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SUMMARY, An lavertible xpace
(£, B3, m) is woskly stabloif, for svery poir of rusasurablo uu Aand B, the wquvnm ru(T-IAI'Im is strong
Cesaro convergont. In Soction 1, cortain calegory thooroma are derived and powers and roota of weakly
stablo transformations aro studicd. Tn Soction 2, it is shown that T is woakly stablo if and only if 1
is tho only eigon valuo of tho induced unitary operator. Soction 3 deals with tho Cartosian square
FamTxTof T. Ttis proved hore that 7 ia woakly atablo if and only if 7 s s0 and that T is woekly stabla
if and only if 8.0. section of overy symmotrio Tuinvariant sot ia T-invariant. In 8ection 4, & muficient
condition for a direct integral of orgodio {ransformnalions ta bo wvakly stable (s obtained. In the last
soction, necessary and sulliciont itions for & |/ hism of a compact lopoloxmd gm-p
G to bo woskly stablo aro dorived and examplos of woakly stable h on overy k-
torus are given.

0. INTRODUOTION AND MOTIVATION

If (©), 8, m) is o probability space and T an invertiblo measure-preserving
transformation on {2, it is a simple consequenco of the Individual ergodic theorem
that, for every two measurable scts A and B, the sequenco m{(T-'A () B),i =0, 1,2, ...
is Cesaro convergent. This result is not an incidental corollary to the ergodio theorem
but is, in a senso, ¢! teristie of P ving transformations. In fact,
one of Dowker's results (Dowker, 1951, Theorem V) can be restated as follows :  If
T is any invertible, bimensurable, non-singular and conservative transformation on
the probability space (£, 4, m), then T preserves a probability measure equivalent to
m if and only if the sequence m(T~/A(B) is Cesaro convergent for every pair of mea-
surable sets 4 and B.

Because of this theorem, it is reasonablo to expect the structural propertics of
a measure-preserving transformation 7' to bo related to tho convergenco propertics
of tho sequences m(T~/ A ) B) and to hopo to study T by studying these nssociated
scquences,  To support thia view one may point out, for instance, tho classical results
on ergodio and (weakly) mixing transformations —7 is ergodic if and only if tho Cesnro
limit of m(T~/A () B) is m{A4) m(B); by suitably strengthening the convergenco to
this limit, ono obtains tho intcresting sub-classes of mixing and weakly mixing
transformations which are amenable to a more dotailed analysis—or tho recent
study (Maitra, 1006) of transformations 7' (the stable transformations) for which
m{T-A () B) is assumed to be convergent for every 4, Be.S.

Motivated by this obsorvation, wo study in this paper, tho transformationa
T for which m(T-/ A () B) is strong Cesaro convergent for overy pair of measurablo
scts A and B, Wo call theso the weakly stable transformations. Wo shall sco that,
in spite of the apparent artificiality of tho defining condition, it is equivalent (as in
the caso of weakly mixing transformations ) to certain very natural analytical conditions,
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Wo may look at tho weakly stable transformations from ancther point of view.
Sinco the weakly mixing transformations aro preciscly thoso weakly stablo transfor-
mationa which aro also ergodic, it is of interest to know which of the propertics of
weakly mixing transformations follow from tho hypothesis of ergodicity and which
from that of wenk atability. It will bo seen that many of tho well-known theorema
on weakly mixing transformations havo their analogues in terms of weakly stable trans-
formations, which may bo scen to simplify, in the presenco of ergodicity, to the corrcs-
ponding theorems on weakly mixing transformations. Somo of theso analogues are,
inevitably, direct gencralizations but there aro others which are non-trivial and which,
wo think, help ona to understand tho structure of weakly mixing transformations better,

1. WEAR STABILITY

Let (€, 8, m) bo o probability space. All transformations which we shall
consider on (€1, 8, m) will be sssumed to bo point transformations on Q defined at
overy point of 1 which aro bijective, bimeasurable and mensure-preserving. If T
is a transformation on (Q, &, m) wo shall call & set Ae8 sirictly T-invariant
ifTA = A and T-invariant if m(AATA) = 0. Wo denoto by J7 the o-algebra of
strictly T-invariant sets and by Sy the o-algebra of Z-invariant scts. In’ situations
where no confusion is likely, the suffix 7 will bo omitted.

