is a
Hilbert M, (.A)-B-module.

(iii) If £ is a Hilbert A-B-module, then E,) can be made into a Hilbert A-M, (B)-
module.

(iv) If E is a Hilbert A-B-module, then M, (E) is a M, (A)-M,(B)-module with
module actions resembles usual matrix multiplication. Moreover, M, (E) is
a Hilbert M, (A)-M,(B)-module with inner product given by ([z], [#};]) :=
i, )]

Lemma 1.4.4. Let E and F be pre-Hilbert modules over a C*-algebra B. Suppose
X CFE andY C F are subsets such that span XB = E and spanY B = F. Suppose
a:X — F anda*:Y — E are maps such that (y,ax) = (a*y,x) for allz € X, y €
Y. Then a extends to a (unique) a € L*(E, F) whose adjoint is the unique extension
of a* € L*(F, E).

Lemma 1.4.5. Let A, B be C*-algebras and X be a subset of a pre-Hilbert B-module
E such that span XB = E. Suppose A > a —— (ﬂ(a) X — X) are well defined
maps such that (x,m(a)z’) = (w(a*)z,2') and w(a)w(d') = w(ad) for all z,z' €
E, a,a’ € A. Then m coextends' to a unique contractive x-homomorphism from

A — BY(E) and further from A — BY(E).

[INote that under the given conditions m(a) : X — X will be automatically linear.
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Suppose FE, F' are Hilbert modules over the C*-algebras B and C respectively.
The above Lemma provides a method to define a left action of A on B*(F'). For the
special case when A = B*(E), Proposition 1.3.10 and Theorem 1.3.9 asserts that:
A nondegenerate left action of K(F) on F extends to a left action (strict unital

s-homomorphism) of B*(E) on F.

1.4.2 Representation of Hilbert C*-modules
Definition 1.4.6. Let M be an algebra with subspaces B;;(i,j = 1,...,n) such that

Bll A Bln
M= : : (e, M =@};_,By;).
Bnl e Bnn

We say M is a generalized matriz algebra (of order n) if the multiplication in M is
compatible with the usual matrix multiplication, i.e., if BB" = [}, byby,] for all
B = [bjj] and B" = [b;,] in M. If M is also a normed or a Banach algebra, then we
say M is a generalized normed and a generalized Banach matriz algebra respectively.
If M is also a *-algebra fulfilling B* = [b};], then we say M is a generalized matriz
x-algebra. If M is also a (pre-)C*-algebra, then we call M a generalized matrix
(pre-)C*-algebra.

Proposition 1.4.7. Let M be a matrix pre-C*-algebra. Then M 1is complete if and

only if each B;j is complete with respect to the norm induced by the norm of M.

If H;, i = 1,...,n are Hilbert spaces, then B(®H;) = [B(H;, H;)| is a matrix
C*-algebra. Now if I : M — B(H) is a (nondegenerate) representation of a matrix

x-algebra M = [B,;] on a pre-Hilbert space H, then H decomposes into the subspaces
Hi = Span H(BH)H and that H(BZ]) Q Ba(Hj, Hz) Clearly, H(M) = [H(Bwﬂ

Definition 1.4.8. A matriz von Neumann algebra on a Hilbert space H = @' | H; is

a strongly (or weakly) closed matrix *-subalgebra M = [B,;] of B(H).

Clearly, a matrix von Neumann algebra M is a von Neumann algebra with unit

equals the sum of the units of the diagonal von Neumann subalgebras B;;.
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Proposition 1.4.9. Let M = [B,;] be a matriz pre-C*-subalgebra of the von Neumann
algebra B(®}_H;). Then M is strongly (weakly) closed, if and only if each B;j is
strongly (weakly) closed in B(H;, H;).

Proposition 1.4.10. Let M = [B,;] be a matriz von Neumann algebra on &} H; and
let b € B;;. There exists a unique partial isometry v € B;; such that b = v |b| and
ker(v) = ker(b).

Suppose B is a C*-algebra and FE is a Hilbert B-module. We define

|

which is clearly a vector space under entrywise operations. Similarly define

B E
E BY(E)

b x*

' a

AE) =

:beB, x,7 € E, aefia(E)}

By E*
E X(E)

B £

A = E X(E)

and  A'(E) =

which are subspaces of 2(E). It can be seen that 2(FE) is a *-algebra with multi-

plication and involution defined by

by xi| |by 3 biby + (x1, 25)  (x2bt + ajx)* q boat] bt a*
an =
Ty oar| |7 as

* a
respectively, and A°(F) and 2'(FE) are matrix *-subalgebras of 2A(E).
It is known that 2(E) has a (unique) C*-norm extending the norm of B ([Ske00]).

/ / /
105 + a1, 175 + aras

Moreover, the restriction of such a norm to F, E* and B%(E) coincide with the
original norms on E, E* and B%(FE), respectively. The C*-norm can be find by
extending a faithful representation of B to a representation II of A(£) on a Hilbert
space. Moreover, such a representation decomposes this Hilbert space into subspaces
G and H such that the representation maps E to a subset of B*(G, H). Thus, any
Hilbert module can be considered as a space of operators between two Hilbert spaces
([Mur97, Ske00]).

Let 7 be a representation of B on a Hilbert space GG. Define a sesquilinear form
on E®G by (z®g,2' ®g') = (g,n((x,2’))g’), which is a semi-inner product on
E ® G. Suppose Ngg¢ is the set of all null vectors, and H is the completion of the
pre-Hilbert space £ © G := E® G/Nggg. We let x ® g denote the equivalence class

25



1.4. VON NEUMANN MODULES CHAPTER 1.

containing = ® g. To each = € E associate a linear map L, : g — 2 ® g in B*(G, H)
with adjoint L% : 2’ ® g — m({x,2'))g. Define maps n: E — B*(G, H) by n(z) := L,
and n* : E* — BY(H,G) by n*(«*) := L. Note that w({x,z’)) = n*(z*)n(z’) and
n(xb) = n(x)w(b) for all z,2’ € E, b € B. If 7 is an isometry, then so is 7.

Definition 1.4.11. The pair (H,n) is called the Stinespring representation of E asso-

ciated with .

To each a € B(FE) the map 2®g — ar®g on E®G induces a map p(a) € B(H).

Clearly, the map p : a — p(a) defines a nondegenerate unital representation of B*(E)

on H. Moreover, IT := [W 7 ] (acting matrix element-wise) defines a (nondegenerate,
np

if 7 is) representation of 2A(E) on H. If 7 is isometric, then so are p and II.

Definition 1.4.12. We refer to the pair (H,p) as the Stinespring representation of
BYE) associated with w. If E is a Hilbert A-B-module, then by p4 we mean the
representation A — B*(E) — B*(H) of Aon H. We refer to the pair (H, p4) as the
Stinespring representation of A associated with E and 7. If we are interested in both

n and p, then we refer also to the triple (H,n, p) as the Stinespring representation.

Note that if 7 is an isometric representation of B on GG, then II defines a isometric
representation of A(E) by bounded operators on G & H, and there by 20(F) forms

matrix pre-C*-algebra.

Definition 1.4.13. The matrix pre-C*-algebra 20(FE) is called the extended linking
algebra of E. The x-subalgebras 21°(E) and 2A!(E) are called the reduced linking
algebra and the linking algebra of E, respectively.

Suppose B is a C*-algebra and E is a Hilbert B-module. As in Observation
1.2.16, we may consider B C B*(B) and E C B%(B, E) via the identifications b — [,

and x — r,, respectively. Then

B FE*

TE= 1 x
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and

B E*
E B(E)

BY(B) BYE,B)

AE) = B(B,E) B(E)

— BB E).

If B is unital, then 2(E) = B*(B & E).

1.4.3 von Neumann modules

In this Section B C B(G) is always a von Neumann algebra acting nondegenerately
on a Hilbert space GG, unless stated otherwise explicitly. For a Hilbert B-module F
we denote by H the completion £ ® G of E©G. We always identify z € £ with
L, € B(G, H) and a € B*(E) with p(a) € B(H), and thereby consider £ C B(G, H)
and B*(F) C B(H).

Definition 1.4.14. A von Neumann B-module is a pre-Hilbert B-module F for which
2A(F) is a matrix von Neumann algebra on G @ H. The strong topology on F is the
relative strong topology of A(E).

Example 1.4.15. Let B = B(G). Then a von Neumann B-module E is necessarily all
of B(G, H). Moreover, B*(E) = B(H).

Proposition 1.4.16. A pre-Hilbert B-module E is a von Neumann B-module if and
only if E is strongly closed in B(G,H) C B(G @ H). In particular, if E is strongly

closed, then B*(E) is a von Neumann algebra.

Proposition 1.4.17. The B-functionals are strongly continuous maps from E — B.
For all x € E the map B*(F) > a — ax € E is strongly continuous. For all
a € B*(E) the map E > x — ax € E is strongly continuous.

Proposition 1.4.18. The unit-ball of F(E) is strongly dense in the unit-ball of B*(E).

Definition 1.4.19. Let {E,}aca be a family of von Neumann B-modules and denote
E = ®4crF,. Then setting H, = E, ® G and H = E ® G, we have H = ©penH,

. . . =S o~
in an obvious manner. By the von Neumann module direct sum E~ = @, 5 E, we
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mean the strong closure of £ in B(G, H).
Theorem 1.4.20. Any von Neumann B-module E is self-dual.

Corollary 1.4.21. A subset X of a von Neumann module E is strongly total, if and
only if (', z) =0 for all ' € X implies x = 0.

Proposition 1.4.22 ([Ske00, Proposition 5.1]). Let Ey be a strongly dense submodule of
a von Neumann B-module E. Then any B-functional ¢ on Ey extends to a (unique)

B-functional ¢ on E. Moreover, ||| = ||¢].

Theorem 1.4.23 ([Ske00, Theorem 5.2],[Lin92, Theorem 3.8]). Any B-functional ¢ on
a B-submodule Ey of a von Neumann B-module E may be extended norm preserving

and uniquely to a B-functional on E vanishing on Ej-.

Corollary 1.4.24 ([Ske00, Corollary 5.3]). Let E,F be von Neumann B-modules and
Eq a submodule of E. Then any map in B"(Ey, F) extends uniquely to a map in

BY(E, F) having the same norm and vanishing on Ej.
Proposition 1.4.25. A von Neumann B-module has a pre-dual.

Theorem 1.4.26. Let E be a pre-Hilbert module over a W*-algebra B. For any normal
representation ™ of B on G denote by n, the Stinespring representation associated
with w. Then the following conditions are equivalent:
(i) n=(F) is a von Neumann 7(B)-module for some faithful normal representation
7 of B.
(i) n.(E) is a von Neumann 7(B)-module for every faithful normal representation
T of B.
(iii) E is self-dual.

Corollary 1.4.27. Let E be Hilbert C*-module over a W*-algebra B. Then E" is a
self-dual Hilbert B-module.
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1.4.4 Two-sided von Neumann modules
Suppose A is a C*-algebra and B C B((G) is a von Neumann algebra acting nonde-

generately on a Hilbert space G.

Definition 1.4.28. A von Neumann B-module E with a nondegenerate x-homomorphism

from A — B*(E) is called a von Neumann A-B-module.

From Proposition 1.4.17 we know that the action of any operator a € A on a
von Neumann B-module E is strongly continuous, so that the action of a € A from

a strongly dense subset of E can be extend to all of £ (Proposition 1.4.22).

Definition 1.4.29. Suppose A is a von Neumann algebra. A von Neumann A-B-
module £ such that A > a — (z,ax) € B is a normal map for all x € E is called

two sided von Neumann A-B-module.

Lemma 1.4.30. Suppose E is a von Neumann B-module, A is a von Neumann algebra
and there exists a nondegenerate x-homomorphism from A — B*(E). Then the
following conditions are equivalent:

(i) E is a two-sided von Neumann A-B-module.

(ii) Maps A> aw (x,az’) € B are o-weakly continuous for all z,2’ € E.

(iii) The canonical representation pa of A on H =E ® G is normal.

Definition 1.4.31. Suppose B is a C*-algebra. The B-center of a Hilbert B-B-module

E' is the linear subspace
Cp(E)={r € E:xb="0bx for all b € B}

of E. In particular, Cz(B) is the center of B.

Proposition 1.4.32. Suppose B is a C*-algebra and E is a Hilbert B-B-module. Then

(Ca(E).Ca(E)) € Cs(B).
Corollary 1.4.33. If E is a Hilbert B-module (respectively, a von Neumann B-module),
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then Cg(E) is a Hilbert Cg(B)-module (respectively, a von Neumann Cg(B)-module).

Corollary 1.4.34. Each element in the B-linear span of Cg(E) commutes with each
element in Cp(B).

1.5 Tensor product of Hilbert C*-modules

1.5.1 Interior tensor product

Let A, B and C be C*-algebras. Given a Hilbert B-module F and a Hilbert B-C-
module F' consider the vector space tensor product F ® F, with the module action

given by (x @ y)c :=x @ yc for x € E, y € F, ¢ € C, and define

<$1 @ Y1, T2 ®Z/2> = <y1, <$1,362>y2> x, € B,y €F. (1.5.1)

Then (-, -) is a sesquilinear form which makes £ ® F' into a semi-inner product C-
module. Set Nggr = {2z € EQF : (z,z) = 0}. We let z ®y denotes the equivalence
class in E©, F' := (£ ® F')/Nggr containing the element  ® y. The completion
E ©p F of the inner product C-module £ ©, I’ is called the interior tensor product
of £ and F'. We may simply write £'® F' and F'® F instead of £ ©, F' and E O F
respectively, if there is no ambiguity about B. In the above situation if F is a
Hilbert A-B-module, then E ® F' is a Hilbert A-C-module with left action given by
a(x ®y) :=ax ®y (see Corollary 1.5.6).

We define the algebraic tensor product E®p F of E and F over B as the quotient
of F ® F by the subspace Np generated by elements of the form zb ® y — 2 ® by
where v € E, y € F, b € B. It can be shown that Nggr = Ng (see for example
[Lan95, Chapter 4]). Thus £ ®z F = (E ® F)/Nggr as vector spaces. Therefore
(1.5.1) defines an inner product on E ®p F', the resulting inner product C-module is
nothing but £ ©, F'. So E'® F can be also thought of as the completion of £ ®p F

under the norm induced by the inner product.
Observation 1.5.1. The interior tensor product is associative. More precisely (E; ®

Ey))®OF; = E10(Ey®Es) via (x10x2)Oxs — 110 (290x3). Also it is distributive over
addition, i.e., (E1@E)OF = (E1OF)®(Ey0OF) via (x1®12) 0y — (210y)®(220y).

30



CHAPTER 1. 1.5. TENSOR PRODUCT OF HILBERT C*-MODULES

Observation 1.5.2. For unital B, we identify always E© B and E (via © ® b — xb),
and we identify always BO F and F' (via b ® y + by). For nonunital B, observe
that E©@ B = F and B® F = F. Also via the identification z* ® 2/ — (x,2’) we

have E* Opo ) £ = span(E, E) and E* Opa(p) £ = 5pan(L, E) = Bg.

(B)
Observation 1.5.3. Note that B does not appear explicitly in the inner product
(1.5.1). So, if B’ is another pre-C*-algebra containing Br as an ideal, and act-
ing on F' via a representation such that the action of the elements of B is the same,

then E ®p F is the same Hilbert C*-module E ®g F'.

Proposition 1.5.4. Let Ey, E5 be Hilbert B-modules and a € B*(Ey, Ey). Then a®id :
r Oy axr ®y defines an operator on Fy © F — FEy © F with adjoint a* ® id and
la ®id|| < ||a||. Moreover, the map a — a ® id is a unital x-homomorphism from

BYE) into B*(E ® F) which is strictly continuous on the unit ball of B*(E).

Corollary 1.5.5. Suppose x € E C B*(B,E). Then x ®id:y— x ®y is a map from
F=BoF - EOF, and x* ©id: ' ©y w— (x,2)y is its adjoint. If x is a unit
vector, then x ®id is an isometry. In particular, (z* ®id)(x ©id) = z*x ©id = idp
and (z ® id)(z* ® id) = xx* © id is a projection onto the range of x ® id. Also
|z ©@id|| = ||7(|=])|| < ||x|| where T is the left action of B on F.

Corollary 1.5.6. If E is a Hilbert A-B-module and F is a Hilbert B-C-module, then
E ® F is a Hilbert A-C-module with left action a(z © y) == ax © y.

Example 1.5.7. M,i(E)® My (F) = M, (E® F) via the identification [z;;] ® [y;;] —
Dk ik © yasl-

Theorem 1.5.8. Suppose B is a unital C*-algebra, E is a Hilbert B-module with a
unit vector, and F is a Hilbert B-C-module. Then for each a € B¥Y(F) the map
Oy — rOay extends as a well-defined map id®a € B*(E ® F). Moreover, the map

a — id®a is an isometric isomorphism from BY(F) onto the relative commutant of

BYE)®id in BY(E ® F). In other words, (B*(E)®id) = id® B (F) = BuY(F).
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Proposition 1.5.9. Suppose A,B,C are von Neumann algebras, E is a two-sided
von Neumann A-B-module, and let F' be a two-sided von Neumann B-C-module
where C acts on a Hilbert space K. Then the strong closure EQ°F of EQF in
BYK,E®F oK) is a two-sided von Neumann A-C-module.

Theorem 1.5.10 ([MSS06, Theorem 1.4]). Let B,C be C*-algebras, E be a Hilbert
B-module, F' be a Hilbert C-module and let 9 : B*(E) — B(F) be a unital *-
homomorphism which is strictly continuous on bounded subsets. Then Fy := E*® F
is a correspondence from B to C and the formula U (210 (z30y)) := d(z123)y defines
a unitary U : E® Fy — F such that ¥(a) = U(a ® idp, ) U* for all a € B*(E).

Remark 1.5.11. The multiplicity correspondence in the above representation theorem

is unique provided E is full ([MSS06, Theorem 1.8]).

See [Rie74a, Lan95, Ske00, Ble97a] for details on interior tensor product.

1.5.2 Haagerup tensor product

Suppose X and Y are two operator spaces. Given x = [z;;] € M, ;(X) and y =
[yi;] € My, (Y) we let 20y denotes the n x n matrix [ >, 24 @yy;] in M, (X QY).
Note that [ (A\y) = (z\) Dy for all scalar matrices A\. Given z € M, (X ®Y) define

|2, == inf { S il lwill : 2 =Y 2 By i € My (X), 9 € My u(Y),m, iy € N}
1=1 =1
:inf{ x| [yl : 2 =2 By,x € Myp(X),y € Mpn(Y), k € N}. (1.5.2)

(See [BP9I1, Lemma 3.2] which states that sums appearing in the definition can be
avoided . In fact, the infimum in (1.5.2) is attained [ER91, Proposition 3.5]). If
n =1, that is, if z € X ® Y, then

k
211, = inf {3 ia;
=1

k
where |30, )

denotes the norm of [y, -+ ,yx]" € Mg1(Y). Note that these expressions makes

k k
AN gl 2= woneX vk eN}
1=1

=1

* denotes the norm of (21, -+, 2] € My (X) and ||Ef:1 y;‘y,H%

sense when X and Y are C*-algebras. Usually ||-||; is denoted by ||-||,. It is known
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that [|-]|, is a norm on M, (X ®Y) for all n € N and satisfies Ruan’s axioms, so that
(X @Y, {|]|l,, }nen) is an operator space. The completion is known as the Haagerup
tensor product of X and Y and is denoted by X ®p, Y.

Observation 1.5.12. If X; (i = 1,2,3) are operator spaces, then (X; ®; X3) ®p X3 =
X; On (X2 ®p X3) completely isometrically, i.e., Haagerup tensor product is asso-
ciative. Also we have a natural isometry M,, (X1 ®p Xo) = M, 1(X71) ©p My, (X2)
for all m,n € N.

Observation 1.5.13. If X;,Y; are operator spaces and if T} : X; — Y, are completely
bounded, then the mapping x1 @y — T1(21) @ To(z2) on X;® X5 induces a CB-map
T1 ® T2 . X1 ®p Yi — Xg ®p ng such that ||T1 ® TQ”cb S ||T1||cb ||T2||cb‘

Suppose A is a C*-algebra. An operator module over A is an operator space X
which is also a module over A such that the action is a completely contractive bilinear
map. Hilbert C*-modules are operator modules. A left A-operator module X is
said to be essential if span AX = X, and similarly for right modules. Using Cohen’s
factorization theorem ([Coh59],[Rie67, Proposition 3.4]), we can have span AX =
{az :a € Ajx € X} = {x € X : eqx — x}, where {e,}aca 18 any approximate
unit for A.

Lemma 1.5.14. If X is an (essential) left A-operator module and if Y is any operator
space, then X ®n Y is an (essential) left A-operator module. Similarly, if X is an
(essential) right A-operator module, then Y ®p X is an (essential) right A-operator

module.

Suppose X is a right A-operator module and let Y be a left A-operator module.
A bilinear map ¢ : X x Y — Z is said to be balanced if ¢(za,y) = ¢ (z, ay) for all
reX, yeY, ae A

Theorem 1.5.15 ([BMP0O, Theorem 2.3]). Let X be an right A-operator module and

let Y be a left A-operator module. Up to complete isometric isomorphism, there

exists a unique pair (£, ®pa), where Z is an operator space and Opy : X XY — Z is
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a completely contractive balanced bilinear map whose range densely spans Z, with the
following unwversal property: Given any operator space Z and a completely bounded
bilinear balanced map ¢ : X xY — Z, there is a unique completely bounded linear
map ¢ : Z — Z with |¢]|, = ¢, such that ¢ o Gpa = 1.

We write X ©p4Y for Z, and continue to write ||-||, for the norm on X ®p4 Y.
We call X ®p4Y the module Haagerup tensor product of X and Y over A.

The existence of X ®p4 Y is proved by setting Z to be the quotient X ® Y/N
where N is the closure of the operator module subspace of X ®, Y spanned by
terms of the form xa ® y — z ® ay. Alternatively, we can define X ®p,4 Y as follows:
Consider the algebraic tensor product X ® 4 Y over A and define the sequence of
matrix seminorms by the formula (1.5.2), and take quotient by the nullspace of the

seminorm that we get.

Observation 1.5.16. Suppose A and B are operator algebras, X is a right A-operator
module, Y is a A-B-operator bimodule, and Z is a left B-operator module. Then
(X ©paY) Ons Z = X Opa (Y Opp Z) completely isometrically isomorphic. Thus

module Haagerup tensor product is also associative.

