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1. INTRODUCTION

In an carlier paper (Rao 1933), tho author idercd mini Chi-Sq

[m.0.] estimntes and derived some of their large sample propertics. Uning the same
techniques, it is poxsible to derive similar propertics of maximum likelihood {m.1.)esti-
mates, and these propertics seem to be worth recording. For instanee, it ia not expli-
citly made clear in literature what analytical properties are possessed by m.l. esti-
mates, under the usual regularity conditions (see section 4 of this paper) on the hypo-
thetical eell frequencica as functiona of unknown parameters, In fact, many proba-
hility statements concerning the m.l. esti are direct quences of the conti-
nuity and differentiability of the m.l. estimate as a function of observed relative fre-
quencies,

\Vald (1049} proved, under sotie regularity conditions, that the m.1, estimate
is consistent while Huzurbazar (1949) showed, under Cramer's regularity conditions
{Cramer, 1040), that with probability tending to unity a consistent root of the r.l.
equation provides a local maximum of the likelihood. It was not known whether at
such a root the likelihood attains an absolute maximum. It is shown in this paper
that in the case of the multinomial distribution, a m.1, estimate is, with probability
1, a root of the likelihood equation, and provides a maximum of tho likelihood when
the parameter is restricted to tho roots, We thus have a completo theory of the
method of m.l, for the multinominl distribution. No assumption is mnde about the

of the m.l, esti but the exist and unig aro deduced as a
consequenco of tho regularity conditiona.

To make the arguments free from unnecessary complications only the one
parameter case is considered. The additional complieation in the proof for the multi-
p case is in establishing the exi of the roots of the likelihood equation.
Once this is done, the rest of the argument is the samo.

In the dovelopment of this paper, the following scheme is adopted. First, the
consistency of the m.l. estimatea of tho hypothotical frequencics of the multinomial
distribution is established without any regularity conditions whatsoover, Seccond, the
consistency of the m.1. estimate of a parameter occurring in the specifieation of the hypo-
thetical frequencics is eatablished under a very natural restriction on the parameter,
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Third, the m.l. estimate is identified (with probability 1 as the sample size tends 1o
infinity} as the root of the likelihood equation providing the maximum of the likelj.
hood with the parameter testricted to the roota, and its annlytical properties dinoussed,

2. DEFINTTIONS AND PRELIMTNARY LEMMAS

The hypothetical frequencies in k classes are represented by m(0), e )
and the observed relative frequencies by p,..... 7.

Definition 1: The likelihood of the hypotheticai frequencies m,. ..., 7, given
the observed relative frequencies p,..... 2, in a sample of size n is proportional to

Lim) =m™ . o7Pt - (21

Definition 2.1: The m.). estimate of the multinomial distribution is a et
of values my. ... m, (if it exists) helonging to a given admissible clnss A of distributiona
and for which the likelihood L{n) or the equivalent oxprossion

m log m+...+p, log 7, - (22)

in & maximumn when 7 is restricted to A.

Definition 2.2: The m.l. estimate of a parameter 0 occurring in the Bpeci-
fication of the hypothetical frequencies is & value @, if one exists in the admissible get
of values of 8, for which

2 Jog m(B)+...+p, log m,(0) e (2.3)

is & maximum.

Definstion 3: The m.1. equation is obtained by equating the derivative of
(2.1} to zero, i.e.,

p dm pr dme _
B et B o . (24)

Of course, the differentiability of n,.....7, is assumed in this definition.

Definition 4: The i likelihood equation [or m.l.e.] esti is that
root, (or & root ) of the likelihood equation which provides the maximum of (2.3) when
6 is reatricted to the roots of (2.4).

Definition 8: A statiatic T(p,, ..., p;) which ia a function of relative frequen-
cies only is Figher consistent [FC] for 4 if T(m,(0), ..., )} = 6.
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In what follows, n neighbourhood of the point # ={Mu.em) in the
spce of all multinominl dintributions is denoted by N(m). ‘The notation peN(n)
means that the point p = (py, ..., pu) i in a neighbourhaod of 7 = (n,. ..., 7).