Definition : Let T bo a transformation on (Q, 8, m). T is weakly slable
if for every A, Be&, the sequence m(T A\ B), =0,1,2,... is strong Cesaro
convergent, i.e., if thero exista a constant C(d4, B) such that

1
lim L =) —C(4, B)| = 0.
Jim 8 (-4 N B)-C4, B)
T is siable (Maitra, 1000) if for every 4, Be 8, tho sequenco m(T-/A(\B),
j=0,1,2,... is convergent, .0, if thoro exists a constant C{d, B) such that

lim |m(T-*ANB)-C(4, B)| = 0.
e

Every stablo transformation is clearly weakly stablo. Sioco strong Cesaro
convergenco implics Cesaro convergenco, it follows from the individual ergedic theorem
that, if T is a weakly stablo transformation, then for every A, Be.8, C(4, B)
= J P(A] 9)dm, where P(A]|J) is tho conditional probability of A given J.

The simplest examplo of a wenkly stablo transformation is the identity. 1f
i a finite set, 4 the class of all subsets of 0 and m a probability measuro which gives
Positive measure ta singletons, then the identity is the only weakly stable transforma-
tion on({f}, 8, m). On the unit interval, however, wo can find non-trivial examples of
weakly stablo transformations. In fact, we ean find non-trivial examples of weakly
stabla transformations which are not weakly mixing, as the ensuing discussion shows.

Let (€, .8, m) bo tho probability spaco nssocinted with tho unit interval (hero
& is the g-nlgebra of Borel acts) and 7' a weakly stablo transformation on 2. Wo
shall show that Q is essentially tho union of two disjoint sets on ono of which 7' is the
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identity and on the other, antiperiodic. In other words, wo shall prove that, for
every integer n > 2, thoe sct A, of all periodic points of period n has measuro zcro.
Clearly A, is measurable and strictly T-invariant.  Ifm{4,) > 0, then by an argument
similar to that of Halmos (1038, p. 70), wo may find a measurable subsct £ of A,

such that E, TE, ..., T*'E are disjoint, T"E = E and m{E) = %‘ m{A,). But then tho

sequenco m(T- £ (M) E) is not strong Cesaro convergent—na contradiction. (This argu-
ment shows, incidentally, that no periodie transformation of period greater than one,
on the unit interval, is weakly atable. This is true even generally, Sco Corollary
00

This result might justifiably make one wonder whether the wenk atability of
a tranaformation 7 which is not weakly mixing is duc only to the occurrenco of a set of
poritive measure on which T is the identity. This is not so. In Seelion 5, we give
examples of familics of antiperiodie, weakly stable (in fact, stable) but not weakly
mixing transformations on every k-dimensional torus, Since the normalixed mensure
spaco of a torus is point isomorphic to that of the unit interval, we may concludo that
thero exist such transformations ¢ven on tho latter.

Wo now givo some resulta regarding the category of sets of stablo and weakly
stablo transformations. Let (@°, m®) bo the measure algebra induced by (Q, 8, m)
and @ the group of all automorphisms of (4°, m*) cquipped with the weak topology
Z (Halmos, 1956, p. 61). Then with tho obvious definitions of weak stability cte.,
for clements of &, wo have the following observations:

(i) Tho sct of all weakly stable automorphisms contains the sct of all weakly
mixing automorphisms and is hence a dense set of the sccond category in (4, 7). It
is not tho whole of &, however. In fact, nny crgodic but not weakly mixing auto-
morphism is an example of an automorphism which is not weakly stablo.