Observation 1.5.17. Suppose X1, Y] are right A-operator modules, X», Y5 are left A-
operator modules, and T} : X; — Y; are completely bounded A-module maps. Then
the map T} ® T, on Xy ®p, X, descends to the quotient space X; ®p4 Xo and maps
it into Y3 ®pa Ya. Obviously, |11 ©a 1o, < 11l 4 11121 -

Observation 1.5.18. It is easily shown, using Cohen’s factorization theorem, that for

an Hilbert B-module E¥ we have E O B = E.

Theorem 1.5.19 ([Ble97a, Theorem 4.1]). The interior tensor product of Hilbert C*-
modules is completely isometrically isomorphic to their module Haagerup tensor

product.

Theorem 1.5.20 ([Brii99, Theorem 3]). Let E be a Banach space which is also a
right B-module for a C*-algebra B. Suppose that B is faithfully and nondegenerately
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represented on a Hilbert space G. Then E is a Hilbert B-module (with its Hilbert
C*-module norm coinciding with the original norm) if and only if the following
conditions hold:

(i) The Haagerup tensor product E ®n5 G is a Hilbert space®.

(ii) The map ¢ : E — B(G, E Opp G°) given by ¥(x)(g) := x ® g is a (complete)

1sometry.

(iii) ¢ (z)*¢(x) € B for allx € E.

If these conditions hold, the (unique) inner product on E is given by (x,z') =

()Y (a').

See [BPI1, Ble97a, BMP00, ER91, PS87, Heo99] for details on Haagerup tensor
product.

1.5.3 More tensor products

Other than interior and Haagerup tensor product there are more Hilbert C*-module
tensor products, namely exterior tensor product, spatial tensor product, etc. Blecher
([Ble97a, Theorem 4.2]) proved that exterior tensor product of Hilbert C*-modules
is completely isometrically isomorphic to their spatial tensor product. Since we are
not going to deal with them we skip the details here. For details see, for example,

[Ble97a, Rie74a, Lan95].

1.6 Structure theorem for CP and CB-maps

Theorem 1.6.1 ([Pas73]). Let ¢ : A — B be a CP-map between unital C*-algebras A
and B. Then there exists a Hilbert A-B-module E with a vector x € E such that
o(a) = (x,az) for all a € A.

Note that z is a unit vector if and only if ¢ is unital.

Definition 1.6.2. A pair (E,z) obtained as in the Theorem 1.6.1 is called a GNS-
construction for v, and E is called a GNS-module. Such a pair is said to be a

minimal if x € E is a cyclic vector (i.e., E = span AzB).

[elGe denotes the Hilbert column space B(C,G) with its natural operator space structure.
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Remark 1.6.3. The GNS-construction (F, ) obtained in Theorem 1.6.1 can be chosen
to be minimal. Moreover, if (E’, ') is another such pair, then = — 2’ extends as a
two-sided isomorphism from F — E’. Thus, minimal GNS-constructions are unique

up to isomorphism, and henceforth, we call such a pair the GNS-construction.

Remark 1.6.4. Suppose B = B(G) for some Hilbert space G. Then from Section
1.4.2 we have the triple (H, pa, L;), where H =E 0 G, p: A — BY(E) — B(H) is
a unital representation and L, = n(x) € B(G, H), such that

o(a) = (x,ax) = Lipa(a)L, and H =3spanpyL,G.

If ¢ is unital, then L, is an isometry. Thus (H, pa, L,) is the usual Stinespring

representation.

Proposition 1.6.5 ([Pas73]). Let A be a C*-algebra, B be a von Neumann algebra
and let w1 > s be completely positive maps from A — B. If (E,z) is the GNS-

construction for oy, then there exists D € A' C B*(E") such that p(a) = (x, Daz)
for all a € A.

Observation 1.6.6. Suppose A is a C*-algebra and B is a von Neumann algebra acting

nondegenerately on a Hilbert space GG, and z, 2" are elements from the strong closure

E’ of the GNS-module E C B(G, E® G). Suppose x, 2’ are the strong limits of the

nets {To}tacn, {Ta toren, respectively, with z,, 2, € E. Then for all a € A, b € B,
(z,2") == sJim(s.lim(z, 7)) € B,

axr :=slimazx, € F,
o

zb:=gslimx,b e FE

are well defined elements.

Proposition 1.6.7. Let A be a unital C*-algebra, B be a von Neumann algebra and
let o : A — B be a CP-map with the GNS-module E.
(i) Then E° is a von Neumann A-B-module.

(i) If A is also a von Neumann algebra and ¢ is a normal CP-map, then E isa
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two-sided von Neumann A-B-module.

Observation 1.6.8. Suppose ¢; : A — B and ¢y : B — C are CP-maps between
C*-algebras with GNS-constructions (Fy, z1) and (Es, x2), respectively. Then

(2 0¢1)(a) = <332, (21, a$1>x2> = <331 ® Tg,a(r1 © iU2)>

so that (Ey ® Es,x1 ® x9) is a GNS-construction for ¢, 0 ¢1. If (E;, ;) are minimal

GNS-constructions for ¢;, then
span A(zq © x2)C C span (Az1B © x2C) = span (Ax1B ® BxsC) = E; © Es.

So (Ey ® Es,x1 ® x3) may not be minimal for ¢, o 1 even though (FE;, z;) are
minimal for ¢;. A similar observation can be made for normal CP-maps between

von Neumann algebras.

Theorem 1.6.9 ([Heo99, Theorem 1.1]). Let A, B be C*-algebras with B injective. If
v : A — Bisa CB-map, then there exists a Hilbert B-module E, a x-homomorphism
7: A — BYE) and vectors x1,x9 € E with the properties:

(i) p(a) = (x1,7(a)xs) for alla € A.

(ii) span{r(a)(x;b):a € A, be B, i=1,2} =E.

Proposition 1.6.10 ([Heo99, Proposition 2.2]). Let As, Ay, B be C*-algebras with B
injective. If ¢ 1 A1©, Ay — B is a CB-map, then there exists a Hilbert B-module E,
x-homomorphisms 7, : A; — B*(F) and vectors x1,x9 € E such that p(a; ® ag) =
(x1, 11 (a1)ma(az)xs) for all a; € A;, i=1,2.

1.7 Product system of Hilbert C*-modules

Definition 1.7.1. Let B be a C*-algebra. A family E2 = {E;};cg+ of pre-Hilbert
B-B-modules is called a tensor product system of pre-Hilbert modules or shortly
a product system, if Ey = B and if there exists a family {Us;}ser+ of two-sided

unitaries Uy, : B, © By — Egy, satisfying

Ur,s+t(id ® Us,t) = Ur—l—s,t(Ur,s ® Zd) \V/T, S,t € R+,
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where U o, Uy, are the identifications given in Observation 1.5.2. A product system
is said to be full if each Ej is full.

Once, Uy, is given, we always use the identification E; © Ey = Esyy. A product
subsystem of a product system EC = {FE,};cp+ is a family E'C = {E]}cp+ of B-
B-submodules E; of E; such that £, O E; = E.,,. We also define tensor product
system of two-sided Hilbert C*-modules E® and von Neumann modules E® | if

E,®E, = E.,and E,®° E, = E,, respectively.

Definition 1.7.2. A wnit for a product system E2 = {FE,;};cg+ is a family {2 =
{& }ier+ of elements & € E; such that £ ® & = &, in the identification F, ® E; =
FEsppand & = 1 € B = Ey. A unit is unital, contractive and central, if (§,&) =
1,(&, &) <1 and & € Cg(Ey), respectively for all ¢t € RT.

Definition 1.7.3. A left dilation (left semi-dilation) of a full product system E® to
a full Hilbert B-module F is a family of unitaries U; : E ® E; — FE such that
(xys)ze = x(ysz¢), where we define xy, := Uy(x © y;) for all ¢t € RT. If E is not full,
then {U;}ier+ is called a left quasi-dilation (left quasi-semidilation).

It is known that ([Ske09a, Proposition 6.3]) product system and left (semi-) dila-
tion are essentially “unique”. By setting 9V (a) := Uy(a ®idg,)U;, every left dilation
gives rise to a strict Ep-semigroup (i.e., semigroup of strict unital endomorphisms)
9OV = {9V },er+ on BY(E). Conversely, a strict Ey-semigroup 9© on B4(E) with F
a full Hilbert B-module give rise to a full product system E® of B-correspondences
and a left dilation {U;},cp+ such that 9© = 9°Y. Two strict Ej-semigroups on
the same B%(E) have isomorphic product systems if and only if they are “cocycle

conjugate”; see [Ske02, Ske09¢c, Ske09b] for details.

Definition 1.7.4. Let ¢® = {¢; }icr+ be a unital CP-semigroup on a unital C*-algebra
B. A dilation of ¢® on a Hilbert C*-module is a quadruple (E,9%,1i,£) consisting
of a Hilbert B-module E, an Ey-semigroup ¥© = {;};cr+ on B*(E), an injective
s-homomorphism i : B — B*(E), and a unit vector £ € E such that the following
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diagram commutes for all t € R™.

B B
Bo() s B(E)

Definition 1.7.5. A weak dilation on a Hilbert C*-module is a triple (F, 9%, &) such

that the following diagram commutes for all t € R*,

ot

B B
£()¢” J [ (O
B(E) ———— B(F)

Product system of two-sided Hilbert C*-modules appeared first probably in
[BS00]. For a (unital) CP-semigroup ¢® = {¢;}er+ on a (unital) C*-algebra B,
Bhat and Skeide ([BS00, Section 4]) provide the following:

e A product system E® = {E;};cg+ of Hilbert B-B-modules.

A (unital) unit £ = {&}er+ such that ¢, (-) = (&, (-)&) and the smallest

product subsystem of E® containing £ is E®. The pair (E®, £®) is determined

by these properties up to unit preserving isomorphism, and is called the GNS-
construction for ©® with GNS-system E® and cyclic unit £°.

e If £® is not minimal, then the sub-correspondences
E; :=3span{b,&, © - O b&,by:b;€B, t1+---+t, =t neN}

of E; form a product subsystem of E® that is isomorphic to the GNS-system.
o A left dilation Uy : EO E; — E of E® to a (by definition full) Hilbert B-module
E. So the maps ¥ : a — U(a ®id;)U; define a strict Ey-semigroup on B*(E).
e A unit vector £ € F such that £ = £. It is readily verified that the triple
(E,99,€) is a weak dilation of ¢®. (In [Ske02] Skeide showed how to construct
a tensor product system of Hilbert B-B-modules from a weak dilation, at least,
when the endomorphisms ¥, are strict.)
Product system of Hilbert C*-modules (or correspondence) appeared in many

contexts. See [Ske08] for a survey on product systems of Hilbert C*-modules.
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CHAPTER 2

BURES DISTANCE FOR COMPLETELY POSITIVE MAPS

Given a state ¢ on a unital C*-algebra A we have the familiar GNS-triple (H, 7, z),
where H is a Hilbert space, 7 : A — B(H) is a unital *-homomorphism and x € H
is a vector such that ¢(-) = (z,7(-)z). Now it is a natural question to ask: If two
states ¢1, ¢9 are close in some metric, whether the associated triples are close in some
sense? Keeping this idea in mind, D. Bures ([Bur69]) defines a distance between

two states ¢, ¢ on A, as

B(¢1, ¢2) = inf ||o1 — 22|,

where the infimum is taken over all GNS-triples with common representation spaces:
(H,m,x1),(H,m, xs) of ¢1, 2. D. Bures showed that /3 is indeed a metric. The notion
has found uses in many areas ([AZ09, AP00, Ara72, Dit98]).

D. Kretschmann, D. Schlingemann and R. F. Werner ([KSWO08a]) extended this
notion at first to CP-maps from a unital C*-algebra A into B(G) for some Hilbert
space G and then to more general range C*-algebras using an alternative definition
of the Bures distance. They use Stinespring representation ([Sti55]) for the initial
definition, which in the usual formulation requires the range space to be the whole
algebra B(G). Here we develop the theory using Hilbert C*-module language, which
allows the range algebra to be any C*-algebra, and the definition of the metric is
a very natural extension of the definition given by Bures for states. Working with
C*-modules has several advantages. The results we get are of course same as that
of [KSWO08a], when the range algebra is a von Neumann algebra or an injective C*-
algebra. However, we show that one may not even get a metric (triangle inequality
may fail) when the range algebra is a general C*-algebra.

There have been several papers ([Akh07, Dit99, Hiib92]) on different methods
to make exact computations of the Bures metric for states. We provide several
examples with explicit computations of the Bures distance for CP-maps. In par-
ticular, we show that the infimum in the definition of Bures metric may not be
attained in all common representation modules, answering a question raised in
[KSW08b, KSW08a]. It turns out that the example is quite simple involving CP-

maps on 2 X 2 matrix algebra.

41



2.1. BURES DISTANCE CHAPTER 2.

In the last Section we prove a rigidity theorem, which says that on von Neumann
algebras, if a CP-map is strictly within unit distance (in Bures metric) from the
identity map, then the GNS-module of the CP-map contains a copy of the original

von Neumann algebra as a direct summand.

2.1 Bures distance

In this Chapter all C'*-algebras under consideration are assumed to be unital. Given
two C*-algebras A and B, we let C'P(A, B) denote the set of all nonzero CP-maps
from A into B.

Definition 2.1.1. A Hilbert A-B-module E is said to be a common representation
module for ¢1,ps € CP(A,B) if both of them can be represented in F, that is,
there exist x; € E such that p;(a) = (z;, ax;), i =1,2.

Note that we are demanding no minimality for a common representation mod-
ule. So we can always have such a module. For, if (E;, #;) is the minimal GNS-
construction for ¢;, then take F = El &b Eg,ml =290 and 23 = 0P 2. For a
common representation module E, define S(E, ¢;) to be the set of all x € E such

that ¢;(a) = (x,az) for all a € A.

Definition 2.1.2. Let E be a common representation module for o1, ps € CP(A, B).
Define

Be(p1, p2) :=1nf { |21 — 22| : 2, € S(E,¢;),i = 1,2}
and the Bures distance
B(e1, p2) = i%fﬁE(%,%)

where the infimum is taken over all common representation module E.

We have called § as a ‘distance’ in anticipation. Later we will show that it
is indeed a metric under most situations, for instance, when B is a von Neumann
algebra. But surprisingly S is not a metric in general.

Our first job is to show that the definition here matches with that of [IKSWO08al.

We see it as follows. Suppose B = B(G). If E is a common representation mod-
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ule and z; € S(E,p;), then (p,L,,, E ® G) is a Stinespring representation for ¢;
with |21 — 22]] = || Lz, — La,||- On the other way if (7’,V;, H') is a Stinespring rep-
resentation for ¢;, then E := B(G, H') is a Hilbert!" A-B(G)-module with inner
product (zy,x9) := xjzy, composition as the right module action and left action
given by ax := 7'(a)x for all a € A, x € E. Clearly (E,V;) is a GNS-construction
for ;. Note that span EG = H'. We have H := F ® G is a Hilbert space with
inner product (x ® g,2’ © ¢') = (¢, 2*2'¢") = (xg,2'¢’). Thus x © g — zg de-
fines a unitary U : H — H’. Note that ULy, = V; and Up(a)U* = 7'(a) for
all a € A. Identifying H with H' through U, we get @’ = p and Ly, = V.
Therefore (7',V;, H') = (p, Lv;, H). Thus there exists a one-one correspondence
between the GNS-constructions {(F,x;), (F,x2)} and the Stinespring representa-
tions {(n', V1, H"), (7', Vo, H')} such that ||z; — x2|| = ||[V1 — V2||. Hence S(¢1, 2)
coincides with the definition given in [KSWO08a]. In particular, if B = B(C) = C,
then B(p1, ¢2) is the Bures distance given in [Bur69].

The following proposition says that (¢, 2) coincide with the alternative def-
inition, given in [KSWO08a], of Bures distance for CP-maps between arbitrary C*-
algebras. Subsequently will not be needing this definition and we present it here for

the sake of completeness.

Proposition 2.1.3. With notation as above,

B(p1, p2) = igf l11(1) + @a2(1) — p12(1) — pai(1 )H2

where the infimum is taken over all CP-extensions ¢ : A — My(B) of the form
. [4,011 P12

with completely bounded maps ¢;; : A — B satisfying pi; = ;.
P21 P22

Proof. Let E be a common representation module and z; € S(FE, ;). Define ¢ :
A — My(B) by a — [pi;j(a)], where ¢;;(a) := (x;, ax;). Then ¢ is a CP-map with

|21 — $2H2 = |{z1, 21) + (22, 12) — (21, T2) — (22, 1)

= [l11(1) + p22(1) — @1a(1) — par(1)]].-

(MTf A is a von Neumann algebra and 7 is normal, then a — (x,ay) = (x,7(a)y) is normal map
from A — B for all z,y € E. Thus FE can be made into a two-sided von Neumann A-B(G)-module.
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Since E is arbitrary S(p1,¢2) > igf i1 (1) + @22(1) = @r2(1) — @2 (D)]|>. To get
the reverse inequality, assume that ¢ = [p;] : A — Ms(B) is a CP-map with
i = p;. Let (E, %) be a GNS-construction of ¢. Note that E is a Hilbert A-Ms(B)-
module. Given b € B,z € F define xb := x(bI), where I € M,y(B) is the identity
matrix. Under this action E becomes a right B-module. Now for x1, x5 € E define
(w1, 29)' := 37, (w1, 2)s5, Where (z1,22) is the (i, 7)™ entry of (x1, ) € Ma(B).
Then (-,-)" is a B-valued inner product on E. Denote the resulting inner product
B-module by Ey. The left action of A on E induce a nondegenerate left action of
A on Ey. Complete Ey to get the Hilbert A-B-module E. Set x; = Ze;, where
{e;j}, 1 <i,j <2 are matrix units of My(B). Then x; € S(E, ¢;) and

21 — @2 = [[{21 — @2, 21 — 22)|
= ||<$17$1>, + <$2, $2>/ — <$17 $2>/ — <$27 $1>/||
= ”<‘%7§j>11 + <:%7‘%>22 - <i7£>12 - <‘%7§7>21H

= [lp11(1) + p22(1) — @12(1) — pau ()]

Since ¢ is arbitrary 8(¢1, p2) < igf l11(1) + 022(1) — @12(1) — a1 (1) 2. L

The following proposition says that Bures distance is stable under taking ampli-

ations.

Proposition 2.1.4. Suppose p,7p € CP(A,B). Then 5(p,v¥) = B(on,¥n) where
Ony Un » M (A) — M, (B) are the amplifications of ¢, respectively for n > 1.

Proof. Fix n > 1. Suppose E is a common representation module for ¢, and x; €
S(E7 (:0)7 T2 € S(E7 ¢) Then diag('xla e 7x1) € S(Mn(E)’ gpn) and diag(:ch, e al‘Q) €
S(M,(E),y,), and hence

6(90n7wn) < Hdiag(a:l — T, , X1 — 372)” = HiUl - 1’2H .

Since x1,z and E are arbitrary B(¢n,¥n) < B(p,1). Conversely, suppose F is
a common representation module for ¢,, 1, and y; € S(F,¢,),y2 € S(F,,). If
{e;i}, {fi;}, 1 < 1,7 < n are matrix units of M,(A), M,(B) respectively, then

E = {en1Ffi1} is a common representation module for ¢, in the natural way
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and moreover, e11y; f11 € S(E, @) and eq1y2f11 € S(E, ). Also,
||€11y1f11 - 61192f11||2 = Hfll(en(yl - ?/2);611(% - y2)>f11|| < Hyl - yzHQ'

Therefore 5(v, 1) < B(on, Un)- -

Proposition 2.1.5. Let A, B and C be unital C*-algebras. Then for p; € CP(A, B)
and ; € CP(B,C), i =1,2,

B(th1 0 p1,92 0 ) < H%H%ﬁ(iﬂh%) + H%H%B(%a%)-

In particular,

B(tha 0 1,1 0 93) < [|eal|? Blpr, 3).

Proof. Suppose E, F' are common representation modules for ¢;, 1; respectively, and

z; € S(E,¢;),y; € S(F,¢;), i =1,2. Then z; ®y; € S(E ® F,¢; o ¢;), and hence

B(1h1 0 1,10 ) < |21 © Y1 — 22 © ya|
<1 Oy =21 Oy + 21 O Yo — 2 O Yo
<[zl lyr = yall + [[21 — 22| [yl
= lgall? llyn = woll + a1 — | ]2 -

Since x;,y;, £ and F' are arbitrary the results holds. O]

Proposition 2.1.6. Let @1, po € CP(A,B). Then

(i) Bler, o1+ w2) < |lgal|?.
(i) 81 02) = Bloreor + (1= )ea)| S (llenll* + llall?) for 0 < e < 1.
(i) If i(1) < 1, then |||l — ll@all| < 28(p1, 02).

Proof. (i) Suppose (F;, ;) is a GNS-construction for ¢;, ¢ = 1,2. Then z; :=
11 ®0 € S(E; @ Ey, 1) and 29 := 21 B 9 € S(E) & Ey, 91 + 2), and hence

1
Bler, o1+ ¢2) < llzn — 2l = [[z2] = lleal -
(ii) Using triangle inequality and part (i),

|5<9017 ©2) — By, €01 + (1 — 5)902)‘
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< B(pa, €1+ (1 — €)2)

< B2, (1 = €)p2) + B((1 =€)z, €01 + (1 — €)¢p2)

< B((1 = €)@2, p2) + H((1 =€)z, €01 + (1 — €)02)

< B((1 = €)p2, (1 — €)pa + €pa) + B((1 — €)pa, €1 + (1 — €) o)

1 1
< llewall” + [lepr |l
1 1 1
< e2(lleall” +lle2])-

(iii) Let E be a common representation module for o1, ps and z; € S(E, ;).
Then

2 2
el = llgall] = il = flall]
= |(laall + Nzl (|| = ll22]1)]
= (llzall + lz2ll) [l ]l = fla=|l

S 2”1’1 —IL‘QH

Since x1,x9 and E are arbitrary the result follows. O

2.2 Bures distance: von Neumann algebras

As is well-known one of the problems in dealing with Hilbert C*-modules in contrast
to Hilbert spaces is that in general submodules are not complemented, that is, there
is a problem in taking orthogonal complements and writing the whole space as a
direct sum. This problem is not there for von Neumann modules. Here we generalize
almost all the results of [KSW08a], where the results stated mainly for the case when
the range algebra is the algebra of all bounded operators on a Hilbert space. The
proofs are similar, though we have also taken some ideas from [Bur69]. We also give
several examples and answer a question of [KSW08a] in the negative.

In this Section we assume that A is a C*-algebra, B C B((G) is a von Neumann
algebra and ¢, ps € CP(A, B).

2.2.1 Metric property

To begin with we have the following proposition.
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Proposition 2.2.1. If B C B(G) is a von Neumann algebra, then

Blp1,p2) = nf BE(p1,¢2) (2.2.1)

where the infimum is taken over all common representation modules E which are von

Neumann A-B-module.

