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1. INtRUDUCTION

In statistical quality control and sumetimes in the anlysis of Jarge-scslo sample
surveys, the samplo rango is used to catiimato tho standard deviation or the variance in the
population, This requires the uso of valuea of the ratio of the expectation of the samplo
range to the standard deviation as a function of the samplo sizo which has been tabulated for
& normal population and is used oxtensively in industrial practice. For a general conti-
nuous distribution, Plackett (1947) gave an upper bound for this ratio and at the samo time
gave s discontinuous distribution in \\lnch this ratio is neacly zero. Taumura (1952) com-
puted thia rativ for gular, trinng 1 ial and normal distributions and found
that if the samplo sizo i3 small, theso vnlucu are nearly equal, and fairly closo to the upper
bound obtained by Plackett.

A problem that arises is thiv. Con an estimate of the standard deviation or the
variance be obtainod Ly using a constant multiple of the range or ita square, with tho ssme
multiptier for all distributions? In this paper bounds aro derived for the ratio of the ex-
pectation of tho sample range to tho population standard deviation and that of tho square
of tho sample range to the population variunce. In the opinion of tho author, thess bounds
aro quite closo, specially if the sample is small, and the harmonic mean of these Louuds is
sugyested a8 tho appropriate multiplier.

2. ESTIMATION OF THE STANDAND DEVIATION
Let u denote the standard devintion and R the raigo in a sumplo of sizo 8. Neglect-

ing tho trivial caso R = 0, it is casy o show that

u 1/2Vnj(n—1) ifniseven
U= b = g (2.1
R 12¢/tn+1)fn ifnisodd

L= _'l‘?.;. = VIR

If we now define coeflicients & and 4 by

E(u) = e (23)

E(R) = do - (24)
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o being the atandard devintion in the population, it foltows that

WU & d & biLs - en
or i< o (26

Now the harnonie mean of given upper and lower bounds of un unknown quantity gives
an approximation which mininises the i relntive error (Polya, 1930),

In this senso therefore, we suggest the approximation
Vs
q = 27

where 4 is the harmonic mean of U and L

=1 (lal \
=1z (+ ) - 28)
Ou the other hand, let us denote the vulie of d for a normal population by dy. Tables

of vulues of iy arc available but a simple expression

D = nfy/(n=1J2 - 20
serves a3 quite a good approximation to dy.

Wo present Lelow the values of U, L, B, 112 andl 1{d, for values of # = 2 to » =10

TABLE Y. MULTIPLIER FOR TIE RANGE FOR ESTIMATING

VILE STANDARD DEVIATION
n v L H Uy
2 0.7071 0.5071 0.38%63
30T 000 033 0,307

1 0.5774 V4082 0.4TE2 0468 UNT

& 07T s vt LR ECINR B
¢ 057 eadlez 0duid LU ) I W VT
T 0033 02671 B.3T 0.368 U308

3 0.0345 0.2673 0.3564 U.343 0.3502
v .3230 0.250 0.3391 v.324 0.3367
w v.3270 02357 0.3257 0.308 0.3249

It will bo seen from the above tably that :
(i
(ii) 1/D and ljdy Jie Letween tho two Lounds Uand L except when n =2
andn =3,
(iii) for » > 4, H is close to 1/dy,
(iv) for n > &, 1/D is u good substituto for 1/d,.
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The dificulty now is shiftexl to the problem that the voefficiont & in (2.3) may not
boknown. Howover, if the sample sizo is small, the value of b for s wile class of distributions
is expeetedd to bo nearly independent of tho original distribution, in the sense that bounda
b,und b for b uot depending on the pature of the original distribution may Lo available.
In this paper, however, we are not concernedd with the problem of determining such a claas
of diatributiona,

3. ESTIMATION OF TUR VARLANCE

Starting with the following bounds for the ratio U3/R®

U= u? _ afdn—1) if n is even
Rox = (v 1)Hn ifnis odd - @30
L= o ppe— (2.9
y o .. (32

and defining tho coefficient ¢ by

E(RY) = go? . 33)
it s easy to show that o g9 <YL
or L< % <. e (34)

As before, we suggest the use of tho harmonic mean 7 of U and L ss an approximation for the
value of }jg.
Denoting by g, the value of the cocflicient g for the normal population, it is  found
that the simple formula
1/G = 0.45/(n—1)+0.05

gives quité a close approximation to 1/7;.
In Table 2 below, the values of U, L, J, 1/@ and 1/g, are presented for n =2 to
r =10,

TABLE 2. MULTIPLIER FOR THE SQUARE OF THE RANGE
FOR ESTIMATING THE VARIANCE

n u L ] ye 19,
2 0.5000 0.5000 D0.5000 0,500  0.500
3 0,333 0.2508  0.3857 0.2 0.2%
4 03333 0.1607 02222 0.200 0,100

) 0.3000 0. 1230 n.1785 0.163 0.162
8 0.3000 0.1000 0.1500 . 0.140 0.140
7 0.2857 0.0833 0.1200 0.123 0.125

8 0.2857 0.07143  0.1143 0.1 0.1
9 0.2778 0.06250  0.)020 0.108 0.100
10 0.2778 0.0566¢  0.00250 0.100 0.000
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It will bo scen from Table 2 that (i) the difference between the Lonnds U anid L is not much
for small n (i) 1/0 and /g, both lio within the two bounds and i) # or 1/ is quite close
to ljg,.

However, recently Moriguti {1954) has derived Letter bounds for the syuare of the
vamplo range,

4. ESTIMATION IN Tilk CORRELATED CASE
If wo put (#/R) = &, W)

then ¢ in & function of & et of n random obscrvations, £y, £y, ...,y of a variste X, where we
aasume that the correlution cocflicients briween two different observations aro all equal to
I3

Let the upper und lower boumils of ¢ ho U anid L respectively, iv.,

U = nfdln=1), ifniseven, e ()
= (a+Dfn,  ifrisodd e W3
and L =1/2n=1). e 44)

Then by a simple analysis, we huve
UL B KRl —p) 3 LU, T

whore we auume naturally the existence of the niean and the varinnce in the population,
However, we need hot axsume the continnity of the distribution function,
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