(i} The sct of all wenkly stablo but not weakly mixing automorphisms, being
a subsct of the complement of a dense @, is of the first category. It is dense. To
sce this, let T be an antomorphism induced by an antiperiodic, weakly stable but not
weakly mixing transformation on (£, .G, m) (such a onc cxists, a3 wo noted earlier),
observe that any automorphism conjugate to T' is also weakly stable but not weakly
mixing and apply the Conjugacy Lemma of Halmos (1956, p. 77).

(iii) The sct of nll stable automorphisms is a denso set of the first category.
This is beeause tho sct of mixing nutomorphisms is a dense set of the first category and
the sct of atable, but not mixing nutomorphisms, is, as an argument similar to that in
(ii) shows, also a denso sct of the first category.

(iv) Tho set of all weakly stable automorphisms which are not stable is a sct
of the accond category. It is dense sinco it containag the conjugacy class of every
weakly mixing non-mixing automorphism.

247



SANKHAYAX : THE INDLAN JOURNAL OF STATISTICS : Sznies A

\Wo now return to tho study of stablo and weakly stablo transformations on
an arditrary probability space. A few propertica of theso may bo deduced from the
definition. In proving theso and later too, we shall mako use of the following two facts
about strong Cesaro convergenco without explicit mention.

(a) Ab ded seq a, of 1 bers is slrong Cesaro convergent
to a if and only if thero exists a set D of nnturnl numbers of density one such that a,
converges to a on D.

(b) Ifal led seq a, of compl bers ig strong Cesaro convergent
to a and D is any act of natural numbers of positive density, then a, is strong Cesaro
convergent to a on D.

Theorem 1.1: If T is weakly stable, then so is T* for every inleger k.

Proof : Let T bo weakly stable. If k=0, 79 = I is weakly stable. Sinco
T-1is easily seen to bo weakly stable, to complete the proof, it is enough to show that
T* is weakly stablo for every positivo integer . But this is truo becauso the set of
positive multiples of & has density 1}k, The theorem is proved.

Remark : The analogue of Theorom 1.1 is true and trivial for stable trans-
formations,

Theorem 1.2 If T is weakly stable, then for every non-zero integer k, Jr = I

Proof : Itisenough to provo that I C Iy for every positive integer k. Lot
A eJT, and let for arbitrary Be.g, C(A, B) denote tho strong Cesaro limit of the sequence
m(T~Y A (\B). Then C{4, B) is also tho strong Cesaro limit of the sequenco m{T-/4
{B). But, for every j, m(T-"A () B) = m{A(\B) and thereforo C{d, B) = m(A(\B).
On the other hand, C(T-'4, B) = C{4, B). Tt f[ollows that deSy. Tho theorem
is proved.

Corollary 1.1: No weally stable aulomorphism of a measure algcbra can have
finite orbils of order > 1.

While it is true that every power of a wenkly stablo transformation is weakly
stable, a similor statement does not hold for roots. E.g., if 7' is a periodio transfor-
mation of period # > 1, then 7" = I is weakly stablo but 7' is not weakly stable (sco
Corollary 2.2). Wo can however give a nccessary and sufficient condition.

Given a transformation T, wo shall call a measurablo function f P-invariant
if f(Tw) = flw) ae.

Theorem 1.3: If T is weakly slable and 8 1s a rool of T, then § is weakly stable
if and only if 3= JSr.

Proof : 1f 8 is wenkly stablo, then Theorem 1.2 implics that Jy= Jp
Suppose, conversely, that Sy = Jp and that S* = T, k a positive integer. First note
that for all Ae.8, tho function &, = P(d | Jp) =P(dA | J) is S-invariant, Now, for overy
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fixed r, 0 r <k and arbitrary measurablo sets A and B, m(S-"-YA N B) =
(T~ A () §B) and henco the strong Cesaro limit of the sequenco m(S~— A4 N B),
3 =0, 1,2, ... oxisls and is equal to j’ adm= [a‘dm Sinco this limit js indepen-
dent of r, it followa that tho sequence m(S' Z r]B) is itse}f strong Cesaro convergent
for every A, Be&. S is therefore weakly stablo.