Proof. Since von Neumann B-modules are Hilbert B-modules we have S(¢1, ¢2) <
inf Bg(p1,2). To get the reverse inequality, assume that E is a common repre-
sentation module for @i, py. Then E := E’ C B(G,E® G) forms a von Neumann

A-B-module. Since F C E we have E is a common representation module for o1, s,

and hence inf Sg(¢1,92) < B(e1,¢2). =

As we have taken B as von Neumann algebra for this Section, we may use (2.2.1)
as the definition of Bures distance. Also by a common representation module and
GNS-module we will mean a von Neumann A-B-module. However, note that for all
the results here, the algebra A can be a general C*-algebra and the left action by A
need not be normal. So we do not need that ¢y, 5 to be normal.

The following result shows the existence of a sort of universal module where we

can take infimum to compute the Bures distance.

Proposition 2.2.2. There exists a von Neumann A-B-module £ such that:

(1> For all Y1, P2 € OP(A7 B); 5(901, §02) = Bog(@la 802)
(ii) For a fized ¢1 € CP(A,B) there exists & € S(E,¢1) such that

Bler,2) =inf {||& — & 1 & € S(E,¢2) }

for all po € CP(A,B).

Proof. For each ¢ € CP(A, B) fix a GNS-construction (E,,z,). Set H, = E, ® G
and H = ®H,. Then & :=®" E, C B(G, H) is a von Neumann A-B-module. Note
that S(&, ) is nonempty for all ¢ € CP(A,B). Take & = & & & which is a von
Neumann A-B-module.

(1) Suppose @1, p2 € CP(A,B) and E is a common representation module. We
will prove that Se¢(p1,p2) < Be(v1,p2). For that, it is enough to show that for
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all x; € S(E, ;) there exists & € S(€, ;) such that ||§; — & < ||lx1 — x2]|. Take
& € S(&, 1) Let U :span® AL B — span® Az B be the bilinear unitary satisfying
U(a&1b) = ax1b. Let P be the bilinear projection of E onto span® Az B. Set

xh = Pxy € 5pan’ Au1B C E,

2l = (1 — P)xy € (span® Az, B)* C E,
5(+) == (25, ()x5) and
5 () == (w5, (-)x3).

Clearly o = ¢ + ¢f. Let & = U*(x),) € span® A B C &. Then
(€2, ay) = (Uray, alxh) = (Uray, U (axy)) = (25, azy) = @y(a).
Let & € S(&Eo,¢5). Set & =& @0 and & =& d &Y. Then & € S(E, ;) with

161 = &lI* = 161, &) + (€2, &) — 2Re((&1, &)l
= [I(€1: &) + (&, &) + (&, &) — 2Re((&1, &) |
= [I{61 — &1 — &) + (&, &)
= [{U(& — &), U(& — &) + (&, &)l
= {21 — 23, 21 — 75) + (23, 23)|]

= {21, 21) + (23, 25) — 2Re({z1, 25)) + (23, 23) ||

= |[{x1, x1) + (w9, Pxo) — 2Re({x1, 25)) + (w9, (1 — P)xs)||
= {21, 21) + (22, 72) — 2Re((21, 25))|
= |{xy — m2, 1 — 32)|| (11 =21 ® 0,29 =2, By in E)

= ||z — 952||2-

Since z1,x2 and E are arbitrary Se(¢1, p2) < B(p1, ©2).
(ii) Note that & € S(&, ¢1) is independent of E and ¢s. If we denote & obtained
in part(i) by &(z1,x2), then

Be(ipr,02) = inf { € — €| - € € S(E, 1), € € S(E,02)}
<inf { & — €'l : € € S(E, ¢2)}
<inf { [|§ — &a(a1, 29)| 2 € S(E, 9i) }
—inf { |loy — 2o s 2 € S(E, 1)}
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= 5E(<P17902)-

Since this is true for all common representation module F, we get

Blp1,p2) < Belipr, p2) <inf { [|& =& : € € S(E,2)} < B(ep1, p2).

This completes the proof. O
Theorem 2.2.3. 3 is a metric on CP(A, B).

Proof. Positive definiteness: Let ¢1,p2 € CP(A,B). Take £ and & € S(E, 1) as
in Proposition 2.2.2(ii). By definition B(p1, ¢2) > 0. Now if 5(¢1, ¢2) = 0, then

inf { [|§, — & - & € S(E,92)} =0.

Since S(€, 2) is a norm closed subset of £, above equality implies that & € S(E, v2).
Therefore ¢ = @s.

Symmetry: Clear from the definition.

Triangle inequality: Let o1, @9, 03 € CP(A,B). Suppose £ and & € S(&, 1) are as
in Proposition 2.2.2(ii). Then

B(pa, p3) =inf { [|& — & : & € S(E.¢:),i = 2,3}
<inf{[|& =&l : &€ S(E, ¢2)} +inf { [[&1— &l : & € S(E,93)}
:B((P2a901)+5(9017903)'

Thus [ is a metric. O]

2.2.2 Intertwiners and computation of Bures distance

The definition of Bures distance is abstract and does not give us indications as to
how to compute it for concrete examples. In this Section, motivated by the work of
[KSWO08a], we show that Bures distance can be computed using intertwiners between
two (minimal) GNS-constructions of CP-maps.

Suppose F is a common representation module for ¢; and z; € S(E, ¢;), i = 1, 2.
Then [lzy — 25" = [[{z1 — 22,21 — @) || = [l@1(1) + ¢2(1) — 2Re((1, 25))||. Thus
B(p1,2) is completely determined by the subsets {(z1,22) : z; € S(E,¢;)} C B.
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This observation leads to the following definition.

Definition 2.2.4. Given a common representation module F for ¢; and ¢, define

Ng(p1,p2) = {(xl,m2> cx; € S(F, gpl)}

and
N(p1,p2) = %NE(S@M ©2)

where the union is taken over all common representation module E.

Note that N(¢1,¢2) C B is always nonempty. Also if E is a common represen-

tation module for ¢; and @9, then

Bu(pr,pa) =  inf [lpi(1) + ga(1) — 2Re(N) |2 (2.2.2)

NeNEg(p1,42)

with p1(1) + po(1) — 2Re(N) = (x1 — 9,21 — x2) > 0 for some z; € S(E, ;).

Definition 2.2.5. Let (E;, x;) be a GNS-construction for ¢;, i = 1,2. Then define

M(9017<102) = {<:L‘1,(I)$2> 1P e Ba,bil(E%El)? H@H < 1}

Lemma 2.2.6. The set M(p1,2) C B depends only on the CP-maps ; and not on
the GNS-constructions (E;, x;).

Proof. We show that M (1, 3) defined via (E;, 2;) coincides with M (i, @,) which is
defined via the minimal GNS-construction (EZ, z;). Let U; E; — span® Az;B be the
bilinear unitary satisfying U;(az;b) = az;b for all a € A, b € B. Since span® Azx;B C
E; is a complemented B-submodule, U; € TB“’W(EZ-, E;) is an adjointable isometry
(Corollary 1.2.37). Note that U;(z;) = x; and U/ (x;) = ;. Now suppose (z1, Pxq) €
M (@1, @5), where & € BV (Ey, By) with ||®| < 1. Set & = U;®dlU,. Then & €
Bebil(F,, Fy) with ||®] < 1. Also

<I1,(I)ZL'2> = <U1f1, @Ug[f2> = <Zf1, Uf@UQ.T?Q) = <Zf1, Ci)fl?2> € M(gﬁ?l,@g).

Hence M (p1,¢2) C M(cpl,g@). To get the reverse inclusion start with a P e
Babil(F, Fy) and set & = U, dU; € BUYil(E,, Ey). O
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Proposition 2.2.7. If (E;, z;) is a GNS-construction for ¢;, i = 1,2, then

(i) M(p1,2) = N(p1,92) = Nejap, (@1, ¢2) and

(i) Bl o2 = _inf Jlgi(1) + @a(1) = 2Re(M)]|*.
Proof. (i) Suppose E' is a common representation module and (z1, z2) € Ng(p1, p2).
Set Fy = Fy = F and ® = idg. Then, from above Lemma, (21, 29) = (21, Pzy) €
M (1, ¢2). Since z1, 23 and E are arbitrary N(¢1,p2) € M(p1,@2). In particular,
M (1, p2) is nonempty. For the reverse inclusion, let (x;, ®xs) € M (@1, ps). Set
21 =21®0and zy = (pr@\/me in 1@ Ey. Then (21,az) = (21,az,) =
¢1(a) and

= (Py @ /idg, — D*DPxy, a(Pxs) B ay/idg, — P*Das)
= (Dxy, ®(axy)) + (Vidp, — ®*Pxy, \/idp, — P*Pazsy)
= (29, P*P(axy)) + (2, (idg, — P*P)axs)
=

(29, a29)

To, AT3)
= a(a)

for all a € A. Thus (E; @ Es, z;) is a GNS-construction for ¢;. Note that (z1, Pxq) =
(21,22) € NEop,(¢1,2). Hence M(p1,02) € Npam,(p1,92). Thus N(p1,p2) C

M1, 02) € Niom (#1,92) © N(p1, 92).
(ii) Follows from equation (2.2.2). O

Corollary 2.2.8. If (E;, x;) is a GNS-construction for p;, i = 1,2, then

Bl1,¢2) = Briar, (p1,02) =inf { [|[21 D0 — y1 D yall : 1 D yo € S(EL @ Ea, )}

Proof. Suppose (1, ®xs) € M(¢1,92). Then, from the proof of Proposition 2.2.7,
we have (x1, Pxg) = (21, 22), where z; € S(Ey & Es, ¢;) with 2 = 21 & 0. Denote
the z5 obtained by zo(®). Then, from proposition 2.2.7(ii),

B(e1,2)

= inf { o1 (1) + ¢2(1) — 2Re(M)|* : M € M(e1,¢2)}
= inf { [J¢1(1) + ¢2(1) — 2Re((21 & 0, 2(O)]7 : @ € BUU(Ey, Ey), || < 1}
> inf { |1 (1) + @2(1) — 2Re((z1 ® 0,91 ® y)I? y1 @ ys € S(By @ By, 2)}
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= inf{ |21 @0 —y1 Dl :y1 Dy € S(EY @E27802)}

> Beiar, (91, 92).

]

Example 2.2.9. Let (X, T, ;) be a measure space and let A = L*°(X, ). Consider
the states ¢; : A — C given by ¢;(f) = [ fdu;, where py and s are two equivalent
(i.e., absolutely continuous each other) probability measures on (X,F) such that
pi << p,i = 1,2. Let h be a positive function (Radon Nikodym derivative) on
X such that duy = hduy. Clearly E; = L*(X, u;) is a von Neumann A-C-module
with left multiplication as the left action. Also (FE;, 1) is a GNS-construction for ;.
Suppose g1 @ go € S(E @ Es, ). Then

/fdﬂz = (g1 @ g2, f(91 @ g2))
- / 2 f s + / 0ol f s
- / (1P + 1g2f?) Flp

for all f € A, and hence |g;|?h + |g2|*> = 1 a.e., po. Therefore

Blpr,2) =inf { |1 B0 — g1 B go|| : g1 B g2 € S(E1 & Ea, 02) }

1

=inf {((1—g1,1—g1) + (92, 92))2 : |@1|*h + |go]* = 1 ace., po}
=inf {(2 - 2Re(/gld/¢1))é HgPh < 1ae., po}
= Qinf{(l — /glhal/@)é :91>0and 0< ¢g?h <1ae., [1,2}

=v2(1 —/\/ﬁd/@)%.

In particular, if we take X = {1,2,... n}, u the counting measure, p;(i) = p; and
p2(i) = q;, where 0 < p;,q; < 1 such that > p; = > ¢; = 1, then S(p1,p2) =

V2(1 = /pidi)?.

Here we compute the Bures distance for homomorphisms and for some other

special cases.
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Corollary 2.2.10. Let 1,y : A — B be two unital x-homomorphisms.
1
(1) Bler,p2) = V2inf { |1 = Re(b)[|? : b € B, [|b]] < 1, p1(a)b = bis(a) Ya € A}.
(i) If A= B and ps(a) = u*¢i(a)u for some unitary u € B, then

Blgr, o) = V2ink { |[1 = Re(bu)|* : ' € i (A), ] <1},

(ii) If u € M,(C) is a unitary and ¢ : M,(C) — M,(C) is the x-homomorphism
o(a) = u*au, then

1

Blid, ) = V2inf { |1 — Re(Mu)||? : A € C, |\ < 1}.

Proof. (i) Let E; be the von Neumann A-B-module B with left action ax := ¢;(a)x
foralla € A, x € E;. Then (E;, 1) is the minimal GNS-construction for ¢;. Suppose
(NS Ba,bil<E27 El) Then

pr(a)®(1) = a®(1) = &(al) = B(ps(a)) = B(1)p2(a)

for all @ € A. Clearly, for a fixed by € B satisfying ¢1(a)by = bopa(a), the map
b+ bob is an element of B! (E,, F;). Thus

Ble1, ¢2)
= inf { [|g1(1) + ¢2(1) = 2Re(M)||2 : M € M(py,2)}
—inf { |2 — 2Re((1,®(1)))||? : € BBy, By), @] <1}
= V2, _inf - {]]1 = Re(@(1))]* : ®(1)ga(a) = pa(a)0(1) Va € A, @] < 1}

‘PEB(EQ,El

= V2inf { |1 = Re(b)||? : b€ B, ||b]| < 1, p1(a)b = bpa(a) Ya € A,

(ii) Suppose b € B. Then p;(a)b = by (a) for all a € A implies that bu* € p;(A)’,
and hence b = b'u for some V' € ¢1(A) C B.
(iii) This follows from (ii), since M, = CI. O

In [KSW08a] it is shown that the Bures distance is comparable with completely

bounded norm when B = B(G), and the following bounds were obtained.

53



2.2. BURES DISTANCE: VON NEUMANN ALGEBRAS CHAPTER 2.

Theorem 2.2.11 ([KSWO08a]). For ¢1, 2 € CP(A, B(G)),

H<P1 - 902Hc
- < B(p1,02) </ llor — w2l -
Vel + V@2l

Moreover, there exists a common representation module E and corresponding GNS-

construction (E,x;) for @; such that B(p1, ¢2) = Br(e1, v2) = ||v1 — 2|

In fact, from the the standard properties of operator norm, it follows that the

lower bound holds even for an arbitrary unital C*-algebra B.

Proposition 2.2.12. Let A and B be C*-algebras and @1, 99 € CP(A,B). Then

1 — 2|,
- < B(SolaSOQ)'
\/HSOchb_‘_ \/||902||cb

Proof. Let F be a common representation module for o1, ¢s and let x; € S(E, ¢;).
Let A = [a;;] € M, (A) and X; = diag(Ly,,- -, Ls,) € M,(B(G,E® G)) for n € N.
Then

1(pr = p2)a(A)]] = [[[{x1, azz1)] — [(22, aijzs)]|
= ||[L}, (ai; ® ide) Ly, ] — [Li, (ai; @ idg) La,) ||
= | X7 (A®ide) X, — X3(A®idg) Xs||
< | XT(A©ide)(X1 — Xa) + (X] — X3)(A ©idg) X ||
< [ X1 = Xl (1 X0 + ([ X)) [A © ide |l
= [lzy — @[ (2] + llz2[)) [ Al

= o1 = aall (/I1lly + \/Ie2la) ALl ¥n €N,

Hence o1 — @l < llor — 2ol (VIpall, + v/Tll,). Since B is arbitrary the
results follows from above inequality. m

Example 2.2.13. In general, the upper bound given in Theorem 2.2.11 may fails to

hold if the cb-norm is replaced by the operator norm. For example, consider the
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CP-maps ¢; : My(C) — M,(C) given by

a1 + 2a99 asy
e1([aiy]) =

a12 ago + 2a11

2&22 0
and  ©s(lai]) = :
2([as;]) [ . 2a11]

Let B = Msy2(C) which is a von Neumann M5(C)-M5(C)-module with module

actions given by

_axlb_ _ml_
azrsb To
axb = Vo = € FE and a,b, z; € My(C).
arsb T3
azrsb T4

Then E is a common representation module with

1000
21 .=
0001

t

] € S(E, 1)

o Sl

0
1

S o
= Gl

V2

and

Z9 . =

0 00O0O0OT1TO0 —1
GS(EaSOQ)

000O01O0T1 O

Note that if @y = [x;;] © [yi;] € S(E @ E, p2), then by evaluating ¢s at matrix
units, we see that ;1 = y;1 =0 = o = Ypo, 1 =1,3,5,7, k=2,4,6,8 and

E (TirTiz1,2 + Vir¥i-1,2) = 0,
i=2,4,6,8

Z (lwar + [ya]*) =2 = (Jzial” + [yial)-
1=2,4,6,8 1=1,3,5,7

()

Hence

B(p1, p2) = inf { |lz21@0—x @yl :xDy € E; @ Ey satisfying (*)}

1
— d _ 2
- x@yé%f@% l¢1(1) + ¢2(1) — Re((21 @ 0,z @ )
satisfying (x

1
" 5 — Re(\/gxﬁl — \/51’81) —T19 — Ta1 2
= 1mn
gﬁify%?(% —T12 — T4 o — Re(\/6x52 + \/§$72)
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5 — Re(v/6xe1 — v2ws1) 0

> i%f .
;Cﬁ?s?yiﬁge(*ﬁ 0 5— Re(\/g%z + \/§$72)
i 5 — Re(\/éxﬁl - \/§$81) 0 ’
= in
w1 [>Hlrsa[f<2 ] | 0 5 — Re(vV6x52 + V227)

wsa| w2 <2
Z61T52+Tg1272=0

f 5— \/61’61 + \/51'81 0
= mn
0<z52,261,%72 0 5— \/63;52 — \/5%72
z81<0 L
g +ag; <2
agytaF, <2

T61T52+x81T72=0

=1/5-v2 -6
Note that [[z; — 2| = V5 — v2 — V6, and hence B(¢1,¢2) = V5 — V2 — 6 >

1. But ¢; — ¢y is the transpose map. Therefore 1 = |1 — 2| < B(p1,p2)? <

o1 — @2ll , = 2 (see [Paul2] for the computation of cb-norm for transpose map).

Theorem 2.2.11 guarantees the existence of a common representation module,
where Bures distance is attained. It is a natural question as to whether Bures
distance is attained in every common representation module. This is true for states
([Ara72]). The question in the general case was asked by [KSWO08a, KSWO08b]. Here

we resolve it in the negative through a simple counter example.

Example 2.2.14. Consider the (normal) CP-maps ¢; : My(C) — My(C) given by
wi(a) = afaa;, where a; = Ll) 8] and as = [g (1)] Then (E;, %) := (Ms(C), a;) is
the minimal GNS-construction for ;. Set 7 = Z; @ 0 and x5 = 0@ Z5. Then
z; € S(Ey @ E», ;) and

Bp1,92) = Bp,em, (01, 02) < |lo1 —xo| = ||| = 1.

Clearly, £ := M5(C) is a common representation module. If z; € S(E, ¢;), then
riax; = alaa; for all a € My(C). In particular taking a = Ll) ﬂ and a = Ll) 3} we
see that S(E, ;) = {Xa; : A € C, |A\| = 1}. Now for any z; = \a; € S(E, ¢;),

1 —Xl/\g 1 —X1>\2
||x1—332||2:'H ]‘:sup{|)\|:)\€0<[ ])}:2,
—A2 A1 1 — X2\ 1
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Hence Bp(p1,02) = V2 > 1 > B(p1,02). Note that here B(pr, ) < 1 =
1 — pall.

Conjecture. If p,90 € CP(A,B), then f(p,v) = sup (¢ o pn, ¢ o ¥,) where the
o,n

supremum is taken over all states ¢ : M,(B) — C,n € N.

From Proposition 2.1.4 and 2.1.5 we have B(¢o@,, poth,) < B(pn, ¥n) = Blp, )
for all states ¢ : M, (B) — C,n > 1. If the conjecture can be proved directly, then
using the upper bound for states [Bur69, KSW08a] we get an alternative proof of

the upper bound for Bures metric:

Blp, ) = S(;lpﬁ(d) 0 Pn, 01y < S1p Vg oon —gotnll =1/lle =¥l

2.3 Bures distance: (C*-algebras

This Section consists mostly of counter examples. But results similar to the last

section do hold for injective C*-algebras.

2.3.1 Counter examples

We saw that if the range algebras are von Neumann algebras, then the Bures metric
can be computed using intertwiners. It was crucial that the space of intertwiners was
independent of the choice of GNS-constructions (Lemma 2.2.6 ). The first example
here shows that this is no longer the case for some range C*-algebras. We have
another example to show that the upper bound computed for  in Theorem 2.2.11
may not hold for general range C*-algebras. Finally, as a worst case scenario we

have a tricky example to show that even the triangle inequality may fail to hold.

Example 2.3.1. If 1 and ¢, are CP-maps between C*-algebras, then M (p1, p2)
may depends on the GNS-construction. For example, consider the CP-maps ¢; :
C([0,27]) — C([0,27]) given by ¢;(f) := g;f, where g;(t) = |sin(t)|' for all t €
0,27], i =1,2. Set £; = /g; and

Ei =span {\/g.f : f € C([0,2x])}
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={f e C([0,2n]) : £(0) = f(m) = f(27) = 0}.