Tammm 12 Let O be the parameter to be estimated, If

) TApyeoens i) in FC for 0,

Wy (py. ... i) admila continuona firat purtinl derivatives,
then G) T(pyseees pi) T8 asymplotically normally distributed with mean 0 and
variance
e _ drys dmn
') = (X m(gn) = (L mg) )+ - 20)
and (i) al(T) > 1]i0)

(2.6)
where i{(0) = Z ’:. (‘.:';)‘)‘ i¢ snformation as defined by Fisher.
The conditions {a) and (b) need ho satisfied only in the neighbonrhon of the

true value of 0. For a detailed pronl of these results ree Rno (1953) or Kallinnpur
and Rao (1958),

Lemma 20 For ay,.

@y posifive and by, ..., by non-megmive such that
Za; = Zb;,

+
2
Zﬂ.- log &‘; <0. e 2
The equality is atiained when and only when a, = b for all §.

We follow a proof aimilar to that given by Kullback and Licbler (1951) in tho
enso of continuous distributions. The function log = has the expansion

1
log z = log 1 4(x—1)—(z—1)* 7 yell, 2}
On substituting this for cach term in the expression (2.7) wo have

Za‘ '01"3: =_Z“:(£'—|)’-_»7/1!‘ N y.c(l,;’::) e {2.8)

which is alwaya negative and can be zero when and only when b, = a; for alli,
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3. CONRISTENCY OF M. L. FSTIMATES

3.1.  Estimation of the multinomial distribution under no regulurity conditions.
Tet A bo the adminsible set of hypothetical crll froquencies. No assumption
is ‘made nbout this set, which i acbitrary Lut fixed. The object of eatimation is to
choose one clement of the set as an estimato, given an observed set of relative frequencies
P=(py.... i) Wo denoto a typical member of A by » = (m,, ..., m) anul tho true
value by 7% = (1, ..., #}). The m.L estimato is that value of » belonging to A such
that L{n) is a maximum, with 7 restricted to 4.

Let us suppose first that tho m.l. estimnto exists at least whon peN(a%), and

represent it by ';r=(;r,.....;r,). Then

L(n®) < Linm} < Lp) . @]

sinee L{p) is the unconditional maximum of the likelihood, while L(:r) is the maximum
when » is restricted to A. By taking logarithms, (3.1) can bo written as

Sp; log 7%  Ip, logm < Tilogp, . (32

It follows from the law of Iarge numbcers that (with probability 1) the firet and the last
sums in (3.2) tend to the common limit = 7} log n%. Hence, with probability 1

I, logm —E nf log nf . 33

Without loxs of generality we can suppose f # 0 for each 3, in which caso when p is

clogo to 7%, the log ;r, are bounded, by (3.3). It now follows from (3.3) and the fact
that p—n® that

= 79 (log 7, — log n? )0 . (34
with probability 1. This implics that 7> 7 with probability 1, by an applieation of

(2.8).

Lot us now consider the case where the m.l. estimate may not exist, how-
ever close p in to #°. In this case we can prove a moro gencral result that any esti-
mato 7* such that

Ln®) > ¢ Sup Lm),
ned

where L standa for tha likelihood function defined in section 2, and 0 < ¢ < 1, is also
consistent.  This covers tho caso where a m.l. estimato may not exist for any p but
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a near m.]. could bo chosen.  Such approximate m.l. estimates #¢ wero first considered
by Wald (1949).

We have tho goneral relationships
Lip) » Ln*) > ¢Sup Lnm) > ¢ UnY)
neA

Taking logarithms and dividing by n tho sample size,

+Zp log a

Salgp>Splgn> 5L

As n—c0 and p—»n® wo have with probability 1,
X p; log 71— S nlog nf

and henco by the preceding argumont *—»n® with probability 1.

The argument employed here can also bo used to establish consistency of
estimates obtained Ly other methods of cstimation, such a3 minimum Chi-square,
minimum distanco éte.

3.2. Estimation of a parameter. In gencral any problem of cstimation can
be viewed as that of finding the underlying distribution function as a whole, although
this is usually done by first estimating a parameter occurring in the distribution
function and substituting tho cstimate for the unknown value. A parameter is o
function {or a functional) of the distribution function and for pnrposes of identification
we shnll assunie that the functional correspondence is one to ono, Stated ns such
the choice of a parameter (i.e. the functional) is to some extent arbitrary. While
it was possible to show in section 3.1, that the m.l estimate of the distribution
function is strongly consistent under no regularity conditions it would be of interest
to examine whether such a atatcment of consistency could bo made about the m.l.
estimate of 0, where A = {n(0)} is a given parametric representation of the set A of
admissiblo distributions.