Corollary 1.2 (Blum and Yriedman, 1966): If T is weakly mizing and
S 18 a root of T, then 8 is weakly mixing.

Proof : Since Sisaroot of T, JsC g, Sinco Sy is trivial, S2C 5 and
thereforo S5 = Sy ond is trivial. By Theorem 1.3, S is weakly stablo and hence
weakly mixing.

Remark : Tho analoguo of Theorem 1.3 is true for stable transformations
and the proof is, if anything, eosicr in this caso. Wa therefore havo the following
corollary.

Corollary 1.3: A weakly stable rool of a slable iransformation is sluble,

2. SPECTRAL CHARACTERIZATION

Every transformation 7 on the probability space (Q, &, m) induces in a natural
way a unitary operator on o£,(Q), the Hilbert space of equivalence classes of square-
integrablo complex-valued functions on (Q, &, m). (We shall not be too careful, in
what follows, to maintain tho distinction between functions and equivalence classes
of functions.) This induced operator wo shall denote by U, or by U if no confusion
is likely; Uf = f.T for all feoly. We shall let PH{P) stand for tho subspace (in of,)
o(' T-invariant square-integrable functions. (P is precisely the subspaco of square-

ble functi blo with respect to J)) P # 0 whatever bo 7, sinco tho
oonslnnt functions always belong to P.  We shall use the letter P to denoto also the
projection in o, on the subspace P.

We now characteriza tho weak stability of a transformation T in terms of the
spectral properties of the induced unitary operator U. It is this characterization
which will ba most helpful to us in our study of weakly stablo transformations from
nOW on.

Lemma 2.1: T is weakly slable if and only if for every f, ge oL£y(Q), there exists
a constant Cy,, such that

im L 00—, | =0
Ao B jup g rol =%

If P is weakly stable, then C,, = (PY, g) for all f and ge £4Q).
The proof of the first part is straightforward, Tho second part is a consequenco
of tho mean ergodie theorem,
Lomma 2.2: T is weakly stable if and only if for every f6 P*,
1t
lim — % [(Uf.)]=0.
=0

Ao B
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Proof : 'Tho ‘only if’ part is a consequenco of Lemma 2.1, To prove the ‘if*
purt, notice that tho given condition implics that for every fixed fe I, |(UYf, UtN)|
is Cesaro convergent to zero for every fixed non-negativo integer & and henco that
(U, g)]is Cesaro convergent to zero for every g in the subspaco, say S, spanned by
£ UL, UY, ... Sinco the samo holds trivinlly for g in 8%, it follows that U 9] is
Cesaro convergent to zero for every g in £{Q) and fixed fe’*,  On the other hand,
for fe P and g arbitrary, {Ulf, g) = (Pf, g) for all j. It is now casy to verifly that

Lo 1agt
lim — X [(Uf,9)—(Pf,9)] =0
R e M jag
for every f, geolffd). T is therefore weakly stable.

Theorem 2,1 : T is weakly stable if and only if 1 is the only eigen value of U.

Proof : 1 1 ia not tho only cigen value of U and fis an ¢igen function corres-
ponding to an cigen valuo A % 1 with [[f}f = 1, then fe P* but|(V! £, /)] =1 for all
3. By virtuo of Lemma 2.2, T cannot bo wenkly stablo.

Conversely, if 1 is the only eigen value of U and E() denotes the spectral
measure associated with U, then for every function fe P%, tho measure defined on the
unit circle by () = {E()f, f) is non-atomic and henee (Halmos, 1956, p. 40)|[(UY, f}|?
= | JMdje |t is Cesaro convergent to zero, Since strong Cesaro convergenco is equi-
valent to quadratic strong Cesaro convergenco for bounded sequences, invoking
Lemma 2.2 again, wo conclude that T is weakly stable.

Corollary 2.1: If T is weakly slable, then U has no finite orbils of order > 1
on L£4S2)..

Proof : If U has a finite orbit of order & > 1, then thero will exist a k-dimen-
sional invariant subspaco for U on which U is different from the identity. U will
then bave eigen values different from 1.