Then (EA“ #;) is the minimal GNS-construction for ¢;. Define the adjointable bilinear
map & : By — E; by <i>(f) = gf, where

s if 0<t<m,

g(t) =
1 if 7 <t<2nm.
Since ® is a contraction (71, ®zs) € M(py, ). We have (E;, z;) := (C([0, 27]), %;)
is also a GNS-construction for ;. Now if ® : F; — F; is an adjointable bilinear
map, then ®(f) = ®(1)f for all f € C([0,2x]). Thus B4 (E,, E\) = {f +~ hf :h €
C([0,2x])}. Hence if (a1, g2s) = (21, Day) € M(ip1, pa), then (i1, g2ty = (21, hay)
for some h € C([0, 27]); i.e.,

(DR Z5(t), Vit € [0,27]

21(t)g(t)ia(t) =7
h(t), vt € [0,27] ~ {0, 7,27}

= g(t)

which is not possible since & is continuous on [0, 2x]. So (21, Day) & M(py, @)

Example 2.3.2. Suppose H is an infinite dimensional Hilbert space and p € B(H) is
an orthogonal projection such that both p and ¢ := (1 — p) have infinite rank. Let
A = C{KX(H)U{I}} and let u = Ap 4+ Ag, where A\ = " is a scalar with —Z <
¢ < 7. Note that u € B(H) is a unitary. Define *-homomorphisms ¢; : A — A by
¢1(a) := a and ps(a) := u*au. Now suppose F is a common representation module
for @1, 9 and x; € S(E, ¢;). Since |lax; — x;0;(a)|| = 0, we get ax; = x;p;(a) for all
a € A. Then

afz1, T2) = @1(a)(z1, T2) = (1, 22)p2(a) = (21, T2)u"au

for all @ € A, and hence (z1,zo)u* € A’. Therefore (x1,z5) = Nu for some X € C.
Since (z1,x9) € A and u ¢ A we have X = 0, whence (x;,22) = 0. Also since
and x; € S(E, ¢;) are arbitrary

NI

=2,

Bler,p2) = Inf 2y — 2] = [l (1) + (1)

»Ts

Now we prove that \/[[¢1 — @al|, < B(¢1, @2). Fora = [a;;] € B(H) = B(H, ® Hy),
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where H,, = ran(p),

lp1(a) = @2(a)|| = [la — w"aul]

o a1 a2 A0 ' a1 a2 A0
_Cl21 929 0 X 921 Q929 0 X

. [ 0 (1—X2)CL12

(1—)\2)a21 0

maX{H(l —X2)(]J12H,
1= 22| [lal

(1 — /\2>CL21H }

IN

so that ||o1 — | < |1 —AN?. But a = [2 g] is of norm one and [|(¢1 — ¢2)(a)|| =

|1 — A?|, whence [j¢1 — paf = |1 = A%| = [A\(A=A)| = [X = A|. Now for all n > 1,
if we let U, P, and @),, denote the n x n diagonal matrix with diagonal u,p and
q respectively, then U, = AP, + \Q, and (@1 — @2)n(4) = A — UFAU, for all
A € M, (A). Then, as above, we get [|(¢1 — 2)u|| = |X — A|. Thus

Vler = waf = \/||901 — 2|l = \/|X— Al < V2 =Blp1,¢2).

Now if ; is considered as a map into B(H) denote it by @;. Then b € 1(A)" C
B(H) implies that ba = ab for all a € K(H) C A, so that b = A,/ for some A, € C.
From Corollary 2.2.10,

B(@1, @) = V2inf { |1 — Re(Nu)|
< V2 |[1 - Re(u)|?
= V2|1 — Re(\)|?
<V2

= B(1, p2).

LNeC N <1}

Example 2.3.3. Let H be an infinite dimensional Hilbert space. Consider the unital
C*-subalgebra

A::C*{K(H@H)U{ [f) 8] | lg ?] }}
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|

of B(H @ H). Suppose u € B(H) is a unitary and 1 <r € R. Set

0 u] 0 0 0 I
21 = , 22 = and z3 =
0 7"[_ 0 rI 0 rf

in B(H @ H). Define CP-maps ¢; : A — A by pi(a) := zfaz;, i = 1,2,3. Note that
each ¢; has the form, p;(-) = 0 O]. Let

0 =

T11 >\1U + 12
E12 -
T921 )\2[ + T922

/\1] + a1 a19
ao1 Aol + ag

>\z S (C, Qg5 S j((H)}

DY G(C, s GK(H)}

which is a Hilbert A-.A-module with a natural inner product and bimodule structure.

Note that z; € S(E12,¢;), i = 1,2, and hence f(p1,p2) < ||z1 — 22|| = 1. Similarly

T M+
By — 11 A1 12
To1 Aol + oo

DY G(C, Tij G:K(H)}

is a Hilbert A-A-module with z; € S(Eas, ¢;), i = 2,3, and B(pa, p3) < |22 — 23] =
1. Now we will show that 5(¢1,93) > 2 > B(p1,p2) + B(v2, p3) so that [ fails
to satisfy triangle inequality. Suppose E is a common representation module for
©1, 3. We prove that (xy,z3) = 0 for all z; € S(E, ;). If we proved this, then £
and x; € S(F, ¢;) arbitrary implies that

. 1
Bleres) = inf o1 — m3l] = la(1) + @s(1)|* = 2T+ 72) > 2.

0 0 |a a2
. T1,T T1,T 0 x |ag21 a
Suppose (x1,x3) = [a;]. Since 0 < (o) (@1,25)) 2L 22 | we have
(z3,21) (23,73) ajp azn | 00
aiy 5| 0 %

aj1 = ajp = ag; = 0. Also for all a € K(H), we get

a 0 0 0 a 0 0 0
T1 =T and T3 = T3 .
0 0 0 u*au 0 0 0 a
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(Simply look at the norm of the difference.) Hence

0 O 0 0
[O u*au] (w1, 23) = (@1, 73) [O a] 7

ool d=lo )0

which implies that u*auasy = aga; i.e., auazy = uaga for all a € KX(H). Hence
uage = Al for some A € C. Thus as = Au*. Since agy € K(H) and u* ¢ K(H) we

have A = 0, and hence as, = 0 and (x,z3) = 0.

ie.,

2.3.2 Injective (C*-algebras

Recall that a C*-algebra B is an injective C*-algebra if, whenever C is a C*-algebra,
S an operator system contained in C, and ¢ : § — B is a completely positive
contraction, then ¢ extends to a completely positive contraction ¢ : C — B. Further,
this is equivalent to saying that there is a faithful representation 7 of B on a Hilbert
space G, such that there is a conditional expectation from B(G) onto m(B). See
[Arv69a, Pau02, Tak03] for details.

Proposition 2.3.4. Let A be a C*-algebra and B be an injective C*-algebra with a
faithful representation m : B — B(G) on a Hilbert space G. Then B(p1,¢2) =
B(m o w1, m0o ) for all p1,p9 € CP(A,B).

Proof. Since B is injective there exists a completely positive conditional expectation
P :B(G) = n(B). Take p = 7 'oP: B(G) — A. Then ¢ is a contractive CP-map.
Moreover, ¢ oo ¢; = @;, © = 1,2. Now by Proposition 2.1.5,

B(p1,02) = Blpomopr,pomops) < B(mopr,mows) < Bler, pa).
O
From Proposition 2.1.5, we know that S(m o @1, 7m0 ¢9) < B(p1,¢2) even for an

arbitrary C*-algebra B. But, in general, equality may not holds. See example 2.3.2.
The following bounds were first obtained in [KSWO08a].
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Corollary 2.3.5. If B is an injective unital C*-algebra, then [3 is a metric on CP(A, B)

and

o1 — @2,
b < Be1,92) <4/ llor — 2l

Vieille + Vel ~

Further, there exists a common representation module E and corresponding GNS-

construction (E,x;) for @; such that B(p1, 2) = Br(e1, v2) = ||v1 — 22|

Proof. Suppose 7 : B — B(G) is a faithful representation of B. Now the first part
follows from Theorem 2.2.3 and Proposition 2.3.4. Also from Theorem 2.2.11 and

Proposition 2.3.4, we have

Blor 02) = B(mopr,mop2) < \flmo o1 =m0 pally = 1/ ller = ally,

Now, from Theorem 2.2.11, we know that there exists a von Neumann A-B(G)-
module F' with y; € S(F, 7 o ;) such that ||y1 — y2|| = B(7 0 1,70 ps). Given b €
B, y € F define yb := ym(b). Under this action, F' forms a right B-module, denoted
by Ey. Let P : B(G) — w(B) be a completely positive conditional expectation
satisfying P(bjabs) = by P(a)by for all b; € w(B), a € B(G). Now define a B-valued
semi-inner product on Fy by (21, z2) := 7' P((x1,22)). Let E be the completion of
the B-valued inner product space Fy/N, where N := {x € Ey : (z,z)) = 0}. Then
E is a Hilbert A-B-module with left action induced by that of A on F. Note that
zri:=vy; + N € S(F,p;), i = 1,2, are such that

Be(p1,p2) < [lo1 — 22|
= ||7T71P(<y1 — Y2, Y1 — y2>)||%
< lyr — w2l
= (7o 1,70 Py)

= B(1, P2).

Thus B(¢1,2) = Be(er, p2) = ||r1 — 22| [

2.4 Bures distance and a rigidity theorem

Observe that for the identity map on a unital C*-algebra B the GNS-module is B

itself. Here we show that if a CP-map on a von Neumann algebra B is close to the
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identity map in Bures distance then the GNS-module has a copy of B.
Suppose B C B(G) is a von Neumann algebra and ¢ : B — B is a CP-map.

Proposition 2.4.1. If (E,x) is the minimal GNS-construction for , then the following
are equivalent:
(i) The center Cp(E) :={y € E:by =yb Vb€ B} contains a unit vector.
(i) E=B& F for some von Neumann B-B-module F.
(iii) There exists an element ¢ € B such that the two sided (strongly closed) ideal
generated by ¢ is B, and a CP-map ¢ : B — B such that p(b) = c*bc + 1(b)
for all b € B.

Proof. (i) = (ii): Let z € Cp(F) be a unit vector. The two sided B-B-module
generated by z is naturally isomorphic to B by bz + b, and let us denote it by Bz.
Then E decomposes as Bz @ (Bz)*.

(17) = (¢i1): Without loss of generality, we may take F = B® F. Then z € E
decomposes as © = c@y with ¢ € B, y € F. Clearly, ¢(b) = (x,bx) = c*bc+ (y, by),
and we can take ¥ (b) = (y,by) for all b € B. Since B@& F = E = span’ BxB =
span® (BeB @ ByB) we have B is the two sided (strongly closed) ideal generated by

0

(7i1) = (i): Note that the CP-map b +— c¢*bc is dominated by the CP-map
¢, and hence there exists a vector z € E (Proposition 1.6.5) such that c¢*bc =
(2,bz) for all b € B. Note that, for elements a,da’,b,d,d € B, (acd)*b(d’cd) =
d*(c*a*ba’c)d = d*(z,a*ba’z)d = (azd,ba’zd'). Tt follows that for any element
d in the (strongly closed) ideal generated by c, there exists an element z; € FE
such that d*bd = (z4,bz4). Taking d = 1, we have an element w € E such that
b = (w,bw) for all b € B. Observe that w is a unit vector. Direct computation

yields (bw — wb, bw — wb) = 0, hence w is in the center Cg(F). O

Theorem 2.4.2. Let ¢ : B — B be a CP-map such that B(id, ) < 1. Let (E,z) be a
GNS-construction for . Then E= B ® F for some von Neumann B-B-module F'.

Proof. Without loss of generality, assume that (E, x) is the minimal GNS-construction
for ¢. Let € > 0 be such that f(id, ¢) + ¢ < 1. Since the identity map has (B, 1) as
its GNS-construction, from Theorem 2.2.8, there exists z; = 160, 20 = c®y in BOFE
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such that ||z; — 22| < B(id, )+ < 1 and ¢(b) = (22, bz2) = c¢*bc+ (y, by). Further,
as ||[1 — ¢|| < |]z1 — 22|| < 1 we note that ¢ is invertible. Therefore the ideal generated

by ¢ is whole of B. Now the result follows from the previous Proposition. ]

2.5 Some applications of Bures metric

In [Kos83] Kosaki obtained certain expressions for Bures metric between normal
states, which clarify their importance in theoretical physics. According to him (but
in our notation): “When a physical system is described by a von Neumann algebra B,
each self adjoint element b = ffooo Ade(A) in B is considered as an observable. Then,
for a state ¢ on B and a partition R = U, X; (of R into disjoint Borel subsets),
w(pi) = [y, do(e(N) (with p; = [y de())) is interpreted as the probability that a
measurement of b performed on the system in the state ¢ yields a result lying in X;.
Thus, B(p1, p2) < € for asmall e > 0 means that two states ¢1, ps give almost similar
measurements for any observable b in the sense that Z?:l(cpl(pi)% — a(p;)2)? < &2
(for any partition R = U, X;). Therefore, the Bures distance is quite suitable to
describe a distance between two (physical) states”.

In [Hiib92] M. Hubner gives explicit computation of Bures distance for density
matrices. He proves the following theorem: The set of two-dimensional normalized
density matrices equipped with the Bures metric is isometric to one closed half of
the three-sphere with radius %

In quantum information theory, a quantum channels(QC) is a communication
channel which can transmit quantum information. Formally, they are trace preserv-
ing CP-maps between spaces of operators. Any QC arises from a unitary evolution
on a larger system. In [KSWO08b] D.Kretschmann, D.Schlingemann and R.F.Werner
proved that if two QCs are close in cb-norm, then there exists unitary implementa-
tions which are close in operator norm, and derive a formulation of the information-
disturbance tradeoff in terms of QCs. Also pointed out further implications for
quantum cryptography, thermalization processes, etc.

We consider Theorem 2.4.2 as the most important positive result of this chapter
and we expect that the result will have further applications in the study of CP-maps,

CP-semigroups and the associated product system of Hilbert C*-modules.
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CHAPTER 3

STINESPRING TYPE THEOREM FOR MAPS BETWEEN

HILBERT C*-MODULES

The question whether given Hilbert C*-modules are isomorphic or not is always
interesting. Two Hilbert C*-modules are said to be identical if there exists a unitary
(i.e., surjective isometry) between them. Recall that isometries preserve not only
the inner product but also the module action. Thus isometries are the structure
preserving maps between Hilbert C*-modules. For a Hilbert C*-module the C*-
valued inner product is uniquely determined by the module structure and Banach
space structure. The inner product can be recovered from the norm and the module

structure by
(z,z) =sup {¢(z)"d(z) : ¢: E — B is an B-module map with [|¢| < 1}.

Using polarization identity we can get (z1,x9) for z; € E. See [Lan95, Theorem],
[Ble97a, Theorem 3.1 and 3.2], [Fra97b, Theorem 5]) and [Fra99, Proposition 3.3]
for details.

Often, in applications, we come across Hilbert C*-modules over different C*-
algebras and have to consider maps between them. In such situations, we ask what
can replace the notion of isometries and unitaries. Muhly and Solel considered
such cases and proved a generalized version ([MS00, Lemma 5.10]) of Lance-Blecher
theorem: If F is a Hilbert B-module, F' is a Hilbert C-module and T : £ — F'is
a Banach space isometry, and if there exists a *-isomorphism 7 : B — C such that
T(xb) = T(x)m(b), then T satisfies (T'(z1), T (x9)) = m({x1, z2)). That is, T preserves
the inner product up to the x-isomorphism 7. In [Sol01] Solel asked to what extent it
is possible to recover the C*-module structure from the Banach space structure only.
More precisely, given an surjective linear norm preserving map 7" from a Hilbert B-
module F onto a Hilbert C-module F', can we find a *-isomorphism 7 : B — C such
that T'(zb) = T(x)w(b)? If we can, then we have (T'(z1),T(x2)) = w({x1,22)). He
observed that: To say that T" preserves the C*-module structure amounts to saying
that T can be extended to a x-isomorphism of 2A!(E) onto 2A'(F'). He proved that
if £ and F are full, then T can always be extended to an isometry of 2A'(E) onto
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2AL(F) ([Sol01, Theorem 3.2]).

Linear maps between Hilbert C*-modules which preserve the inner product up to
a *-homomorphism have been studied in different contexts ([T'S07, Ske06b, BG0O2b,
BGO3, Brii04, Ara05]). Here we study the theory in a more general case, namely,
we consider maps between Hilbert C*-modules, possibly over different C*-algebras,
which preserves inner product up to a (bounded) linear map between the underlying
C*-algebras. First we determine properties of such maps. We prove that if the map
between the underlying C*-algebras is bounded linear, then it will be automatically
CP-map on the range ideal and as a consequence the module map on full Hilbert C*-
modules will be completely bounded. We strengthen B. Asadi’s ([Asa09]) analogue
of Stinespring’s theorem for module maps on Hilbert C*-modules and illustrate this

with an example.

3.1 Module maps

Suppose E, F' are Hilbert C*-modules over C*-algebras B, C respectively.

Definition 3.1.1. Let ¢ : B — C be a linear map. A map T : E — F is said to be a
@-map if

(T(z), T(«)) = ¢((z,2')) (*)

for all x,2’ € E.

If ¢ is a *-homomorphism between the C*-algebras, then T has been called
p-isometry or @-morphism in [TS07, Ske06b, BG0O2b, BGO3]. If C is the alge-
bra of bounded linear operators on a Hilbert space, then they are known as -
representation in literature ([Asa09, Ara05]). Note that p-isometries arise naturally
when we realise Hilbert C*-modules as a submodule of the module B(G, H) of
bounded operators between two Hilbert spaces G and H. Such maps are called a

representation of a Hilbert C*-module in [Ske00, Ara05].

Remark 3.1.2. Suppose ¢ : B — C is a linear map and T : £ — F' is a ¢-map.
(i) Then T is automatically linear. This follows because (T'(x + Az') — T'(x) —
AT'(2"), T(x+ X)) = T(xz) — ANT'(2)) = 0 for all z,2’ € E and X € C.
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(ii) Suppose ¢ is a x-homomorphism. Using polarization identity, one immediately
concludes that T is a p-isometry if and only if (T'(x), T(z)) = ¢({x, z)) for all
xr € E. By calculating the norm of T'(xb) — (T'x)¢(b) we find that T'(zb) =
(Tz)p(b) for all z € E, b€ B.

(iii) The inflation T,, : M,(E) — M,(F) of T (i.e., T acting element-wise on
the matrix) is a ¢,-map for the inflation ¢, : M,(B) — M,(C) of ¢. Also
" : E™ — F™ given by

is a p-map for all n € N.

(iv) If ¢ is bounded linear, then, from (x), T is bounded linear with ||| < /[¢].
Also then, T" is bounded linear with || 77| < /]|¢[|. Since ¢, is bounded (see
[Pau02, Exercise 3.10]) we have T}, is bounded linear with ||T,|| < v/]l¢.]| for
all n > 1. But the converse namely, T" bounded implies ¢ bounded, may not

be true.

Example 3.1.3. Let H # {0} be a Hilbert space with ONB {e; };e;. For E we choose
the full Hilbert X(H)-module H* (with inner product (z'*, z*) := z'z*). For F we
choose H. So, B = X(H) and C = C. Let T be the transpose map with respect
to the ONB. That is, T sends the “row vector” z' = > z;ef in E to the “column
vector” x = (2') =Y, wse; in F. Of course, ||T] = 1.

A linear map ¢ : K(H) — C turning 7" into a @-map, would send e;e} to
plees) = pller.ep)) = (T(e).T(e})) = (enes) = &y, So. on F(H) the map
¢ is bound to be the (non-normalized) trace Tr(-) := > .(e;, (-)e;). Recall that
| Tr|| = dim H. This shows several things:

(i) Suppose H is infinite-dimensional. Then ¢ cannot be bounded. Since positive
maps are bounded, there cannot be whatsoever positive map ¢ turning 7" into
a p-map. (Of course, we can extend ¢ = Tr by brute-force linear algebra from
F(FE) to K(E), so that T is still a p-map with unbounded and nonpositive ¢.)
(ii) Suppose H is n-dimensional (so that, in particular, X(H) = M, (C) is uni-

tal). The column vector *" in H*" with entries ef,--- ,e* has square mod-

ulus (z*",2*") = > eier. So, ||z = \/|[Do, eief]| = 1. However, the
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norm of the column vector y" with entries T'(e) = ey,---,T(ef) = e, is

V2o (€, e;) = y/n. Since M, (H*) D M,(H*) = H*", we find ||T]|,, >
|T,|| > +/n. Thus ||T|| =1 # ||T||,, for n > 2. (From theorem 3.1.5, we can

have, || T, < /¢l = /. Therefore, |T]|,, = v/n.)

Lemma 3.1.4. Let ¢ : B — C be a bounded linear map fulfilling (%) for some map
T:E — F. Then ¢ s positive on Bg.

Proof. Let 0 < bb* € Bg. We prove that ¢(bb*) > 0. Let {b, }aeca be an approximate
unit for By consisting of elements b, = Y. (z¢,y{") € Bg. Defining the elements
T, € E™ with entries ¢ and, similarly, y,, we get by = (Za,Ya). Let a, € K(E™)
be the positive square root of the rank-one operator x,bb*z’ = (x,b)(x.b)*. Since

T"e : ™ — F is a ¢-map we get,

o(b2bb*by)

¥ <ya7xa>bb*gtaaya>)
Yo xabb* T Yo

(
(
(Y2a2yo)
(

<aaya7aaya>)

@
@
©
= (T (aa¥a), T" (aa¥a))
0.

v

Since b’ bb*b, — bb* in norm, and since ¢ is bounded, we get p(bb*) > 0. O

Theorem 3.1.5. Suppose E is a full Hilbert B-module and ¢ : B — C is a bounded
linear map. If T : E — F is a w-map, then ¢ is completely positive. Moreover, T
is completely bounded with ||T|| ., = v/llell.

Proof. Since ¢, is bounded and T), is a ¢,-map, from Remark 3.1.2 and Lemma
3.1.4, ¢, is positive on M, (B) = M, (Bg) for all n € N. Thus ¢ is a CP-map. Also
since T3] < loull < ol = il for all n > 1, we get |T1l,, < v/ToT-

To prove the reverse inequality assume that € > 0. Let bb* be in the unit ball of

B such that ||| < |l@(bb*)||+ 5. Choose by, T4, Yo and a, as in the proof of Lemma
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3.1.4. Set zo = ayyo € E™. Then
(Za, Za) = (Yo, TV ThYo) = < To, Ya)s bb*(xa,ya>> = b:bb*b, —>bb".
Hence

KT (20), T" (2a)) — £ (00) || = (20 za)) = @(007)]]
< [l I(zas za) — 0b"]|

— 0,

and so, |[(T"(za), T" (za)) || — [|¢2(b0%)]|. Choose n = n,, such that ||p(bb*)||—% <
{T™ (200), T" (200)) [l Note that [|2aq |* = [[{zao, zao)[| = [[256"bao | < bao I” [166°] <

1. Then
i} 5
lell < Nl (0b7)ll + 5
. N e €
< KT (2a0), T (200 )| + 515
n||2 2
ST Ml 2a0lI” + €
<|ITlg +e.
By letting ¢ — 0 we get ||o|| < |77, -

Remark 3.1.6. Suppose ¢ : B — C is linear and T : F — F is a w-map. If Bg is
unital, then by considering E as a Bg-module, from Proposition 1.1.11, there exists
r = (21, - ,2,)" € E™ such that (z,z) = 1. Then for b € Bg,

p(b°) = (b (z,2)b) = (D _(wib, x:b)) = Y _(T(a:b), T(:b)) = 0.
Thus ¢ is positive (and hence bounded) on Bg. From Theorem 3.1.5, ¢ : Bg — C
is a CP-map. Thus if F is full module over a unital C*-algebra B and (x) holds for
some map T : £ — F and ¢ : B — C linear, then ¢ is bounded automatically and

hence also CP.