Tho answer is in the afirmative provided the purametric representation sa-
tisfies the following natural assumption.

Assumption (4,): Tho expression

(0)

1000y = ~2 0 log 7471,

(>0

which provides an average amount of discrimination between the multinomial distri-
bution defined by 0 and the true ono defined by 0, is bounded awny from zero when
[i0—0q1 > & for cach 8> 0.
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To prove the agsertion made wo obsorve that for any given &
il E afllog T =60
lomn> s U0 108 7 ig)
Let 0* be a m.l. ur approximate m.l. estimate. Then according to seotion
3.1. wo hevo (with probability 1)

—X 1,(0,) log :-}Z‘))
nwo

<&

for all suificiently large n. Hence [#*—0,| < & for, ull suflicientlly large n. Since
4 is arbitrary, U*—¢, with probability 1.

It is interesting to note that no other rogularity conditions aro nceded. The
assumption (d4,) seems to be a natural one to make sinoe its violation would imply
that two distributions with close values of the paramoter conld be better discriminated
than those with a larger difference in the parameter which would indeed be an unnatural
parametric representation.

Recently Kraft and Lecam (1956) gave an example of a multinomial distri-
bution where the cell frequencies are regular functions of a parameter and for which
m.). estimate of the parameter is not consistent. [ am indebted to Dr. R. R. Bahadur
who pointed out that the assumption {4,) introduced in this paper is not satisfied in
their case. In fact. in their example, the disorimination between two distributions
— zero as the difference in the corresponding parameter values—co.

It may be noted that the corresponding assumption in the minimum Chi-
square theory (see Rao. 1955) ia that the Chi-square separator

s () =m0
76,)

be bounded away from zero whenever |0—U,| > & for uny 8.

4. PROPERTIES OF THE M.L.E. ESTIMATE OF THE PARAMETER
We now meke the following additional assumptions concerning 7,(0).

Assumption (Ag): m(f), ..., m({¢) have continuous partial derivatives of the
second order, at least in the neighbourhood of the true value 6,.

Assumplion (4;):  m,(6p) 5 0 for each j, and (dmj/df) # O for at least one j.
As a q of this ption i(¢,), which is Fisher’s information at
0y i8 7% 0,
Assumplion (4,): n(0) = m(E) for all i implies that 0 = &.
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Thia provides one to one corrospondonco between tho values of the parame-
tor and tho hypothctical coll frequencios

Theorem: Under the assumptions (A,),({4,),(4,) and (4,) there exista a neigh-
Sourkood of the true praportions n°, say N(n%) and a positive & such that pe N(n) implies,

(i) There cxists one and only one root 8 of the likelihood equation (2.4) which
differs from the true value 0, by less than 8. This rool, as a function of the relative fre-
quencies, is continuous at n° where it tends lo O and is Fisher consislent.

(i5) O is Frecht, differentiable,

(i5i) 8 is the unique m.l. eatimate and is therefore in particular the m.l.e, estimate,

Remark 1: Tho results (i) and (i} aro truc under assumptions (4, (4y)
and (4,) only. In addition the assumption {,) is needed to prove the stronger result
(iii) that & m.l. cstimato exists und is unique at least when p is close to tho true
valno 7%, Tt may be noted that the assumption A, implies A,

Remark 2: It follows from the strong law of large numbers that when
n=n° (i.c., 0=20,)

prob, {p € N(n® for all aufficiently large n} = 1.

Consequently the assertions (i), (if) and (jii) of the Theorem are valid (with pro-
bability 1) for all sufliciently large n. A weaker statement but perhaps worthwhile
to make is that the probability that the assertions (i)—(iii) are true —1 a3 n-»20.

Remark 3: Asn consequence of results {i)—(iii) of the Theorem it follows
that the m.l. estimate has an asymptotic normal distribution with tho least asympto-
tic variance specified by (2.6) (sce Rao. 1935).

Proof of (i) 1 As p—n(0;) and #—» . with ¥, = d log m,/d0, we have

LR | odm L dm®
=m0 g Tt = ey ()}

1 (dn\? .
=_ET.-(?75(W.‘.) ==i(0y) < 0.