Corollary 2.2: If there 18 a separaling sequence of sets (Halmos and von
Neumann, 1942) in Q, then no periodic ransformation T of period greater than 1 can
be weakly stuble.

Proof : MT*=1, n>1,then U"=1. U will havo finito orbits of order
> 1sinco U =1I would mean T = 1.

‘The converse of Corollary 2.1 abovo is not tue in general.  Any ergodio rotation
on the circle group will serve as o counter-example.  But if (2, &, m) is tho probability
apaco associated with a compact abelian group @ and T is a continuous automorphism
of @, then tho converso docs hold. Sco Corollary 5.1°,

3. CARTESIAN SQUARES

Let ((-). é, ﬂ.l) be the Cartesian squara of tho probability spaco (9, 8, m):
io.,let @ = QX Q, § = 8x Gand m = mxm. Every transformation 7 on (Q, &, m)
induces a transformation T = TXT on (ﬁ, .6.’, »-r) defined Ly f‘(u, v) = (Tu, Tv)
for all u,v e . Wo shall writo U for Uy, J for Jy cte.

Theorem 3.1: T is weakly stable if and only if T is weakly stable.
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Proof : If Tia wenkly stable, thon for overy A, Be @, m(T- /AN B) =
m(’i' HAXQ)N(B X)) is strong Cesaro convergent and henco T ia weakly stablo.

Conversely, let T bo weakly stablo. 14 and B aro reclangles in & say
A =CxDand B= ExF, then

WA N B) = m{T~C (\ E) m(T-D ( F)
is strong Cesaro convergent. It follows that for every two sets A, B ¢ G, tho algebra
of finito disjoint unions of measurablo reetangles, si(TA () B) is strong Cesaro con-
vergent. If now, 4, Be g bo arbitrary, for a given ¢, 0 < ¢ < 1, choosing A,, B, in &,
1
such that su{d A 4,) < %3 and wi(B A By) < ;—: oand using tho incquality
19T44 () B)~(Fxss 2001
< [ m(T-IA N\ By—i(T-14, () By)):
+ Tl N\ BBy, . x, )]
o "%
+Hxa xa) =Py 2,
it is not difficult to show that
1 a1 . .
> Eo | (A N\ B)~(Pxs x5)| <

for all n sufficiently largo and hence to concludo_that 7 is weakly stable.

Remark: Tho following g lization of tho abovo th is true and may
bo proved in o similar way : 1f {{(Q, 8, m) i =1, 2, ..., %} is  finito family of pro-
bability spaces and T is a transformation of (Q;, &;, m,), then Ty X Ty X ... X Ty is weakly
stablo if and only il 7' is weakly stablo for each i.

Theorem 3.1 abovo ia analogous to tho well-known result that T'is weakly mixing
if and only if 7 is weakly mixing. But In tho contoxt of weak mixing something more
is true—tho weak mixing of 7 follows evon from tho ergodicity of 7' (Halmos, 1956,
- 39).  What might bo an analoguo of this in the caso of wenk stability 1 A plausiblo
conjecturo is that 7 s weakly stablo if and only if J = Jx J. Tho ‘if* part of this con-
jecturo ia truo and is not difficult to prove, Wo do not know whether tho ‘only if*
part is truo or not.*  Wo observe, howover, that if truo, it will explain tho occurrenco
of ergodicity in Halmos's mixing theorem.

There is another, cqually interesting, mixing theorem duo to Hopf (1048)
which involves what may bo ealled tho symmetrized Cartosian squaro of T. Call &
measurablo subset A of Q symmetrio if m(AAd) = 0 whero 4 = {(, v) : (v, u) & A).
Let &, bo tho o-algebra of symmetrio sots and i, tho measure £l restricted to 1, 8)-

*Wo provo Uial it I8 truo for a particular caso in Thoorom 5.3. Dr. J. K. Ghoal has proved It ln the
gonoral easo ; liis proof will appoar olsawharo.
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Sinco 7 takes symmetric scts to symmetrio sels, it may bo restricted to a transforma-
tion f‘, on the measuro space (6, é,. sit,).  Hopf's mixing theorem (Hopf, 1948, p. 37)
says that 7 is wenkly mixing if and only if T, is crgodio.