It is, in general, not true that |||, = ||T’||, not even if B and C are unital. See

example 3.1.3. It is true, if £ has a unit vector x. For, then F is full and hence

1Tl < Vel = VeI = V(@ )l = VIKT ) <171
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3.2 Stinespring type theorem for module maps

In this section we discuss a structure theorem for p-maps for the special case when
¢ is a CP-map from a unital C*-algebra A into the algebra B(H;) of bounded linear
maps on a Hilbert space Hy. In [Asa09], Asadi presented a theorem, which looks like
Stinespring’s theorem, for p-maps 7' from a Hilbert A-module F into the Hilbert
B(H;)-module F' = B(H;, Hy), where Hj is another Hilbert space.

Theorem 3.2.1 ([Asa09]). Suppose ¢ : A — B(Hy) is a unital CP-map and T :
E — B(Hy, Hy) is a @-map with the additional property T'(xo)T(xo)* = idy, for
some xog € E. Then there exist Hilbert spaces Ki, Ko, isometries V : Hi — K,
W : Hy — K3, a x-homomorphism w : A — B(K;) and a w-representation S : E —
B(K1, Ks) such that p(a) = V*r(a)V and T(x) = W*S(z)V for allz € E, a € A.

The proof of this Theorem as given in [Asa09] is erroneous as the sesquilinear
form defined there on £ ® H, is not positive definite. This can be fixed by inter-
changing the indices 7, 7 in the definition of this form. However such a modification
yields a ‘nonminimal’ representation. Moreover, the technical condition to have
T(x0)T(x0)* = idpy, for some xy € F is completely unnecessary.

Here we strengthen this result by removing the technical condition of Asadi’s
theorem. We also remove the assumption of unitality on maps under consideration.
Further we prove uniqueness up to unitary equivalence for minimal representations,
which is an important ingredient of structure theorems like GNS-theorem and Stine-

spring’s theorem. Now the result looks even more like Stinespring’s theorem.

Theorem 3.2.2. Suppose ¢ : A — B(Hy) is a CP-map and T : E — B(Hy, Hs) is a
p-map. Then there exists a pair of triples (Ky,m, V) and (Ky, S, W), where
(i) Ky and Ky are Hilbert spaces;
(i) m : A — B(Ky) is a unital x-homomorphism and S : E — B(K;, Ks) is a
m-representation;
(iii) V : H — Ky and W : Hy — Ky are bounded linear operators such that
ola) =V*r(a)V and T(x) = W*S(x)V for alla € A, x € E.

Proof. We prove the theorem in two steps.
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Step 1: Existence of Ki,7m and V: This is the content of Stinespring’s theorem
([Pau02, Theorem 4.1]). In fact we can choose a minimal Stinespring representation
(Ky,m, V) for ¢. That is, K; = span 7n(A)V H;.

Step 2: Construction of K5, S and V: Let Ky := span
S(x) :spanm(A)VH; — K, by

T(E)H,. For x € E, define

S(z)(mw(a)Vh) :=T(xza)h, VaecA heH.

Since

n

I3 wteg v —<ZT:L’aZ Z,;T@aj)hj}
—Z< (T (2a), T(ay)h
=Z< b ((was, za;))hy )
_ Z<hZ,V* (z,z)a;)Vhy >
(5 )Vl (Vi)

i J

< e[| #avhl
< o3 mavl?

S(z) is well defined and bounded. Hence it can be extended to whole of K;. This
gives the required S : £ — B(K;, Ks). To prove that S is a m-representation, let
r,y € E, a;,a, € A, hj,h, € Hi, 1=1,2,...n, n € N. Then

n

<Z7r(ai)Vhi,S(x)*S(y)(i VR > <ZT ra; hl,ZT yaj h’>

= <2n: m(a:)Vh, m({z, y>)(2n:7r(a;)‘/h;)>'

i—1 j=1

Thus S(z)*S(y) = 7({x,y)) on the dense set spanm(A)V H; and hence they are
equal on K;. Note that Ky C H,. Let W := Pg,, the orthogonal projection onto
K5. Then W* : Ky — H, is the inclusion map. Hence WW™ = idk,. That is W
is a co-isometry. Now for x € E and h € H;, we have W*S(x)Vh = S(z)Vh =
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S(z)(m(1)Vh) =T (z)h. O

Definition 3.2.3. Let ¢ and T be as in Theorem 3.2.2. We say that a pair of triples
((Kl,w, V), (K3, S, W)) is a Stinespring representation for (¢, T) if the conditions
(1)-(iii) of Theorem 3.2.2 are satisfied. Such a representation is said to be minimal
if K, = span m(A)VH, and K, = span S(E)V H,.

Remark 3.2.4. The pair ((Kl,ﬂ', V), (K3, S, W)) obtained in the proof of Theorem

3.2.2 is a minimal representation for (¢, T).

Theorem 3.2.5. Let ¢ and T be as in Theorem 3.2.2. Let ((Kl,ﬂ',V), (Ks, S, W))
and (K1, 7', V'), (K4, S"\W')) be two minimal representations for (¢, T). Then
there exist unitary operators Uy : K1 — K and Uy : Ky — K such that

(i) 4V =V, Uyr(a) = 7'(a)U; and

(i) UW = W', UsS(z) = S'(x)U.
That is, the following diagram commutes, for a € A and x € E.

v m(a) S(w) w

H1 Kl K1 KQ H2
\ JUl JUI lUQ/
| w’
K1 K1 K

Proof. Define U; : span n(A)V H; — span ©'(A)V'Hy by Uy(n(a)Vh) := 7'(a)V'h
for all @ € A, h € Hy, which can be seen to be an onto isometry and the unitary
extension of this is the required map U; : K; — K ([Pau02, Theorem 4.2]). Now
define U, : span S(E)V H; — span S'(E)V'Hy by Us(S(x)Vh) := S'(x)V'h for all
x € FE, h € H;. Consider

HZS’:L’ZVh| <Z xZVhZ,ZS’a:J )

< S V(S (), S (x; >Vh>

,,M:\)M

< LV a:z,:c]>)Vh>
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= 3 (el

1,j=1

= S (Ve (o eV

7,j=1
=1

Thus U, is well defined and an isometry and can be extended to whole of K5, call
the extension U, itself, and being onto it is a unitary. Since ((Kl, ™, V), (Ks, S, W))
and ((K{,7, V'), (K4, S',W')) are representations for (o, T), it follows that T'(z) =
W*S(x)V = W™*S'(x)V' = W"*UyS(2)V and hence (W* —W"™*U,)S(2)V = 0. Since
span S(E)V H; = Ky, it follows that W* — WU, = 0, that is, UsW = W'. As S'is

a m-representation and S’ is a n'-representation, it can be shown that

= Z S'(x)n'(a)V'h,

n

= S/(I)Ul(Z’YT(CLZ>th),

=1

forallz € E, a; € A, h € Hy, 1 <i<n, n €N, concluding UyS(z) = S (x)U;. O

Remark 3.2.6. Let ((Kl, m, V), (Ks, S, W)) be a Stinespring representation for (¢, T').
If  is unital, then V is an isometry. If the representation is minimal, then W is a
co-isometry by the proof of Theorem 3.2.2 and Theorem 3.2.5(ii). Conversely if W
is a co-isometry, then 7'(-) := W*S(-)V defines a p-map where ¢(-) = V*r(-)V.

Define ¢ : A — B(H;) by p(a) = aob, for all a € A, here o denote the Schur product.

Example 3.2.7. Let A= My(C),H, =C* H,=C®and E=A® A. Let b= [1

el

[ I

=l
As b is positive, ¢ is a CP-map (see [Pau02, Theorem 3.7]). Let b; = [\/5 ; ] and

0
by = [\65 1]. Let K; = C* and Ky = H,. Define T : E — B(H,, Hy) and

V2
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S E— 3(K1,K2) by

V3

Tialbl -(Il O-
V3
—a2b1 a O
T(a; ® ay) := \f , Slay @ ag) == 2 Yap,a € A
Tialbg 0 ai
a2
_\% a2b2_ - -

It can be verified that T is a g-map. Define V : H; — K; and 7 : A — B(K) by

ﬁbl a 0
v=|"2"], ()= Vae A

L, 0 a

V2

Clearly S is a m-representation and T'(a; @ a1) = W*S(a; @ az)V, where W = idy,.
This example illustrates Theorem 3.2.2. Note that in this example, there does
not exists an xy € FE with the property that T'(zo)7T(zo)* = idg,, which is an

assumption in Theorem 3.2.1.

3.3 Recent developments

In [Joill] M. Joita gave a covariant version of Theorem 3.2.2 and using that proved
a Radon-Nikodym type theorem for ¢-maps (where ¢ is CP) on Hilbert C*-modules
(see [Joil2]). In [Pli12] M. Pliev proved an analogue of Theorem 3.2.2 for a finite
family of maps on Hilbert C*-modules. In [HJ11] Heo and Ji studied semigroups,
called @-quantum dynamical semigroup, of p-maps on Hilbert C*-modules. The re-
construction theorem for quantum stochastic processes from a pair (¢, T;) of families
of such maps is investigated.

M. Skeide proved a very generalized version of Theorem 3.2.2. We state the

result here for further use and also for the completeness of this chapter.

Theorem 3.3.1 ([Skel2]). Let E and F' be Hilbert C*-modules over unital C*-algebras
B and C, respectively. Then for every linear map T' : EE — F' the following conditions
are equivalent:

(i) T is a -map for some CP-map ¢ : B — C.

(ii) There exists a pair (F,() of a B-C-correspondence F and a vector ( € F, and
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there exists an isometry v : E© F — F such that T(x) = v(z ® () for all
rekl.

This factorization theorem helped a lot in further studies of p-maps. Some of
them we discuss in the next Chapter. Motivated by the work of Tabadkan-Skeide
([TS07]), Bakic-Guljas ([BG02b]) and Solel ([Sol01]) one may ask which maps be-
tween Hilbert C*-modules allows for a CP-extension to a map acting blockwise
between the associated (extended) linking algebras. In next chapter we investigate
in particular those CP-extendable maps where the 22-corner of the extension can be
chosen to be a x-homomorphism. We show that they coincide with the maps con-

sidered by Asadi ([Asa09]), Bhat-Ramesh-Sumesh ([BRS12]) and Skeide ([Skel2]).
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CHAPTER 4

CP-H-EXTENDABLE MAPS BETWEEN HILBERT

C*-MODULES

In the previous Chapter we have seen that if ¢ is a bounded linear map and T :
E — F is a ¢-map, then ¢ is CP on Bg. In this Chapter we find a criteria
that tells us when a map 7' : £ — F' is a ¢-map for some CP-map ¢ without
knowing ¢, just by looking at 1. The case, when a possible ¢ is required to be
a *-homomorphism has been resolved by Tabadkan and Skeide ([T'S07]). For full
E, [TS07, Theorem 2.1] asserts: T' is a @-map for some *-homomorphism ¢ if and
only if T is linear! and fulfills T'(z1(x2,23)) = T(21)(T(22),T(x3)), that is, if T
is a ternary homomorphism. Another equivalent criterion is that 7" extends as a

x-homomorphism
cC F*
F X(F)

B E*
E K(E)

o T
T ¥

acting blockwise between the linking algebras of £ and of F. We would call such
maps H-extendable.

It is always a good idea to look at properties of Hilbert C*-modules in terms
of properties of their linking algebras. (For instance, recall that, Skeide [Ske00] de-
fined a Hilbert C*-module E over a von Neumann algebra to be a von Neumann
module if its extended linking algebra is a von Neumann algebra in a canonically
associated representation.) Likewise, it is a good idea to look at properties of maps
between Hilbert C*-modules in terms of how they may be extended to blockwise
maps between their linking algebras. (For instance, many maps between von Neu-
mann modules are o-weakly continuous if and only if they allow for a normal (that
is, order continuous) blockwise extension to a map between the linking algebras.)
In addition to the usual linking algebra of a Hilbert C*-module, it is sometimes
useful to look at the reduced linking algebra or at the extended linking algebra. It
would be tempting to see if p-maps (where ¢ is CP) are precisely the CP-extendable

maps, that is, maps that allow for some blockwise CP-extension between some sort

[IWe should emphasize that, contrary to the statement in [TS07], linearity of 7' cannot be
dropped. The map T : E — C defined as T(xz) = 1 is a counter example. Indeed, without linearity,
the map ¢ defined in the proof of [T'S07, Theorem 2.1] is a well-defined multiplicative *-map; but
it may fail to be linear.
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of linking algebras. Unfortunately, this is not so: There are more CP-extendable
maps than ¢-maps; see Section 4.3. We, therefore, strongly object to use the name
CP-maps between Hilbert C*-modules as meaning p-maps (where ¢ is CP), which
was proposed recently by several authors; see, for instance, [HJ11] or [Joil2].

But if CP-extendable is not the right condition, what is the right condition?
And what is the right “intrinsic condition” replacing the ternary condition for -

isometries?

4.1 CP-H-extendable maps

Through out this section we assume that E and F' are Hilbert C*-modules over
C*-algebras B and C, respectively. Also for a linear map T : E — F we let Fp :=
span T'(E)C.

As a main result of this Section we prove the following theorem.

Theorem 4.1.1. Suppose E is a full Hilbert B-module. Then for a linear map T :
E — F the following conditions are equivalent:

1. There exists a (unique) CP-map ¢ : B — C such that T is a p-map.
o T* B E* c Fr

2. T extends to a blockwise CP-map T =
T 9 E BY(E) Fr B(Fy)

with ¥ a x-homomorphism.
3. T is a CB-map and Fr can be turned into a B*(E)-C-correspondence in such a
way that T is left B(E)-linear, i.e., T'(ax) = aT(z) for allz € E, a € B(E).
4. T is a CB-map fulfilling

<T(x1),T(m2<x3,a74>)> - <T(x3(x2,x1)),T(x4)>. (#%)
forallx;, e E, 1=1,--- 4.
A more readable version of (xx) is (T'(x1), T(zax}zs)) = (T(wsa3z1),T(24)).

This quaternary condition is the intrinsic condition we were seeking, and which

generalizes the ternary condition guaranteeing that 7' is a (-isometry.

Observation 4.1.2. While proving the theorem we will make the following observa-

tions.
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(i) The homomorphism ¥ in (2) coincides with the left action in (3); see Remark
4.1.10.
(i) It is routine to show that («x) defines a nondegenerate action of F(E). So, the
same argument also shows that (3) and (4) are equivalent.
(iii) Clearly, Example 3.1.3(i) shows that the condition on 7" to be completely
bounded in (3) and (4), may not be dropped. However, if E is full over a

unital C*-algebra, then 7" just linear is sufficient; see Observation 4.1.15 .

Remark 4.1.3. It should be noted that the CP-map ¢ in (2) need not coincide with
the map ¢ in (1) making 7" a p-map. We can add an arbitrary CP-map from B — C
to the latter.

Remark 4.1.4. Unlike for p-isometries, for more general p-maps the *-homomorphism
¥ in (2) will only rarely map K(F) into K(Fr). So, in (2) it is forced that we pass to
the extended linking algebras. Also considerations about the strict topology cannot

be avoided completely.

Remark 4.1.5. We already know that a ¢-map T is linear, so linearity of 1" may be
dropped from (1). But the example in Footnote [i| shows that linearity cannot be
dropped from (4), not even if T fulfills the stronger ternary condition. Linearity
may be dropped from (3), if E contains a unit vector &, for in that case we have
T(x) =T (x£*¢) = (x€*)T(€), which is linear in z. However, linearity of T cannot

be dropped from (4) even if E is a full module over a unital 5.

Proof of Theorem 4.1.1

We shall follow the order (1) = (2) = (3) = (1) and (3)<(4). In Section 4.3,
we present an alternative direct proof of (2) = (1), which avoids using arguments
originating in operator spaces as involved in the proof (3) = (1). Since we also
wish to make comments on the mechanisms of some steps or how parts of the proof
are applicable in more general situations, we put each of the steps into an own

subsection and indicate by “@i” where the part specific to Theorem 4.1.1 ends.
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Proof of (1) implies (2)

CASE 1: We first consider the case where B and C are unital, but without requiring
that F is full. So let ¢ : B — C be a CP-map between unital C*-algebras, and
let T': E — F be a p-map from an arbitrary Hilbert B-module E to a Hilbert
C-module F'. Note that, in this case, the extended linking algebras of £ and F
equals B*(B @ E) and B*(C & F), respectively.

Suppose (F, () is the minimal GNS-construction for ¢. Define v : E©@F — F by
z® (bCc) — T(xb)c. Since (x &, 2/ ©&) = (&, (z,2)E) = o((z,2')) = (T(z), T ("))
the map v defines an isometry. Note that, T' factors as T(-) = v((-) ® ). (We
just have reproduced the proof of the “only if” direction of the theorem in [Skel2].)
Now, v is obviously a unitary onto Fr. So 9(-) := v((-) ® ids )v* defines a (unital
and strict) x-homomorphism from B*(E) — B*(Fr). ldentifying F with B*(C, )
via y — (I, : ¢ = yc) and identifying B® F with F via b © y — by, we may define a

bl ) o)== (G) (e
0 v* Fr EoT Fr E

Obviously, the map T : B(B® E) — B*(C ® Fr) defined by T(-) := Z*((-) ©ids )=

map

(11

is completely positive. Also for all [b v € BB ® E) we have,

' a

b ox o] (o 2 0
(| " [ N i | |
¥ a 10 v \ |7/ «a 0 v*
¢ o] [oeids 2t @ids] [¢ 0
_O v| |7 ©ids a®ids | |0 v*

C(b@ids)¢ (2" @ idg)v*]
[v(z’' @ids)¢ v(a© idg)v*
)

(C(boid)¢ (v o Q)"
v’ ®C)  wv(a®idg)v*

Thus T = [; 1;;1, where T%(z*) := T'(z)*, is a blockwise CP-map. This proves

(1)=-(2) for unital C*-algebras but not necessarily full F.
CASE 2: Now suppose B is not necessarily unital. Nonunital C may always be

“repaired” by appropriate use of approximate units. The following is folklore.
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Lemma 4.1.6. If ¢ : B — C is a CP-map, then the map ¢ : B — C between the
unitalizations of B and C, defined by

Pl =9, (1) :=llelT,
is a CP-map.

Proof. Denote by 9§ : B — C the unique character vanishing on B, and choose a

contractive approximate unit {b,}aeca for B. Then the maps

al-) = (Ba()ba) + (ol T = (b30a)) ()

are CP-maps (as sum of CP-maps) and converge point-wise to ¢. Therefore, ¢ is a
CP-map. O

Note that, E and F' are modules over the unitalizations too, with xlp =
x, yle:=yforallx € E, y € F. AlsoT : E — F is a ¢g-map. Since in the
first part F was not required full, we may apply the result to get the blockwise CP-

extension T : E ¢ r of T, which restricts to the desired CP-map
E B(E) F B(F)
T. This concludes the proof (1) =(2). |

Definition 4.1.7. A linear map T : E — F is said to be CP-H-extendable if it ex-
o T B E* c F
T ¥ E BY(E) Fr Ba(Fr)

tends to a blockwise CP-map T = with ¢ a

x-homomorphism.

Observation 4.1.8. Obviously, the proof shows that the conclusion (1)=-(2) holds in
general, even if E is not full. Thus all p-maps are CP-H-extendable.

Proof of (2) implies (3)

Let T : E — F be a linear map from a Hilbert B-module E to a Hilbert C-module F'.

Suppose we find a CP-map ¢ : B — C and a x-homomorphism ¢ : B*(E) — B*(Fr)
o T [B E* c F;

T v E B(E) Fr B(Fr)
adjoint 7% : E* — F* should be the map z* — T'(x)*. Also being the corner of a

such that T = is a CP-map. Since T preserves

81



4.1. CP-H-EXTENDABLE MAPS CHAPTER 4.

CP-map T is a CB-map.

Lemma 4.1.9. Let 6 : B — C be a CP-map between C*-algebras B and C. Suppose
A C B is a C*-subalgebra of B with unit 14 such that the restriction ¥ := 0|4 of 0

to A is a x-homomorphism. Then
0(ab) = ¥(a)0(14b), O(ba) = 0(bl4)V(a)
forallae A andb e B.
Proof. Assume that B and C are unital. (Otherwise, unitalize as explained in Lemma
4.1.6 and observe that also the unitalization 6 fulfills the hypotheses for A C B with

the same 9. If the statement is true for 6, then so it is for § = 6|g.) Let (¥,()
denote the GNS-construction for #. Then for all a € A, by the stated properties,

(a¢ —14¢0(a), a¢ — 14¢0(a))
= (¢, a%a¢) — (¢, a*¢)d(a) — D(a*)(¢, a) + I(a"){¢, 1a()?(a)
=0(a"a) — 0(a")V(a) — I(a")0(a) + I (a*)0(14)0(a)
=0,

since 0|4 = 9. Thus a{ = 1 4¢Y¥(a) and hence

0(ab) = (¢, ab¢) = (a”¢, 14bC) = V(a)(1aC, 1abC) = F(a)f(14D)

and 0(ba) = 0(a*b*)* = 0(bl4)¥(a) for all a € A, b € B. O
By applying Lemma 4.1.9 to the CP-map T : g B‘i*E) }ST B“ZZJ;T) with
0 0 0 0
the subalgebra A = e =14, t
e subalgebra o 5(5) L) idzj A, We ge
0 o_rI('oo 00)_007<00)_ 0 0
T(azx) 0 0 af |z 0 0 J(a) z 0 Ha)T(z) 0

Thus T'(az) = 9(a)T(x) for all x € E, a € B*(E). In other words 9 defines a left
action of B*(E) on Fr with respect to which 7" is left B*(E)-linear. This proves (2)
= (3). |

82



CHAPTER 4. 4.1. CP-H-EXTENDABLE MAPS

Remark 4.1.10. Suppose ¥’ is any other left action of B*(E) on Fr with respect to
which T is left B*(E)-linear. Then ¢'(a)T(z) = T'(ax) = Y¥(a)T(z) for all z € E,
hence ¥'(a) = ¥(a) for all a € B*(FE). Thus 9 in (2) coincides with the left action in
(3). In fact, since, the set T'(F) generates the Hilbert C-module Fr, the left action
in (3) (and, consequently, also ¥ in (2)) is uniquely determined by (zy*)T(z) =
T(xy*z). This formula shows that F(E) act nondegenerately on Fr, so there is
a unique extension to all of B*(E). Moreover, this unique extension is strict and

unital (Proposition 1.3.10).

Observation 4.1.11. Here also we did not require that F is full. So (2) = (3) is true
for all CP-H-extendable maps.