This implics that thero exists & neighbourhood N(mp) for p and positive ¢ such that
peN(n) and |0—0,] < & implies

I pyio) < 0. e D)
More generally wo have
I pff0) <0 o (4.2)
145
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whenever p 6 N(n®) and | —0p| < 8. The m.L cquntion can bo expressed as

0 = X p(Op)+ (0 —0,) Ept0)) - 4y

where 0, is in (0, 0p). As p—n®, the oxpression on the right hand wido—{0—0,)tn,
(Oo)yi(0.), which is < 0 for (0—0,) > 0 and > 0 for (0—0,) < 0 provided [0—6,| < 3,

Henco when p e N(n°), ¥ p1/(0) is positive at 0;—& and negutive at 0+8,  Henee it
vanishes for some § such that [0—0,] < ¢.

If thero are two roots 0| and 8, both of which differ frora 04 by less than 3

then it follows, by Rolle's theorem, that

Lawil) =0

where 8, is in (8,, 8,) and henee |8y,—,] < 8. This iy impessible when p eN(m),

“I'hierefore, thero is only ono rout cluso to O, and the others ure separated from 4, by
o distance greater than &,

It i now obvious that the root closer to 0, is a continuous function of the
relative frequencies and — 0, rs p—n®.  Abo it is Fisher consistent at least localiy,

Proof of (i5): Tho expression (4.3) with # the continuous root is

0 = Zpitd) = Epy () +(0—0) prit0)

where 0; > Uy 83 p, = n{0,).

Henco 8=00) = X (0% P00
==3p—n0))0d0:)/ P (0).
Now consider,

o4+, LS B=mif) dny
G009 & "2y

1
max| =0}

= Z _IP«‘_".(go)l__ — . vid0s) 11 fi”.‘
niax|p—n0p)]| Epari07 " i0g) w0y dlo

 ygo) _ 0 1 dn,
<Z|L‘-*“r.¢‘(0;)‘7«7;) 7400 0,
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as max |p—n(05)| 0. The function (8—0,) is thus Frechet differentiable and can
be approximated by the linear functional

1 p—n{l,y) dm;

T &~ A0y 0,

and hence \/11(0—09) has asymptotic normal distribution with zero mean and varianee
1/i(%) which is the minimum attainable under the conditions of lemma 1.

Proof of {iii): The proof consists of two parts

(A) For any 4 such that|0—8, | <& and p ¢ N(n°), in which case |9—0,| <38,

- =X ') 0=0 ¢ oy & -
S plogm (0) = Xplogm )+~ Epi ¢y (6') < Xplogm @) ... (4.4)
sinco by (+.1), S ¢1(6) is ncgutive.
(B) For 0 outside |§—0,] < &, let S bo the set of 0 auch that

n, (0p)—€) log m{0) < i, (0)+¢') log m:{0,), where ¢ is a amall positive number
such that the cube 7, (0g)+¢” is within N(#°). Then, for 6 in S and p in the cube,

Sp; log m(0) < (7 (6p)—¢") log 7, (0)

< Z (7 (Bo)+¢') log M (60) < Zp log m, (0p)-

Now consider 8 outside |{0—8,| <dand 8. If ¢’ < min {m, (0,)} tho quantitics
log ,(6) are bounded. Also

mi{0)
a{0,)

I log "l‘((g;) = Zm, (6,) log

+3{p = (0] tog 710k (‘”’) . (45)
0:

< —ctv . (4.8)
where by sssumption (4,) the first expression on the right side of (4.5) is not greater
than say, —¢<0, and v—0 a3 p~+n0  Hence (4.6) can be made << 0 by choosing
pe N(n°). Thus when |0—0,| > &

I log 7,(0) < Ep; log m{0e) < Ep; log m(f) e (40)
tho latter inequality being true in virtue of what is proved in (A).

Since the equality in {4.4) is attained whon and only when 6= 8 for
10—0,] < 8 ang outside |0—0,] < 8 the inequality (4.7) is strictly truo, it follows
that 8 is the unique m.l, estimate and in particulae it is the unique m.Le, estimate.
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In conclusion, [ wish to thank my colleagne Dr. R. R. Bahadur for the usefol
disouseions I had with him during the preparation of this paper.
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