Wo shall now obtain a generalization of this theorem to tho caso of weakly
stablo transformations. This g lization, wo think, explains, at lcast partly, the
occurrence of- ergodicity in Hop(’s mixing theorom.

Theorem 3.2: 7 is weakly stable if and only if a.e. section of every symmelric

T-invariant scl is T-invariant.

Proof: Let T bo weakly stable and let A bo any symmetric T-invariant sct.
To prove that a.0. section of A is T-invariant, it is enough to prove that a.c. v-section
of K(u, v), tho characteristic function of the sct A, is a T-invariant function. Now
K{u,v) is a renl, symmetric and square-integrable function on ({3, &,#). Consider
the compact hermitian operator L on £,(Q) defined by

(L)) = JK{u, v)f(x)dm(v)
for every feofy. Let Ay = 0, A}, Ay... bo the eigon values of Land S,,n=0,1,2, ...
be the ponding eigen subsp Sinco L with U, the unitary operator
induced by T, U is invariant on every S,. But S,, forn > 1, is finite dimensional,
and tho weak stability of T implica that U = I on every S,, n 2 1. It follows that
UL =L on £{0). Therefore, for every £ o£4(0),
JK(Tu, v)f(v) dm{v) = [K{u, v) f(v) dim(v).

Standard measure-theoretic arguments prove that K(Tu, v) = K(u, ) n.0. on Q and
therefore that a.0. v-section of K(x, v} is P-invariant.

Conversely, let a.e. section of every symmetric T-invariant sot bo T-invariant.
This implics that a.e. scction of every real symmetric T-invariant function is 7T-
invariant. To prove that 7 is weakly stablo, wo shall prove that if f is a non-zero eigen
function corresponding to the cigen value A of U, then f s, in fact, T-invariant.

Let flu) = fi{u)+ify{u) where f; and f, aro respectively tho real and imaginary
partaof f. Consider the function f on €, defined by f(u, v) = f()fv). Then Roj(u, v)
= fi{u)f\(v)+fo{u)f,(v) is a real symmetrio T.invariant function. If thero oxists a
o) such that fi{v,) = 0, f{v,) # 0 (respectivoly fy(r) 7 0, f{vy) = 0) and such that
tho vy-scction of Ref is T-invariant, then f, (respectively f,) is T-invariant and henco
J ig itself T-invariant. Wo have theroforo to consider only tho caso when there oxist
two disjoint T-invariant scts A and B of tota) measuro 1 such that f = 0 on A and
neither f, nor f, vanishes at any point of B. Since f is non-zoro, m{(8) > 0. \Wo may
assumo without loss of generality that for every veDB, the corresponding v-section of
Ro fis T-invariant. If B is a singloton set, then f is trivially T-invariants If thero
exist two points v and w in B such that f(2)//4(v)  fi(1)fw), then sinco fy(v) f4(v)
+/{0)f{v) and f(u)f(w)+/du)f{w) are both T-invariant functions, wo may concludo
that f is itsolf P-invariant, If lastly, fi(v)/fs(v) = fi(0)/fs{w) = k for overy two pointy
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v, we B, then fy(i) = kfy(u) a.0. and thereforo £ is a complox multiple of the real fune-
tion f,. Menco Uf, = Af,. Considering now tho symmetric T-invariant function
Siu ) =],(u)m) = f\(u)f\(v) and taking a suitablo scction, wo seo that f, and henco
1 is T-invariant. Tho proof of the theorem is completo.

Corollary 3.1 (Hopf, 19048): T is weakly mixing if and only if 7", is ergodic.