Proof of (3) if and only if (4)

Clearly (3)=(4). Now, suppose T': E — F'is a bounded linear map satisfying ().
Then for all a ="  «

zlzz

(T(ax), T(z")) = Z<T([L’;$:ZB Z<T T(zizf2)) = (T(x), T(a*2")).

Also if X(F) 3 a = lima,, with a,, € F(F), then, since T' is bounded,

€ F(F) and x,2’ € F we have

(T(az),T(z")) = lm(T(ayz),T(z")) = lim(T(z), T(a}z")) = (T(x), T(a*z’)).

n

Now for each a € K(F) define 7(a) : T(E) — T(E) by T(x) — T(ax). Note that if
T(x) =T(z'), then

(n(a)T(z) — m(a)T(2"), m(a)T(z) — (a)T'(a"))

T(az),T(az)) — (T(az),T(az')) — (T(az’), T(az)) + (T (az'), T(az’))
z), T(a*ax)) — (T(z),T(a*az")) — (T (' ),T(a*azz)> +(T(2"),T(a*az"))

T(z) = T(2'), T(a*ax)) — (T(z) — T(z'), T(a*az’))

and hence m(a)T (cc) = 7(a)T(z"). Thus ﬂ(a) is well defined for all a € K(F).
Clearly (m(a)T(z),T(2")) = (T(z) T(2')) and 7(a)m(a’) = w(aa’) for all
z,2 € E, a,d’ € X(E). Then from Lemma 1.4.4 and Lemma 1.4.5 we get a
s-homomorphism 7 : K(E) — B*(Fr). Since spann(F(E))Fr = Fr we have 7
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is nondegenerate. Then, by Proposition 1.3.10, it further extends uniquely to a
strict unital *-homomorphism, denote again by m, from B*(E) — B*(Fr). Since
K(E) is strictly dense in B*(E) the extension 7 satisfies 7(a)T (z) = T'(ax) for all
a € BYE), x € E. Thus 7 defines a left action of B*(E) on Fr such that T is left
Be(E)-linear. This proves (4)=-(3). |

Proof of (3) implies (1)

Given a CB-map T : F — F and a left action of B*(E) on Fr such that aT'(z) =
T(az) for all x € E, a € B*(E), our scope is to define ¢ by (*). So, in this part it
is essential that F is full. We will show that the hypotheses of (3), which showed
already to be necessary, are also sufficient.

Suppose F is a full Hilbert B-module. Now if there exists a map ¢ such that T’
is a ¢-map, then ¢ appears to be the unique map (z,2’) — (T'(x),T'(z)). Since T
is left B*(E)-linear the map (z, ') — (T(z),T(z')) is balanced’ over B*(E). We
prove that the map ¢ assigning the value (T'(z),T(2')) € Cr, = Fj Osa(py) Fr to
each element (z,2') € Bp = E* Oge(g) E is a well defined bounded linear map. Once
¢ is bounded, Theorem 3.1.5 asserts that ¢ is completely positive.

The proof of boundedness can be done by appealing to the module Haagerup ten-
sor product and Blecher’s result (Theorem 1.5.19) that the internal tensor product
of correspondences is completely isometrically the same as their module Haagerup
tensor product. Note that F} Ogep) Fr € F* Ogery F. And if F' is a correspon-
dence making T' left B*(FE)-linear, then, by definition of left B*(E)-linear, Fr is a
correspondence making T left B%(E)-linear, too. (Also strictness does not play any
role here.) So, it does not really matter if we require the property in (3) for Fr or
for I, because the latter implies the former. So, let F' be a B*(E)-C-correspondence
such that T is left B*(E)-linear. Then, T* := x o T o x is a right B*(FE)-linear map
for the corresponding B*(E)-module structures of E* and F*. (Note that E* is the
dual Hilbert B*(E)-module of E with inner product (z"*,xz*) = z’z*. But F* is not
a Hilbert B*(E)-module, it is a Banach right B*(E)-module.) Consider the map

™ eoT: E* @hBa(E') E— F~ QhB‘l(E) F

ilFor a € B(E) we have (ax,z') = (x,a*2’). So if the map (x,2') — (T(x),T(z")) is well

defined, then (T'(az),T(x)) = (T'(z),T(a ;v)’>
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between the module Haagerup tensor products over B(E). Indeed, since T is CB,
the universal property of the module Haagerup tensor product guarantees that the
map 7" ® T is completely bounded with || 7% @ T'||, < || T*|| 4 IT|l.,- The Haagerup
seminorm on F* ® F with amalgamation over B%(E), which is homomorphic to a
subset of B*(F), is bigger than the Haagerup seminorm with amalgamation over
B*(F). So, together with Blecher’s result we get that, as map between the internal
tensor products E* Opepy £ = Bg = B and F* Ogepy ' =Cp CC the map T* O T
(equals ¢ and) is of CB-norm not bigger than |7, ||7,- Thus ¢ is bounded.
But we prefer to give a direct independent proof of boundedness of ¢. Actually, our
method will provide us with a quick proof of Blecher’s result.

We have E* ©p. ) B = span (E, E) as subset of E* ©Oga(p) £ = Bp = B. Once ¢ :
E* Opa(p £ — Cis bounded (for the norm of the internal tensor product E* ©ga(p) E

on E* Opopy B C E* Opeg) E), then so is the extension to B = E* Ogegy E. So it

(E)
remains to show that ¢ is bounded on E* ©p, ) E. Let z = Y xroy; = > (x,yi) €
i=1 i=1
E* O (my E = span(E, E). For the elements x and y in E™ with entries x; and y;,

respectively, this reads z = (z,y). We get ¢(z) = (T"(x),T"(y)). Consequently,

le)IE = KT (@), T* ) < 1717 el iyl < IT0Z el iyl

Now if, for any ¢ > 0, we can find z. and y. in E™ such that (x.,y.) = z and

|zl [yl < ||z]| + €, then we obtain

le@)I < ITNG el lyell < ITNS (=)l +e),

and further [|¢|| < ||T%,, by letting & — 0.
For showing that this is possible, we recall the following well-known result. (See,

for instance, [Lan95, Lemma 4.4].)

Lemma 4.1.12. For every element x in a Hilbert B-module E and for everyr € (0,1)

there is an element w, € E such that x = w, |x|".

The proof in [Lan95] shows that w, can be chosen in the Hilbert C*(|z|)-module
xC*(|x|), which is isomorphic to C*(|z|) via the bilinear unitary w :  + |z|. The
element w, € xC*(|z|) is unique. For, suppose x = w |z|" for some w € zC*(|z]),

then (w—w,) |z|” = 0 and hence u(w —w;) |z|" = u((w—w,)|z|") = 0. Since |z|" is
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positive in the C*-algebra C*(|z|), we get u(w —w,) = 0, thus w = w,. Obviously,

when represented in C*(|z]), w, is |z|"".

Corollary 4.1.13. Let E be a Hilbert B-module and let F' be a Hilbert-B-C-module.
Choose v € E, y € F and put z == x ®y € E®pg F. Then for every ¢ > 0, there
erist x. € E and y. € F such that v. ©® y. = z and ||| ||y:|| < ||z]| + ¢, that is,

lz©yll = mf{[[2"[[ly]| : 2" € B,y € F.a’ 0y =2z Oy}

Proof. For each r € (0,1) let w, € zC*(|z|) € E be such that 2 = w, |z|". Since

[w, || = ||| "] = SUD o, o) A = |z||'™" — 1, and since |z|" converges in norm
to |x| we have |w.|| |||z|" yl| Sl IN Lllz| ]| = |lx ® y|| = ||z]]. So given & > 0 there

exists 7' € (0,1) such that z = 2 © y = wy ® |z[" y with [|z]| < |Jw.|| H|x|’",yH <
2] +e. v

With the proof of this corollary we did not only conclude the proof of (3) = (1),
but also the proof of Theorem 4.1.1. val

Corollary 4.1.14 ([Ble97a, Theorem 4.3]). Let E be a Hilbert B-module and let F' be
a Hilbert-B-C-module. The internal tensor product norm of z € EQ© F' is

Izl = inf {{lzalllly"]| : 70 € Ewy, y" € F", 2, ©y" =2, n €N}, (%)

with the row space K,y = M, ,(E) and the internal tensor product x, ® y" over
M, (B). That is, the internal tensor product norm coincides with the module Haagerup
tensor product norm. Moreover, since M, (E ® F) is isomorphic to the internal ten-
sor product M, (FE)® M,(F"), the internal tensor product is completely isometrically

1isomorphic to the module Haagerup tensor product.

Proof. First observe that E,) ©,, "= EOzF under the isometric isomorphism

(xIJI‘Qa"' 7xn)®<y17y27"' 7yn)t'_>le®yl

KLet g € C(o(|])) is such that g(|2]) = uw(w—w,) € C*(|z|) = C(o(|z|)). Then u(w—w,)|z|" =
0 implies that g(¢)t" = 0 for all ¢ € o(|z|). Therefore g(¢t) = 0 for all ¢ € o(|z|) ~ {0}, thus, g =0
since ¢ is continuous.
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Suppose z = >." %, Oy € E@g F. If = (21,22,...,%,) € Epy and y =
(Y1,Y2, -, yn)' € E" then 2 =2 Oy € E(n)@Mn(B) F"=FE®F. So, given any € >
0, there exists z. € E(,) and y. € F" such that z = 2. ©®y. and ||z.|| |ly|| < ||2]| +e.

Therefore
inf { |z, || |"] : 20 € By, y" € F*, 2 =2, ®y", n € N} <|z]|.

The reverse inequality is trivial. But RHS of (x) is [|z]|,, and thus [|z] = ||2]|, on
E®gF. Therefore the completions E® F and E &z F' are isometrically isomorphic.
Replacing F, F' by M, (E), M, (F) respectively, we get,

My (E® F) = My(E) ® M,(F) = M,(E) ®, M,(F)
= n,l(E(n)) ©On Ml,n(Fn) = Mn(E(n) On Fn)
=M, (E o, F)

for all n € N, and hence the result holds. n

After this digression on the Haagerup tensor product, let us return to maps
fulfilling (3). However, we weaken the conditions a bit. Firstly, we replace Fr with
F, so that now F'is a B*(E)-C-correspondence fulfilling 7T'(ax) = aT'(x). We still
may define the map T* ® T on E* @ E = span(E, E), and if T is CB, everything
goes as before. Secondly, we wish to weaken the boundedness condition on 7. We
know from Example 3.1.3 that if Bg is nonunital, the CB-condition is indispensable.

So, suppose that E' is full and that B = Bg is unital.

Observation 4.1.15. In the prescribed situation, suppose F has a unit vector £. In
that case, ¢ := T* ® T is defined on all B = (£,{)B C span(E,E) = E*O F C B.
Since @(b*b) = @(b*(§,£)b) = ((T'(£b), T(£b)) > 0 we have ¢ is positive and hence
is bounded by ||¢(1)||. From T(z) = T(x(,§)) = (z€")T (), we conclude that
IT (@) = (), €2 TN < 1ol [{T€), T = ol (1) (This is the
same trick in Remark 4.1.5 that allowed to show that a map T : £ — F' fulfilling
(3) without boundedness and linearity, is linear provided E has a unit vector &.)
Even if F has no unit vector but B = B still is unital, then there is a number

t
n € N such that E" has a unit vector, say, " = (51, e ,§n> (Proposition 1.1.11).
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Again, since

n n

p(b°b) = (b(€", €MD) = (D (&b, &b)) = D> ((T(&d), T(&b)) = 0

i=1 i=1
we have ¢ := T* ® T is positive and bounded by ¢(1). Since T is linear, 7" : E™ —
F™ is left M,,(B*(E))-linear. So, for all z € E™, we have

1T () = (T (™), €226 T (€M)
< |l |? (T (€, T (M)
= [P 1> (T 7€)
=[l2l° 11> e (& &)
= ||| * et €)1

Thus T, and a fortiori T, is bounded by \/w with the same ¢ as obtained
from T'. Finally, since M,,(E™) has a unit vector (with entries " in the diagonal)
and (T")m = Tngm @ My (E™) = My (F") is left My, (B*(E))-linear, as above,
we have (1), is bounded by ||om(1n)|| = [|¢(1)]] for all m > 1. So, T", and a
fortiori T, is completely bounded by +/[l¢] = v/[l¢(1)].

4.2 CPH-maps

We have seen in Theorem 4.1.1 that the submodule Fp of F generated by T(F)
plays a distinguished role. (If T is a @-isometry, then T(FE) is already a closed
o(B)-submodule of F.) It is natural to ask to what extent the condition in (2) can
be satisfied if we write F' instead of Fr. In developing semigroup versions ([SS14,
Section 4,5]), this situation becomes so important that we prefer to use the acronym

CPH for that case, and leave for the equivalent of ¢-maps the rather contorted term

CP-H-extendable.

Definition 4.2.1. A CPH-map from F to F is a linear map that extends as a blockwise
CP-map between the extended linking algebras of ' and of F' such that the 22-corner
is a x-homomorphism. A CPH-map is strictly CPH if the homomorphism can be

I Note that, My (E™) = Mpnm(E) is a My, (‘BG(E))—Mm (B) correspondence in an obvious
way.
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chosen strict. A (strictly) CPH-map is a (strictly) CPHy-map if the homomorphism

can be chosen unital.

Observation 4.2.2. Effectively, in the proof of (2)=-(3), for the conclusion T'(ax) =
Y(a)T(x), we did not even need that T maps into the linking algebra of Fr. The
conclusion remains true for all CPH-maps, so that for a CPH-map the subspace Fr
of F' reduces 9.

Corollary 4.2.3. A CPH-map T : E — F 1s CP-H-extendable.

o T B E* c F
T 9 E B(E) F Be(F)
such that ¥ : B*(FE) — B%(F) is a *-homomorphism. Then from Lemma 4.1.9
we have ¥(a)T(x) = T'(ax) and thus 9 : B*(E) — B*(Fr) defines a strict unital
o1 [B B [ o
T 9| |E BYE) Fr B(Fr)
of T', once we prove that it is CP.

Let T(x) € Fr C F =3span F(F,F) = FCg. (Recall Corollary 1.1.14.) Suppose

Cm = 2221<ka,wmk> € span (F, F') is such that T'(z) = y(lim,, ¢;,). Then for all
cel, q € A(FE) and

Proof. Suppose T = is a blockwise CP-map

x-homomorphism. So J" =

1 is a CP-H extension

C; T.’Ei

e A(Fr), i=1,2,--- ,n we have

7 (3

*

n
¢ ¢ Tx} ¢; Tzi|( ¢
<<T >, LT T(ata)| * ( >>
z) 55 Tx; d; Tr; d; |\Tz
lm n r
;. Taf c ¢; T c
= lim < < ' < ) T (a"ay) | j ( >>
m ;wz:l Tz di | \yzmpwmk 7 L Tz dj | \YzmpWmk
Im n r * r *7]
:limz Z< Ci/ (ka@,ffﬂi» < ¢ ),T(ai*aj) Cj/ (ka@’z;fj» ( ¢ >>
vy | T'z; diyzm i Wink | T'x; diyzmr | \Wmk
lm n * - %7
c ¢ (zmrly, Tx; ci (zmely, Tx; c
:hmz< S (i (y : D 7(aa;) ] (i (y : i) >
™D \Wmk/ ST Tx; diy 2z | T'x; d;yzi.. Wink

¢ (zme(y, T))"

/ *
ij dj YZmk

since

€ BY(C & F) and T is CP. Thus T’ is also a CP-map. [

Observation 4.2.4. If F is full, then the above corollary also follows via CPH =(3)=
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(1) = (2).

Observation 4.2.5. If Frr is complemented in F, then T': E — F is a CPH-map if
B(Fr) 0] .

0
BYF) = BYFr ® Ff), so that ¥ may be considered a map into B*(F). But this

and only if it is CP-H-extendable. In that case, B%(Fr) is the corner

condition is not at all necessary, nor natural; see Section 4.4.1.

Despite the fact that there are fewer CPH-maps than CP-H-extendable maps,
looking at CPH-maps is particularly crucial if we wish to look at semigroups of
CP-H-extendable maps T; on E. Obviously, for full F, the associated CP-maps
form a CP-semigroup. But the same question for the homomorphisms 1;, a priori,
has no meaning. The extensions ¥; map B*(F) into B*(Er,), not into B*(E). And
if Fr, is not complemented in E, then it is not possible to interpret B*(Er,) as a

subset of B(E), to which ¥ could be applied in order to make sense out of ¥ o ¥;.

Observation 4.2.6. Adding the obvious statement that for each B-C-correspondence
F and for each vector ( € F, an isometry v : F ® F — F gives rise to a ¢-map
T(-) == v((-) ®¢) for the CP-map ¢(-) := (¢, (:)¢), we also get the “if” direction
of the theorem in [Skel2]. For this it is not necessary that F is the minimal GNS-
correspondence of . This observation provides us with many CPH-maps. It also

plays a role in developing the theory of CPH-semigroups ([SS14, Section 4]).

4.3 CP-extendable maps

In (1) = (2) we have written down the (strict unital) *-homomorphism ¢ : B*(E) —
B(Fr) in the form J(-) := v((-) ® ids )v* with the unitary v : E© F — Fr
granted by the theorem in [Skel2]. Then we have shown that the blockwise map
T = [; 1;;] is completely positive, by writing it as E*(() ® id({)E with a diagonal

map = € B“(( ¢
Fr
nonunital.) We wish to illustrate that these forms for ¥ and T are not accidental,

), (2) © F). (Recall that it was necessary to unitalize ¢ if B was

but it actually holds for all strictly CP-extendable maps T'.
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Lemma 4.3.1. Let E be a Hilbert B-module, F be a Hilbert C-module, and let T :
BYE) — BYF) be a CP-map with the minimal GNS-construction (£,Z). The
following conditions are equivalent:
(i) T is strict, that is, bounded strictly converging nets in B*(E) are sent to strictly
converging nets in B*(F).
(ii) The action of K(E) on the B*(E)-C-correspondence € ® F' is nondegenerate.
(iii) The left action of B*(E) on the B*(E)-C-correspondence E© F defines a strict

x-homomorphism.

Proof. (i) = (ii). Suppose T is strict, and choose a bounded approximate unit
{ta}aen for K(E). Then u,a — a strictly for all a € B*(FE) (see for instance
[Lan95, proof of Proposition 1.3]). Now for every element o= ® y from the total
subset B*(E)= ® F of £ ® F, we have

(e = 02 © 9l = [{(waa = Z O, (w00~ A)E 1))
= |y, (0t — a)Z, (uaa — a)=)y)||
= |y, T((tat — a)* (taa — a))y)||

— 0,

so that lim(u,®idp)(aZ0y) = lim u,a=Z0y = aZGy. Therefore span X(E)(E © F) =
EOF.

(ii) < (iii). Recall that a correspondence, by definition, has nondegenerate left ac-
tion. It is well-known (and easy to show) that (ii) and (iii) are equivalent for every
B(E)-C-correspondence. (Indeed, since a bounded approximate unit for K(£) con-
verges strictly to ¢dg, for a strict left action the compacts must act nondegenerately.
And if K(FE) acts nondegenerately, then this action extends to a unique action of
all B*(E) that is strict, automatically. See [Lan95, Proposition 5.8] or the proof of
[MSS06, Corollary 1.20].) Recall, also, that on bounded subsets, strict and *-strong
topology coincide (Proposition 1.3.14).

(iii) = (i). Suppose {aqn}acn is a bounded net in B*(E) converging strictly to
a € B*(E). If the left action of £ ® F is strict, then we have {(a, ®idp)(E O Y)}aca

converges to (a @ idp)(Z ® y), and likewise for {a },ca. Therefore

T(aa)y = <E, aaE>y
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(E@idr)*(a, @ idr)(E@y)
— (E@idp)" (a@idp)(E0Y)

=, aE>y

T(a)y

and similarly T(a})y — T(a*)y for all y € F. In other words, {T(as)}aes converges
x-strongly, hence, strictly to T(a). ]

Theorem 4.3.2. Let E be a Hilbert B-module, F' be a Hilbert C-module, and suppose
that T : BY(E) — B*(F) is a strict CP-map. Then there exist a B-C-correspondence
F and a map E € B(F,E ®© F) such that T(-) = Z*((-) ® idy ) E.

Proof. Let (€, =) be the minimal GNS-construction for J. Like every Hilbert B (F')-
module, we may embed & into B*(F,€ ® F) by identifying z € £ with the map
2@idp : y — 2Oy having adjoint 2*©idp : 2Oy — (2, 2")y. So, T(a) = Z*(a®idp)=
where a € B*(E) acts by the canonical left action on the factor £ of £ ® F. Define
the B-C-correspondence F := E* ® £ ® F™). If T is strict, so that X(E) & E © E*
acts nondegenerately on £ ® F', then the string

EOF=spanK(E)EOF) 2 K(E) 0 (EOF) 2 (EOE)0(EOF) =E0(B*0E0F) =E60T

of (canonical) identifications proves that the map (2'z*)(z ©® y) — 2/ © (z* ©
2z ® y) defines an isomorphism £ ® FF — E ® F of (K(F)-C and hence) B*(E)-
C-correspondences. Thus = € € C BYF,EOF) = BY(F,E®F) is such that
T()=E*((-) @ids ) =. O

Remark 4.3.3. For £ = B so that B*(B) = M (B), the multiplier algebra of B, this
result is known as KSGNS-construction for a strict CP-map from B into B*(F)
([Kas80], [Lan95, Theorem 5.6]). One may consider Theorem 4.3.2 as a consequence

of the KSGNS-construction applied to T|x(g) and the representation theory of B*(E)

(] This way to construct the B-C-correspondence F from a B¢(E)-B®(F)-correspondence is,
actually, from [BLS08, Section 3]. There, however, it is incorrectly claimed that the GNS-
correspondence of a strict CP-map has strict left action. (This is false, in general, as the maps
T = idpa(g) shows. The results in [BLS08] are, however, correct, as strictness is never used for &£
but always only in the combination as tensor product £ ® F.) For that reason, we preferred to
discuss this here carefully, including also the precise statements in Lemma 4.3.1.
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(Theorem 1.5.10). Effectively, when T is a strict unital *-homomorphism, so that
£ := ¢BYF)" is the GNS-module for T and F := E* © £ ® F = E* ®g F, the
theorem (and its proof) specialize to [MSS06, Theorem 1.4] (and its proof). We like
to view Theorem 4.3.2 as a joint generalization of the KSGNS-construction and of
the representation theory, and the rapid joint proof shows that this point of view is

an advantage.