Proof : Let 7-', bo crgodio and let A bo any i’,-lnvuriunz sct. Then ao.
section of A hns measure 1 if in(A) = 1 and measuro 0 if 5i(d) = 0. In cither coso
a.0. section of 4 is T-invarlant, By Theorem 3.2 7'is wenkly stablo, Sinco the ergodi-
city of T is an immediate consequenco of that of F,, 7' is, in fact, weakly mixing.

Let now 7' be weakly mixing. T ia then ergodio and weakly atable. Thereforo
if A ia any i‘,-invnrinm sct, then a.o, section of 4 has measure 0 or 1. But then A
itself must have measuro 0 or 1. Menco 7, is ergodio.

Wo owo to the referco the interesting observation that as a consequence of
our conjectured generalisation of Hnlmos's mixing theorem and Theorem 3.2,

4, C IxJif and only if J = IX I,
4. DMECT INTEGRALS

It is o well-known result in ergodic theory that, under suitable conditions,
a measure-preserving transformation on o probability apace may be expressed as a
‘direct integral’ of ergodic transformations in an essentially uniquo fashion (I{almos,
1041). Since, in a manner of speaking, ergodicity is to measure-preservingness what
(weak) mixing is to (weak) stability, it is reasonablo to ask whether (weakly) stablo
transformations aro expressiblo as dircet integrals of (weakly) mixing transformations,
Maitra (1966) has idered this question and d it in the negative. Ho has
an exsmple of a stablo transformation nono of whose (ergodic) components is even
weakly mixing.

In this section wo show that, while tho components of a weakly stablo trans-
formation need not be weakly mixing, it is nevertheless truo that if T is a transfor-
mation almost all of whoso components are weakly mixing, then 7' is necessarily weakly
stablo. In fact, in Theorem 4.1 below, wo prove that the weak stability of 7' is implied
even by a much weaker condition on collections of components of T. (It would bo
interesting to know if this sufficient condition is also necessary.)  Wo noto that, ns wo
uso the spectral characterization of weak stability in proving this theorem, our
methods do not yicld a similar theorem for stablo transformations.

Let us first givo a brief sketch of tho decomposition theory.
Let (Q, 8, m) bo a probability spaco for which tho following two conditions

bold:
(a) 4@ is countably generated.

(b) For overy countably generated sub o-algobra ¥ of &, there exists a
real-valued function @(.,.) on Q X & such that
(i) for cach wef, Q(w, .) is a probability measuro on (Q, 8) -
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(ii) for each B¢, Q(., B) is an _¥-mcasurablo function and
(iii) for overy de A and Bedg,

| Qtw, BYIm = m(A (\B).

Let T bo a transformation on (€, .6, m) with tho property that J°, the o-algebra
of strictly T-invariant sets is countably gencrated. Let Q(.,.) bo the function given
by condition (b) above for 4 = 4% One can then show that there exists a sct Negp
with m(N) = 0 such that for overy deg?, Q(w, 4) = xalw) for wgN.

Since S° is countably gencrated, it has atoms and every sct in J° is a union of
atoms. Let tho atoms of J° which are disjoint with ¥ Lo indexed by a set X and let
for z6 X, Y, denoto the corresponding atom. Each Y, is mado a probability spaco
by requiring the measurablo subscts .G, of Y, to bo of the form Y, B with Beg8
and defining a mensuro v, on (Y,, 8,) by v(Y, N B) = Q(w, B) whero weY, is arbi-
trary. (v, is well-defined beeauso the function Q(., B) is constant on the Y ,'a for every
Beg.)

Wo convert X itsclf into a probability spaco (X, S, ) by declating a subset of
X to bo measurablo if and only if the union of tho corresponding atoms of J° is in J°
and defining the mcasure g of this subsct to bo the o of the corrcaponding
et in SO,

Now for cach 26X, Y, is a strictly T-Invariant set and hence the transfor-
mation T may bo restricted to o (bijective) mapping T', of ¥,. Tho decomposition
theorem of Halmos (1941) says that for a.e. zeX, T, is o transformation on (Y,, 8,
v,) and, indeed, an ergodic transformation. Tho transformations 7', are called the
components of T and 7' is said to bo the dircct integral of tho T',’s over tho measuro
space (X, 8, z2).