Observation 4.3.4. Like with all GNS and Stinespring type constructions, also here
we have suitable uniqueness statements. The GNS-correspondence £ together with
the cyclicity condition €& = span B*(E)=B*(F') is unique up to isomorphism of cor-
respondences. In that case = € £ C BY(F, £ © F) = BY(F, E ® ¥F) obtained in the
proof satisfies span B*(E)=(F) = EOF = E®F. Under this assumption F is unique
up to isomorphism if F is full. For, suppose there exists a B-C-correspondence " and
E € BYF,E®JF) with span B*(E)Z/(F) = E®J" such that T(-) = Z*((-) ©ids)Z'.
Then

(EW),2()) = W, ZEW)) = (w, T)y) = (v, Z"E'(y)) = E' ), E'(y))

for all y,y € F, so that Z(y) — Z'(y) extends to a two-sided isomorphism from
E®F — E®JF. Therefore,

FEBOFEE OFEOFEXEOE0F 2XBOF =T

as B-C-correspondences.

Corollary 4.3.5. Suppose E = E1® FEs and F' = Fy® F,. Then a strict CP-map T acts

blockwise from B(E) = [B‘i;(Eg | fB;(f(QL;b;l) to B(F) = 3?((;5]?1}1) 325221;1;1) if

1,142 2 1,2 5
& 0
0 &

and only if the map = in Theorem 4.53.2 has the diagonal form = = l

Proof. If = = FH 512], then by evaluating T at [1 0 and [0 01 we get o = &9 =
§21 €22 00 01
0. O

By $B(F) we mean the Hilbert B%(E)-B%(F)-module B*(F) with the left action of B*(E)
given by a.b := T(a)b for all @ € B*(E) and b € B*(F).
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o T B E* C F*
T E B*(E) F B(F)
with strict 22-corner ). There is no harm in assuming that C is unital. And if B is

Now, suppose T = is a blockwise CP-map

not unital, unitalize ¢. For unital B, the extended linking algebra is B*(B & E) and
the strict topology of all corners but B%(E), coincides with the norm topology!®.
Therefore, T is strict. So, except for the possibly necessary unitalization, we see
that the form we used in the proof (1) = (2) to establish that the constructed 7 is
completely positive, actually, is also necessary. (If unitalization is necessary, then &
is an element of a g—acorrespondence.) We arrive at the factorization theorem for

strictly CP-extendable maps, which is the analogue to the Theorem 3.3.1.

Theorem 4.3.6. Let B and C be unital C*-algebras. Then for a map T from a Hilbert

B-module E to a Hilbert C-module F' the following conditions are equivalent:

. . . . . T B E*
(i) T admits a strict blockwise extension to a CP-map T = v :
T 9| |E BYE)
c Fr
F BY(F)|

(ii) There ezists a B-C-correspondence F, an element & € F and a map & €

BUF, E®F) such that T(-) = &((-) © &).

Proof. (i) = (ii) Suppose T admits a strict blockwise extension to a CP-map
p I

. Then, from Theorem 4.3.2 and Corollary 4.3.5, there exists a B-C-

correspondence ¥ and = = [&1 0] € B“((i), <§> OF) = B“(<C>, (BQrJF)) such

0 & F EoF
that
b x*]) &1 0

b x* . fl 0
oal(ltee)lo e

_[ghoidns Garo z’dg)éz]
& (2 ©Oids)é &5 (a ©idy)Es

b oids)e (G(r @ &))"

| G 0&)  Glaoids)és

() = ) = [l 2] C8) = 2721 C8)

is, b, — b and £, — = in norm. Similarly by considering the adjoint we get 2/, — 2’ in norm.

o T

Tz9(

r a

lISuppose [ZZ i{i] strictly, [b 1;] Then =

x

— 0, that
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Thus T'(z) = &2 ® &) where & € B*(C,BOF) = BYC,F) = F and & €
BYF,E0F).

(1i) = (i) Suppose there exists a B-C-correspondence F, an element & € F =
B(C,B® F) and a map & € B(F, E © F) such that T'(-) = & ((-) ©&). Then (+*)

defines the required extension. n

As for a criterion that consists in looking just at T', we reluctant to expect too

much. Clearly, such a T" must be completely bounded. By appropriate applica-

) i
tion of [Pau86, Lemma 7.1], T" should extend to the operator system i
0
B E _ |
E Be(E) . But to extend this further, we would have to tackle problems like ex-

tending CP-maps from an operator systems to the C*-algebra containing it. We
do not know if the special algebraic structure will allow to find a solution to out
specific problem. But, in general, existence of such extensions is only granted if the
codomain is an injective C*-algebra.

We think that it is the class of strictly CP-extendable maps that truly merits
to be called CP-maps between Hilbert modules, and not the more restricted class of
CP-H-extendable maps.

We close this section with an direct proof of (2) = (1) of Theorem 4.1.1. First

we prove the following lemmas.

Lemma 4.3.7. Let B and C be C*-algebras and F be a Hilbert B-C-module. Then for
any full Hilbert B-module E the relative commutant of B*(E) ® idr in B*(E © F)
is idp © BV,

Proof. If ® € B*Y(F), then idp®® € B*(E ® F) commutes with all elements of the
form a ®idp for all @ € B(E) and hence we have idgp ® B4 (F) C (BY(E) ®idr)'.
For the reverse inclusion assume that a € (B*(E) ® idp)’. Since E is full we have
F = E*® E® F under the identification (x1, 22)y — 25 ©xe@y. Set ® = idp- ©a €
BaYil(F). Then, since E® E* 2 K(E) via 2 ® 2™ + za™, we get

(idg ® ®)(z1 © (T2, 73)y) =11 © 75 © alr3 O y)
= (2125 ©idp)a(rs © y)
= a(r173 O idp) (73 O y)
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= a(z1 © (zg, x3)Y).

Thus ® € B*"(F) is such that a = idg ® ®. Hence (BY(E) ® idr) C idp ®
Bodil(F), 0

Lemma 4.3.8. Let A and B are C*-algebras with A C B. Suppose p € B is a
projection and 7 : A — B given by a — pap is a x-homomorphism. Then pa = ap
forallaec A, ie,pec A CB.

Proof. Since 7 is a *-homomorphism pa*pap = pa*ap, hence, (ap—pap)*(ap—pap) =
0 for all @ € A, i.e., ap = pap. Thus ap = pap = (pa*p)* = (a*p)* = pa. ]

Suppose T' : E — F' is a linear map from a full Hilbert B-module E to a
Hilbert C-module F', which extends to a blockwise CP-map T = [; 1:9] between

the linking algebras of ¥ and Fr such that the 22-corner 9 is a x-homomorphism.
We may assume that B and C are unital C*-algebras. (Otherwise replace ¢ by @,
the extension to the unitalization of B and C. Note that the resulting blockwise
map is again CP.) Thus T is a map from B*(B @ E) into B*(C & Fr)which is strict

automatically. From theorem 4.3.2 there exists a Hilbert B-C module & and an

isometry = = [501 50] € B“((IS ), (g) ©® F) such that
2 T

(|0 T (b oids) &(a" ©idy)Sy
=z ( / zdg>
2 a

& (' ©idg)é E5(a ©idy)Ey
Since ¥ is a unital homomorphism &, is an isometry, hence &:¢; is a projection,
and f;(al © Z'dg)fggék(ag © ng)fg = f;(al © de) (ag ® ’ld(f)fg for all ay,02 € Ba(E)
Then a @ idy — &85 (a © idy)E2€; defines a x-homomorphism from B*(E) © idy —

BYE ®F). From Lemmas 4.3.7 and 4.3.8 we have &&5 = idg®® for some projection
d € BYYU(F). So

(T(21), T(22)) = & (27 © ids)&a3 (w2 © idy)y

1(x] ®idy)(idg © @) (idp © ) (22 © ids)&y
1(idg © @) (2] © idy)(ze © idy)(idg © P)&;
i (

idg © ®) ({21, 22) ® idy) (idg © )&
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for all x1, 29 € E. Note that ¢ := (idg ® )¢, € B*(C,B® F) = B4(C,F) = F which
is a Hilbert B-C-module. Then ¢/(-) := ((,(-)¢) is a CP-map from B — C such
that T is a ¢'-map. (Note that the case when B and C are nonunital, ¢’ will be a
map from B — C. But, since E full and ¢ ({21, 25)) = (T(x1),T(x2)) € C we have
¢'ls < C.)

We may abbreviate this proof to the following: Recall that the proof (2) = (3)
shows us that 1 is unital and strict. Unitalizing if necessary, we get &; and &;. Since
¥ is a unital *-homomorphism, & must be an isometry with £;£5 commuting with all
a ® idg. Since our specific & fulfills Span (B*(E) ®@ ids)éFr = E © &, it is unitary.
We get

(T (X™), TYX™) || = (X" @ &, X™ @ &) < [lel IIKX™, XM,
so T* ® T is bounded.
%k K ok

We wish to underline that all results above can be formulated for von Neumann
algebras, von Neumann modules, and von Neumann correspondences, replacing also
the tensor product of C*-correspondences with that of von Neumann correspon-
dences, replacing full with strongly full (i.e., Bg = B), and adding to all maps
between von Neumann objects the word normal (or o-weak). We do not give any
details, because the proofs either generalize word by word or are simple adaptations
of the C*-proofs. We emphasize, however, that all problems regarding adjointability
of maps or complementability of Frr in F' disappear. Therefore, for a map between
von Neumann modules, CPH and CP-H-extendable is the same thing and they do

no longer depend on (strong) fullness.

4.4 Recent Developments

In [SS14] some possible applications of the theory of ¢-maps are hinted. In [SS14,
Section 4], Skeide studied semigroups of CP-H-extendable maps, so-called CPH-
semigroups, and examined how the results of the previous sections may be gener-
alized or reformulated. These results depend essentially on the theory of tensor

product systems of correspondences initiated Bhat and Skeide [BS00]. In [SS14,
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Section 5] he introduced the new concept of CPH-dilation of a CP-map or a CP-
semigroup. It generalizes the concept of weak dilation and is intimately related to
CPH-maps or CPH-semigroups.

Here we add some of the definitions and results from [SS14, Section 4,5] without

any details or discussion on the theory.

4.4.1 CPH-semigroups

Definition 4.4.1. Let B be a C*-algebra. A semigroup T® = {T}};cr+ of maps T :
E — FE on a Hilbert B-module F is a CP-H-extendable semigroup if each each T; is
CP-H-extendable.

Theorem 4.4.2. Let B be a unital C*-algebra and let T® = {T}}ier+ be a family of
maps on a Hilbert B-module E. Then the following are equivalent:
(i) T® is a CP-H-extendable semigroup.
(ii) There are a product system E® = {E, }1er+ of B-correspondences, a unit £ for
E®, and a family of (not necessarily adjointable) isometries v, : E® By, — E
fulfilling (xys)z = x(yszi), such that Ty(x) = v(x © &) for allz € E, t € RT.

It should be specified that also in this case, by a CP-H-extendable map 7' on
E we mean that T is a CPH-map into Ep. Likewise, in the semigroup version it is
required that the y; turning 7} into ¢;-maps, form a semigroup. Note that F is not
required full. So the p® = {¢; }1er+ may not be unique. If we wish to emphasize a

fixed CP-semigroup ¢, we say T® is a CP-H-extendable semigroup associated with
®

©°.
Definition 4.4.3. A semigroup 7% = {Ti};er+ of maps T; : E — E on a Hilbert
B-module E is

(i) a (strictly) CP-semigroup on E if it extends to a CP-semigroup T = {7} };cp+

of maps T; = [?t Tt] acting blockwise on the extended linking algebra of E

t t

(with strict ¢,);
(i) a (strictly) CPHy-semigroup on E if it is a (strictly) CP-semigroup where the

Yy can be chosen to form an E(p)-semigroup and where the ¢; can be chosen
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such that each T; is a ¢;-map.

Recall that, by the discussion preceding Theorem 4.3.6, the case when B is a
unital C*-algebra T® being strictly CP-semigroup (and so forth) on a Hilbert B-
module, simply means that each J; is strict. In that case, we will just say, T is a

strict CP-semigroup (and so forth).

Theorem 4.4.4. Let B be a unital C*-algebra. Then for a semigroup T® = {T,}scr+
of maps on a Hilbert B-module E the following are equivalent:
(i) T® is a strict CP-semigroup.
(ii) There exists a product system E® = {E;}er+ of B-correspondences, a unit £
for E®, and a family {vi}icr+ of maps vy € BYE © Ey, E) fulfilling (xys)z =
x(yszi), such that Ty(x) = vi(x © &) for allz € E, t € RT.

Theorem 4.4.5. Let B be a unital C*-algebra and let T® = {T}}ier+ be a family of
maps on a Hilbert B-module E. Then the following are equivalent:
(i) T is a strict CPH-semigroup (CPHy-semigroup).
(ii) There exists a product system E® = {E;}cr+ of B-correspondences, a unit £
for E®, and a left quasi-semidilation (a left quasi-dilation) {vi}ier+ of E© to
E, such that Ty(x) = v (x © &) for allz € E, t € RT.

Corollary 4.4.6. Let ¢® be a (strongly continuous) CP-semigroup (of contractions) on
the unital C*-algebra B. Then there exists a (strongly continuous) CPH-semigroup
T on a full Hilbert B-module associated with ©®.

Definition 4.4.7. A CP-H-extendable semigroup T® = {T;};cg+ on a Hilbert B-

module E (E full or not, B unital or not) is minimal if T fulfills

E =span {1}, (T}, (... Ty, (x)bp-1... )1 )bo : b € B, s € E, ty+---+t, =1, n € N}

for some t > 0.

Theorem 4.4.8. Let ¢® be a CP-semigroup on a unital C*-algebra B, and denote by
(E©,£%) its GNS-system and cyclic unit. Let E be a full Hilbert B-module. Then
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the formula T,(-) = vt((-) ® §t) establishes a one-to-one correspondence between:
(i) Left dilations vy : E® Ey — E of E® to E.
(ii) Minimal CP-H-extendable semigroups T® on E associated with ¢ .

In either case, 9° = {U4}er+ with 9y(+) = v ((-) © idy) v} is the unique strict Fo-

o TY

a CPHy-extension of T®.
Tt 1915

semigroup on B(E) making T® =

teRt

Corollary 4.4.9. Let T® and T'® be two minimal CP-H-extendable semigroups on the
same (necessarily full) Hilbert C*-module E over the unital C*-algebra B. Then T®
and T'® are associated with the same CP-semigroup ©® on B if and only if there is
a unitary left cocycle u® = {u}yer+ for 9 satisfying v, : Ty(z) — T/ (x). Moreover,

if u exists, then it is determined uniquely and U,(-) = u0:(-)uy.

It might be worth to compare the results in this section with [HJ11], who in-
vestigated semigroups that, in our terminology, are CP-H-extendable, but who call

them CP-semigroups.

4.4.2 An application: CPH-dilations

As a first attempt to give some application of @-maps, Skeide ([SS14]) interprets
p-maps as a notion that generalizes the notion of dilation of a CP-map ¢ : B — C
to a *-homomorphism ¢ : B*(E) — B*(F) to the notion of CPH-dilation. In the
situation of semigroups, this dilation allows for new features: While CP-semigroups
that allow weak dilations to an Ey-semigroup, are necessarily Markov (i.e., unital
CP-semigroup), results from [SS14, Section 4] allow us to show that many nonuni-
tal CP-semigroups allow CPH-dilations to Ejy-semigroups, which are called CPHy-

dilations.
Definition 4.4.10. Suppose E, F' are Hilbert C*-modules over C*-algebras (do not re-

quire unital) B, C, respectively and let ¢ : B — C be a CP-map. A *-homomorphism
v BY(E) — BYF) is a CPH-dilation of ¢ if E is full and if there exists a map
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T : E — F such that the diagram

B B
(z,(-)z") ] [ (T(z),(")T ("))
B(E) ———— B(E)

commutes for all z, 2’ € E. If E is not necessarily full, then we speak of a CPH-
quasi-dilation. A CPH-(quasi-)dilation is strict if 9 is strict. A CPH-(quasi-)dilation
is a CPHy-(quasi-)dilation if 9 is unital.

Proposition 4.4.11. If ¥ is a CPHy-quasi-dilation of a CP-map ¢, then every map T
making the diagram commute is a p-map fulfilling T'(ax) = ¥(a)T(z).

From now on we shall assume that B is unital.

Theorem 4.4.12. If ¥ is a strict CPHy-dilation of a CP-map, then every map T

making the diagram commutes is a strict CPHy-map.

Definition 4.4.13. An Ej-semigroup 9 on B*(E) for a full Hilbert B-module E is
a CPHy-dilation of a CP-semigroup ¢® if there exists a CPHg-semigroup T® on E

making the diagram

Pt

B B
(m,( )r’% [ (Ti(2),(1) T (2"))
B(E) ———— B(F)

commutes for all z,2' € F and all t € R™.

If ¢® is not Markov, then [BS00] provide a weak dilation to an E-semigroup.
But ¢® cannot posses a weak dilation to an Fy-semigroup. On the contrary, we can

see that ¢® can possess a CPHy-dilation:

Observation 4.4.14. Finding a strict CPH(y)-dilation for a CP-semigroup ¢, is the

same as finding a CPH(g)-semigroup T associated with that ¢®. So, all results
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from Section 4.4.1 are applicable.

1. From Corollary 4.4.6, we recover existence of a strict CPH-dilation. (As said,
we knew this from the stronger existence of a weak dilation in [BS00].)

2. From existence of Ey-semigroups for full product systems, we infer that every
CP-semigroup, Markov or not, with full product system admits a strict CPHg-
dilation.

3. In the case of CPHy-dilations, also the notion of minimality and the results
about uniqueness up to cocycle conjugacy remain intact. It is noteworthy that
for a weak FEjy-dilation of a (necessarily) Markov semigroup, minimality of the

weak dilation coincides with minimality of the associated CPHy-semigroup.

In the end, Skeide comments on some relations with (completely positive definite)
CPD-kernels and with Morita equivalence. If CPH-dilations can be considered an
interesting concept, and if, as demonstrated, understanding CPH-dilations is the
same as understanding CPH-maps and CPH-semigroups, then [SS14, Section 5]
shows the road to what might be the first application of CPH-maps.
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APPENDIX A

BASIC OPERATOR ALGEBRA THEORY

A.1 Banach algebras and (C*-algebras

An algebra is a complex vector space A with a bilinear map, called multiplication,
Ax A3 (a,b) — ab € A such that (ab)c = a(bc) and A(ab) = (Aa)b = a(Ab) for all
a,b,c € A, XA € C. The algebra A is said to be commutative (or abelian) if ab = ba
for all a,b € A, and A is said to be unital if it has a multiplicative identity, denoted
by 14 or simply 1.

Definition A.1.1. An algebra A is said to be a normed algebra if it has a norm that
makes it into a normed linear space and if [[ab|| < |[la|||b]| for all a,b € A. A

complete normed algebra is called a Banach algebra.

Note that if a Banach algebra A has an multiplicative identity, then it is unique.
Also since 1 = 12 we have ||1|| < ||1]|||1]], which implies that ||1|| > 1. Tt is well-
known that if A is a Banach algebra with identity 1, then there is a norm ||-||" on
A, equivalent to the original norm, such that (A, ||-||') is a unital Banach algebra
with ||1]|" = 1. So we always assume that the multiplicative unit of a unital Banach
algebra has norm 1. In fact, this is often taken as part of the definition of a unital

Banach algebra.

Example A.1.2. Let Q2 be a topological space.
(i) If © is compact, then the set C(€2) of all complex-valued continuous functions
on ) is a unital Banach algebra with point-wise operations and sup-norm.

(ii) The set Cp(€2) of all bounded continuous complex-valued functions on {2 is a
unital Banach algebra. If Q is compact, then C,(Q2) = C(2).

(iii) If © is a locally compact Hausdorff space, then the set Cy(£2) of all complex-
valued continuous functions vanishing at infinity is a closed subalgebra of
Cy(€2), and therefore, a Banach algebra. It is unital if and only if 2 is compact,
and in that case Cy(2) = C(Q).

(iv) If (2, 1) is a measure space, then the set L>(€, u) of (classes) of essentially

103



A.1. BANACH ALGEBRAS AND C*-ALGEBRAS CHAPTER A.

bounded complex-valued measurable functions on €2 is a unital Banach algebra
with usual point-wise operations and essential supremum norm.

(v) If X is a normed vector space, then the set B(X) of all bounded linear maps
from X to itself is a unital normed algebra with point-wise operations for
addition and scalar multiplication, multiplication given by (7,S5) — T o S,
and norm the operator norm. If X is a Banach algebra, then B(X) is a unital

Banach algebra.

Definition A.1.3. A normed algebra (Banach algebra) (A, ||-||) with an involution
*: A — A(a — a*) satisfying
(i) a** := (a*)* = a,
(i) (a+ Ab)* = a* + Ab*,
(iii) (ab)* = b*a*,
(iv) [la*al| = [|a]|®

for all A € C, a,b € A is called a pre-C*-algebra (C*-algebra).

An (Banach) algebra with an involution satisfying conditions (i) — (i74) is called
a (Banach) x-algebra. It is well-known that norm on a x-algebra which makes it a

C*-algebra is unique. If A is a C*-algebra, then ||a*|| = ||a||.

Example A.1.4. Suppose 2 is a topological space. The following algebras are C*-
algebras with involution f — f.
(i) Cyp(Q2) is a unital C*-algebra.
(ii) If Q is locally compact Hausdorff space, then Cy(2) is a C*-algebra. It is unital
if 2 is compact.
(iii) If H is a Hilbert space, then B(H) is a unital C*-algebra with adjoint as the

involution.

Unitalization

If A is a nonunital algebra we set A := A®C as a vector space. Define multiplication
on A by
(a1, A1)(az, A2) := (aras + Ajag + Aaar, A1 )2).
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Then A is an algebra with unit (0, 1), and is called the unitalization of A. The map
A3>a— (a,0) € A is an injective homomorphism, which we used to identify A
as a two-sided ideal of A. If A is a normed (Banach) algebra, then A is a normed

(Banach) algebra with norm
(@, M == llall + [A]- (A.L1)

If A is a %-algebra, then A is a %-algebra with involution (a, \)* := (a*,\). But A
may not be a C*-algebra with the norm given by (A.1.1). To make it a C*-algebra,
given (a,\) € A, we define Ly € B(A) by @ — ad’ + Xa’. Then ||(a,N)| =
| Ly = sup{llad’ + Ad'|| : &’ € A, ||a'|| < 1} makes A a unital C*-algebra. Since
lall = ||L(a,0)|| for all a € A, the embedding of A into A is an isometry. If A already
has a unit, then the mapping (a, A) — (a + A, A) identifies A=A®C as algebras.
Suppose A, B are x-algebras. A x-preserving algebraic homomorphism 7 : A — B
is called a x-homomorphism.
e A x-homomorphism 7 : A — B extends uniquely to a unital *-homomorphism
7: A—B.
e A x-homomorphism 7 : A — B from a Banach x-algebra A to a C*-algebra B
is necessarily norm-decreasing.
o If m: A — B is an injective *-homomorphism between C*-algebras, then 7 is

necessarily isometric.

Commutative C*-algebras

Suppose A is a unital Banach algebra. We say a € A is invertible if there exists
b € A such that ab = 1 = ba. In this case b is unique and is denoted by a=t. We

define the spectrum of a to be the set
oa(a) :={\ € C: Al —ais not invertible in A}.

It is well-known that o 4(a) is a nonempty compact set. If A is nonunital Banach

algebra, then for any a € A, we set o4(a) := 0 z(a).

Theorem A.1.5. Suppose A is a commutative C*-algebra. Then there exists a locally

compact Hausdorff space Q0 such that A is isometrically x-isomorphic to Co(S).
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Further, Q is compact if and only if A is unital, and in that case A= C(Q).

Let A be a C*-algebra. Then a € A is said to be projection if a = a* = a2,
self-adjoint if a = a*, normal if aa* = a*a and positive if a = b*b for some b € A.
In addition if A is unital, then a is said to be isometry if a*a = 1, unitary if
a*a=1=aa".

The set of positive elements in a C*-algebra A is denoted by AT. If a € AT we
write a > 0 (or 0 < a). For a,b € Aby a > b we mean a —b € A*. Given a € A"
there exists a unique element, denoted by a%, in A" such that a = (a%)Q. Given
a € A we have a*a > 0, and we set |a| = (a*a)2. If a < b, then c¢*ac < ¢*be for all
c € A. Also for a unital C*-algebra A we have 0 < a < |la]| 1 for all a € A™.

An approzimate unit for a C*-algebra A is an increasing net {e, }aeca of positive
elements in the closed unit ball of A such that a = lim ae,, (equivalently, a = lim e, a)
for all @ € A. Note that in that case a = lime,ae,. Every C*-algebra admits an
approximate unit. A C*-algebra is called o-unital if it has a countable approximate

unit.

Theorem A.1.6. Let a be a normal element of a unital C*-algebra A, and suppose
that fy is the inclusion map of o(a) in C. Then there exists a unique unital *-
homomorphism © : C(o(a)) — A such that w(a) = fi. Moreover, m is isometric
and ran(m) is the C*-subalgebra of A generated by 1 and a (i.e., the smallest C*-

subalgebra containing 1 and a).

GNS representation

A linear map ¢ : A — B between C*-algebras is said to be positive if p(a) > 0 for all
a > 0. Clearly *-homomorphisms are positive maps. All positive linear functionals

are bounded.

Proposition A.1.7. Let ¢ : A — C be a bounded linear functional. The following
conditions are equivalent:

(i) ¢ is positive.

(ii) For each approximate unit {ey}aecn of A, ||6] = lim ¢(e,).

(iii) For some approzimate unit {e,}aca of A, ||| = lim ¢(e,).
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A positive linear functional ¢ : A — C of norm one is known as a state on A.
We let S(A) denote the space of all states on A. The state space S(A) is a convex,
compact and Hausdorff space. If a € A, then

e o =0 if and only if ¢(a) = 0 for all ¢ € S(A),

e o =a* if and only if ¢(a) € R for all ¢ € S(A),

e a > 0 if and only if ¢(a) > 0 for all ¢ € S(A),

e If a is normal, then ||a|| = |¢(a)| for some ¢ € S(A).

A positive element a of a C*-algebra A is called strictly positive if ¢p(a) > 0 for all
¢» € S(A). A positive element a € A is strictly positive if and only if the closed
right ideal generated by a is the whole of A. A C*-algebra is o-unital if and only if
it has a strictly positive element.

Suppose Ag is a C*-subalgebra of A and ¢ is a positive linear functional on

Ao. Then there exists a positive linear functional ¢’ on A extending ¢ such that

ol = N[l

Theorem A.1.8. Let ¢ be a state on a unital C*-algebra A. Then there exists a Hilbert
space H, a unital x-homomorphism m : A — B(H) and a unit vector v € H such
that ¢(a) = (z,7(a)x) for all a € A.

The triple (H, , x) is called a GNS-construction for ¢. It is said to be minimal if
H =spann(A)x. Inthat case x is called a cyclic vector. Minimal GNS-constructions
are unique up to isomorphism.

A representation of a C*-algebra A is a pair (H, ) where H is a Hilbert space
and 7 : A — B(H) is a *-homomorphism. If both A and 7 are unital, then we say
the representation is unital. We say (H, ) is faithful if 7 is injective. The direct
sum of a family of representations {(H,, 7o) }aca of A is the representation (H, )
obtained by setting H = ®H,,, and defining 7(a)(Baxa) := Bam(a)z, for all a € A
and all .z, € H. Then (H, ) is indeed a representation of A.

Theorem A.1.9 (Gelfand-Naimark). If A is a (unital) C*-algebra, then it has a faithful

(unital) representation.

As a consequence, given a C*-algebra A there exists a unique norm on M, (.A)

making it a C*-algebra.
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A.2 von Neumann algebras

Let H be a Hilbert space and X C B(H) be a subset. The commutant of X is
defined by
X' :={T e€B(H):TS=S5T for all S e X}.

The double commutant of X, denoted by X", is the commutant of X’. If X is convex
subset, then the SOT closure of X in B(H) coincides with the WOT closure of X.

Definition A.2.1. A x-subalgebra A of B(H) is called a von Neumann algebra if A is
SOT (equivalently WOT) closed in B(H).

Since the SOT is weaker than norm topology, a von Neumann algebra is neces-
sarily a C*-algebra. If A is a nonzero von Neumann algebra, then it is unital. But

the unit may not be the identity map of the underlying Hilbert space.

Theorem A.2.2 (Double commutant theorem). Suppose A is a unital *-subalgebra of
B(H). Then A is a von Neumann algebra if and only if A = A".

If AC B(H) is a x-algebra, then its commutant A’ is a von Neumann algebra
on H. If A is unital also, then A is SOT (as well as WOT) dense in A”, that is, A"
is the SOT (as well as WOT) closure of A. Thus, A” is the smallest von Neumann
algebra containing A.

If {H,}aen is a family of Hilbert spaces and A, is a von Neumann algebra on
H,, then the direct sum @A, is a von Neumann algebra on &H,.

Suppose A is a von Neumann algebra on a Hilbert space H. Then

e A contains projections, and A is the closed linear span of its projections.

e If a € A is with polar decomposition a = v |a|, then v € A.

o Ifidy € Aand T € B(H), then T € A if and only if 7" commutes with all the

projections of A’.

e M,(A) is a von Neumann algebra on H".

Theorem A.2.3 (Kaplansky density theorem). Suppose Ay is a C*-subalgebra of B(H)
with SOT closure A in B(H).
(i) The set A5 of all self-adjoint operators in Ay is strongly dense in the set A%*
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of all self-adjoint operators in A.
(ii) The closed unit ball of Ay is strongly dense in the closed unit ball of A%.
(iii) The closed unit ball of Ag is strongly dense in the closed unit ball of A.
(iv) Ifidy € A, then the unitaries of Ay are strongly dense in the unitaries of A.

Corollary A.2.4. Suppose A is a C*-subalgebra of B(H). Then the following are
equivalent:

(i) A is a von Neumann algebra.

(ii) The closed unit ball of A is SOT-closed.

(i) The closed unit ball of A is WOT-closed.

Normal maps

Suppose H is a Hilbert space and {T,} is an increasing net of hermitian operators
on H such that sup ||T,|| < co. Then there is an operator 7' € B(H) such that the
following holds:

o T'=supT,,ie., if T, <T for all @ and if S is any other hermitian operator

satisfying T,, < S for all o, then T' < §S.

e T, — T in WOT.

e T, — T in SOT.

e T, — T in o-weak topology.
If Ais a C*-algebra contained in B(H), then A is weak® closed if and only if it
contains the supremum of every bounded increasing net of hermitian operators in

the algebra.

Definition A.2.5. Let A, B be von Neumann algebras. A positive linear map ¢ : A —
B is said to be normal if ¢(a,) SOt ¢(a) for any increasing net {a, }aeca in A that

converges strongly to a.

Note that, von Neumann algebras are order complete, i.e., any bounded increas-
ing net of positive elements in a von Neumann algebra converges in the strong oper-
ator topology to its unique least upper bound. Normal maps are order continuous,

i.e., limsup ¢(a,) = p(limsup a,) for each bounded increasing net {aq }aca-
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Proposition A.2.6. Euvery x-isomorphism between von Neumann algebras is normal.

Theorem A.2.7. Let A C B(H),B C B(G) be von-Neumann algebras and ¢ : A — B
be a positive linear map. Then the following are equivalent:
(i) ¢ is normal.
(i) ¢ is o-weakly (weak*) continuous.
(iii) For every increasing net {aq}taca € AT with least upper bound a € A" the
increasing net {p(aq) taea S BT converges o-weakly to p(a).
(iv) For every increasing net {aq}aen S A" with least upper bound a € A% we
have

lim(g, p(aa)g) = Sgp<g, p(aa)g) = (g, p(a)g)

for each g in a norm-dense linear submanifold of G.

(v) For every increasing net {ao}acn C A" with least upper bound a € AT we

have
li£n<gl,g0(aa)gz> = (g1, p(a)gz)

for all g1, g2 in a total subset of 5.

(vi) Restriction of ¢ to bounded sets is strongly continuous.

Any positive linear map between von Neumann algebras that is strongly contin-

uous is normal. The converse is not necessarily true.

A.3 Completely positive maps

Definition A.3.1. Let A, B be C*-algebras. A linear map ¢ : A — B is said to be
completely positive (CP-) map, if > ', bip(aja;)b; > 0 for all a; € A, b; € B.

Proposition A.3.2. For a map ¢ € B(A, B) the following conditions are equivalent:
(i) ¢ is a CP-map.
(i) The maps ¢y : M,(A) = M,(B), defined by pn([a;;]) = [¢(a;;)] is positive
for alln € N.
(iii) ¢y, s CP-map for all n € N.

If either A or B is a commutative C*-algebra, then any positive linear map from
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A to B is a CP-map. In particular, positive linear functionals on a C*-algebra are
CP-maps.

Suppose ¢ : A — Bis a CP-map. Then ¢ is bounded. If {e,}aca is an approxi-
mate unit for A, then ||¢|| = sup |[¢(eq)]]. (If A is unital, then ||| = ||¢(1)]].) Also
for all a,ay,--- ,a, € A,

o p(a”) = p(a)",

o p(atd)p(a™a) < |p(a™d)| p(a"a),

e p(a’)p(a) < [l¢| plaa),

o [p(a})e(a;)] < lloll [plajay)] in My(B).

Theorem A.3.3 ([Sti55]). Let A be a unital C*-algebra and H be a Hilbert space.
Suppose ¢ : A — B(H) is a CP-map. Then there exists a Hilbert space K, a unital
«-homomorphism © : A — B(K) and V € B(H, K) with ||¢(1)||* = ||V|| such that
p(a) =V*r(a)V.

The triple (K, 7, V) is called a Stinespring representation for ¢. It is said to
be minimal if Span7(A)V H = K. Minimal representation is unique up to unitary
isomorphism.

Suppose A is a unital C*-algebra and X is a subset of A containing 14.

o If X ={ae A:a* € X}, then X is called an operator system.

e If X is a subspace of A = B(H) we call X an operator space. (See Appendix

A6.)

e If X is a subalgebra (not necessarily *-closed) we call X an operator algebra.

Theorem A.3.4 (Arverson's extension theorem). Let A be a C*-algebra, X be an op-
erator system and ¢ : X — B(H) be a CP-map. Then there ezists a CP-map,
p: A— B(H), extending .

A C*-algebra B is called injective if for every C*-algebra A and operator system
X C A, every CP-map ¢ : X — B can be extended to a CP-map on all of A.

Let A, B be C*-algebras, X C A an operator space, and let ¢ : X — B be
a linear map. If ¢ is bounded, then v, is also bounded with ||¢,| < n || for
all n € N. We call ¢ a completely bounded (CB-) map (respectively, completely
contractive) if |||, := sup, ||| < oo (respectively, ||¢||, < 1). Note that |||,
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is a norm on the space CB(A, B) of all CB-maps. We call ¢ a completely isometry
if each 1, is isometric, and a complete isomorphism if it is a linear isomorphism
with ||, o™l < oo . All CP-maps ¢ are CB-maps with ||¢|| , = [|¢]|, which is
equal to ||p(1)] if X is an operator system. If B is commutative unital C*-algebra,

then all bounded maps 9 : X — B are CB-maps with |4, = |||

Theorem A.3.5 (Arverson). Let A be a C*-algebra, X C A a subspace with 1 € X,
and let v : X — B(H) be a unital complete contraction. Then there exists a CP-map
¢ : A— B(H) extending 1).

Theorem A.3.6. Let A be a unital C*-algebra and ¢ : A — B(H) be a CB-map. Then
there exists a Hilbert space K, a x-homomorphism m: A — B(K) and V; € B(H, K)
with ||¢||, = Vil [Va]l such that ¢ (a) = Vi*n(a)Va for all a € A. Moreover, if

1Yl = 1, then V; may be taken to be isometries.

The following Wittstock’s decomposition theorem says that CB-maps on a unital

C*-algebra are the linear span of CP-maps. See [Pau02, Theorem 8.5] for details.

Theorem A.3.7. Let A be a unital C*-algebra and ¢ : A — B(H) be a CB-map.
Then there exists a CP-map ¢ : A — B(H) with ||¢||., < ¥, such that ¢ £ Re())
and ¢ £+ Im (¢) are all CP-map.

A.4 Semigroups

Generators of semigroups

Definition A.4.1. Let A and B be two C*-algebras such that the former is a subalgebra
of the latter, and L : A — B be a bounded linear map with the property that L is
real, that is, L(a*) = L(a)* for all a € A. We call L conditionally completely positive
(CCP) if 77, biL(aja;)b; > 0 for all a; € A and b; € B satisfying Y7 a;b; = 0
and for all n € N.

Theorem A.4.2. A bounded linear adjoint-preserving map L from a unital C*-algebra
B to itself is CCP if and only if etk is cp for allt € RT.
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Definition A.4.3. A semigroup on a Banach space X is a family T® = {T;};er+ of
bounded operators on X with the following properties:

(i) To = idy.

(i) Tsyy =Ts o T, for all s,t € RT.
A semigroup is said to be uniformly continuous (UC) if ¢t — T} is norm continuous

(ie, | Ty —I]| — O ast — 07T).

Theorem A.4.4. Let X be a Banach space and T® = {Ti }ier+ € B(X) be a semi-
group. Then T® is UC if and only if there exists L € B(X) such that Ty = etl for
allt € RT and L(x) = lim w forallz € X.

t—0t

Proposition A.4.5. Let X be a Banach space, L € B(X) and T} := etk for allt € RT,
Then
(i) I1T3]| < eILl,
(i) T :[0,00) = B(X) given by t — Ty is continuous.
(iii) T : [0,00) — B(X) is infinitely differentiable and L1t = L"T, = T,L" as
operators on X forn =0,1,2,---.

Now from here onwards we assume that X = B is a C*-algebra.

Definition A.4.6. Let T® = {T}};cr+ is a UC-semigroup on B. Then the operator
L € B(B) defined by L(b) = lim 2= s called the (infinitesimal) generator of T

t—»ot ¢

Proposition A.4.7. Let T® = {T;}icr+ be a UC-semigroup on B with generator L €
B(B). Then T; is CP for all t € R if and only if L is CCP and L(b*) = L(b)* for
allb € B.

CP-semigroups

Definition A.4.8. A CP-semigroup on a C*-algebra B is a semigroup ¢® = {¢, }ier,
of CP-maps ¢; : B — B. If B is unital, then ¢ is said to be unital if all p; are
unital.

Theorem A.4.9. The formula p; = el establish a one-one correspondence between
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UC-CP-semigroup on B and hermitian CCP mappings L € B(B).

Proposition A.4.10. Let ¢© = {¢;}icr+ be a UC-contractive semigroup on a von
Neumann algebra B with generator L € B(B). Then ¢y is normal for all t € RT if
and only if L is o-weakly (and hence o-strongly) continuous on any norm-bounded
subset of B.

Proposition A.4.11. Let B be a unital C*-algebra, let y be an element in a pre-Hilbert
B-B module F' and let p € B. Then L(b) := bp +p*b+ (y, by) is CCP and hermitian
so that ©© = {etL}teR+ is a UC-CP-semigroup.

Theorem A.4.12. Let o® = {¢i}i>0 be a normal uniformly continuous CP-semigroup
on a von Neumann algebra B with generator L. Then there exists a two-sided von
Neumann B-B-module F, an element y € F' and an element p € B such that L(b) =
bp + p*b + (y,by) and such that F is the strongly closed submodule of F generated
by the derivation d(b) := by — yb. Moreover, F is determined by L up to (two-sided)

isomorphism.

Let L € B(B) be a hermitian CCP map which is o-weakly continuous on all
norm-bounded subsets of B. Then ¢® = {etL}t€R+ is a normal UC-CP-semigroup
on B with generator L. Then a triple (F, y, p) obtained as in above theorem is known
as a dilation for L and it is said to be minimal if F' is the strongly closed submodule

of F' generated by the derivation d(b) = by — yb.

Ey-semigroups

Definition A.4.13. An E-semigroup on a C*-algebra B is a semigroup 9° = {t }cr+
of endomorphisms 1, : B — B. If B is unital and all ¥, are unital, then we call 9©

a Fy-semigroup.

Definition A.4.14. Suppose 9° = {¥; };er+ is a Eg-semigroup on a unital C*-algebra
A. A left (right) cocycle in A with respect to ¥9© is a family u® = {u; };ep+ of
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elements u; € A satisfying
Uy = Utﬁt(us) (us+t = 19t(us)ut)

and uy = 1. A cocycle is positive, contractive, isometric, unitary if so is u; for all t.

Proposition A.4.15. u® is a left cocycle in A if and only if u®* := {u} is a right
cocycle. In this case 9" = {0} }er+ with 94(-) == we()uf is a CP-semigroup on
A. This semigroup is unital, an E-semigroup, an Ey-semigroup if and only if u® is

co-isometric, isometric, unitary, respectively.

Definition A.4.16. We say the semigroup 9“* is conjugate to the semigroup 9 via
the cocycle u®. We say two Eg-semigroups 9°,9'© on A are outer conjugate, if 9'©

is conjugate to ¥® via a unitary cocylce u®.

Remark A.4.17. Outer conjugacy is an equivalence relation among Ey-semigroups on

A

A.5 Dilations of semigroups

Definition A.5.1. Let ¢® = {(, };er+ be a unital CP-semigroup on a unital C*-algebra
B. A dilation of ¢ is a quadruple (A, 9%, 1,p) consisting of a unital C*-algebra A,
an Eg-semigroup 9% = {¥; };er+ on A, a canonical injection (i.e., an injective *-
homomorphism) i : B — A, and an expectation p : A — B (i.e., a unital CP-map
such that iop is a conditional expectation onto i(B)) such that the following diagram

is commutative (i.e., po ;01 = ¢, for all t € RT).

B B
1J WP
A o A

A dilation (A, 99,1,p) of ¢ is a weak dilation, if i o p(-) =i(1)(+)i(1).

Definition A.5.2. A pair (A, j®) consisting of a unital C*-algebra A and a family
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79 = {ji}ier+ of x-homomorphisms j; : B — A is a weak Markov flow for the

CP-semigroup ¢, if
Je(1)Js++(0)je(1) = jeo @s(b)  forall s,t € RT, and b € B.

A weak Markov quasiflow is a weak Markov flow (A, j©) except that jo need not be

injective and A need not be unital.

If (A,99,i,p) is a weak dilation, then the *-homomorphisms j;, := ¥; o i form
a weak Markov flow. Thus a weak dilation gives rise to a weak Markov flow. In
[Bha99] Bhat proved that the converse is true under certain minimality condition

on a weak Markov flow.

A.6 Operator spaces

Definition A.6.1. A matriz norm {||-||, }nen on a vector space X is an assignment
of a norm ||-||,, on the matrix space M, (X) for each n € N. An operator space is
a pair (X, {||-]|, }nen) consisting of a vector space X and a matrix norm {||-||, }rnen
satisfying:

(RL) [[AzXl,, < A l]l,, [N} for all A, X € M (C), 2 € My (X);

(R2) |z ® yllyn = maxtllzll, , lyll,,} for all 2 € My (X), y € My (X).

We say that a matrix norm is an operator space matriz norm if it satisfies the above

n+m

two conditions (called Ruan azioms).

Example A.6.2. (i) Given a Hilbert space H, the operator norms on B(H") defines
an operator space matrix norm on B(H ), and so B(H) is an operator space.

(ii) Given Hilbert spaces H and K, B(H, K) is an operator space. We use the

identifications M, (B(H,K)) = B(H", K") to determine a matrix norm on
B(H, K). Alternatively, we may consider B(H, K) as a subspace of B(H & K).

(iii) If A is a C*-algebra, by fixing a faithful representation of A on a Hilbert

space H we may regard M, (A) as a C*-subalgebra of B(H"). Then A has a

canonical operator space structure, namely by assigning to each M, (A) the
unique norm that makes it a C*-algebra. Note that the matrix norm does not

depend on the representation.
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(iv) Suppose X,Y are operator spaces and ¥ : X — Y bounded linear map.
Consider the dual spaces X* = B(X,C) = CB(X,C) and Y* = B(Y,C) =
CB(Y,C), and define ¢* : Y* — X* by ¢*(¢)(x) = ¢(¢»(z)). From Hahn-
Banach theorem, ||¢*|| = ||¢||. Now

My (X*) 3 f=[fyl = (x = [fzy(x)]) € CB(X, M,(C))

defines a linear isomorphism from M, (X*) — CB(X, M, (C)), which we use
to determine the norm on M, (X*). Thus we have the isometric identification
M,(X*) = CB(X, M,(C)). The matrix norms on X* determine an operator
space space. If ¢ : X — Y is a CB-map, then ||¢)}| = ||¢n|| for all n € N and

19"l = 1l

Theorem A.6.3 ([Rua88]). Suppose that X is a vector space and ||-||, is a norm on
M, (X) for each n € N. Then X is completely isometrically isomorphic to a linear
subspace of B(H), for some Hilbert space H, if and only if the conditions (R1) and
(R2) hold. In other words, if X is an operator space, then there exists a Hilbert
space H, a subspace Y C B(H), and a complete isometry ¢ : X — Y.

For more details on operator spaces see [BLM04, ER88, Rua88].
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