We aro now in a position to present our theorem. Let Xy G X beo the set
(of measuro 1) of all z with the property that 7, is an ergodic transformation on
(Y. 8, v,). For cach zeX,, let U, denoto the unitary operator on £(Y,) induced
by T,.

Theorem 4.1:  Let for every complex number X of modulus 1, A, denole the sct
of all 2eX, such that A is an eigen value of U,. If p(A,) =0 for every A 3 1, then
T is weakly slable.

Proof : Suppose T' to be not weakly stable and let A 5 1 bo on eigen valuo of
U. Chooso and fix a bounded measurablo function f defined everywhero on Q and a
strictly T-invarinnt sct M C O —N— L.\J' Y, of positivo measuro with the property

¢S

that for every wedl, fiT w) = Af{w) % 0. Then for every Y, 3, tho function f
restricted to Y,, say f,, i3 a 0 bounded ble function on (Y,, &, v,)
and £,T (@) = Af,(w) for all weY,, so that A is an cigen valuo of U,. Ifnow A is the
set of all zeX, for which ¥, G M, then A G A, and p(d) = m(3) > 0. Ifenco
£{45) > 0.

Corollary 4.1: If 7, is weakly mixing for almost all 26X, then T is weakly

slable.
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5. ADTOMORPITSMS OF COMPAOT OROUPS

In this scetion wo shall take 2 to bo a compact group G, 8 tho o-algebra of Borel
subscta of G and m tho normalised ITaar measuro on 0. All automorphisms of G
which wo shall consider ore assumed to bo continuous. Ao automorphism of G is
o transformation on the probability space (G, @ ,m) in our senso (sco Section 1),

For convenienco of presentation and for motivating tho results in tho general
caso wo consider tho caso of abelian groups first.

Abelian case. 1t is well-knawn that for automorphisms of ¢ the counditions of
ergodicity and (weak) mixing are equivnlent and that an automorphism 7 of @ is ergodie
if and only if tho induced unitary operator U on ,£4(G) docs not hava finite orbita on
tho sct of non-constant charactera in T, the character group of G (1lalmos, 1956, p. 53).
Motivated by this result, Maitra (1066) has shown that T is stablo if and only if &
has no finite orbits of order > 1on I. Tho following theorem and its corollary on
weakly stable transformations aro immediato consequences of Maitra’s theorem and
Corollary 2.1,

Theorem 5.1°: T is weakly stable if and only if U has no finite orbits of order
>1lon T,

Corollary 5.1 : T is weakly stable if and only if U has no finile orbits of order
> on £4Q).

Noto that Theorom 5.1’ and Maltra's result quoted above together imply
that every weakly stable sutomorphism of @ is stable. An examplo of an automorphism
of G which is not weakly stablo is tho automorphism which takes every clement of
@ to its inverse.

If @ is the circlo group, then the only weakly stable automorphism of & is tho
identity automorphism. On the tori, h r, wo can find ples of non-trivial
weakly stable automorphisms. To sco this lot, for any integer k » 2, G* bo the
L-dimensional torua. Wo know (sco Jacobs, 1063) that thero exista a ona-to-ono cor-
respondenco between automorphisms of G and matrices of order kwith integral entrics
and determinant +1 such that if T is an automorphism and M = (m,;) tho correspond-
ing matrix, then for overy point (z,, 7y, ..., 2)) 6 G, Tlz), 24, 0y ) = (21, T31 0rey F2)

13
is givon by z) =‘ﬂ‘ z91 &5 &k Morcover the charactor group [ of G may

bo identified with Z™, the -fold direct product of the group of integers Z with itself
such that the action of U on I'® coincides with tho action of 3/ on Z® defined by

N Iy
MUny, .oy mx) = (4], ooy 1) where niee  mpmy. T is thereforo wenkly stable ns
I=1

soon a8 3 does not havo finite orbits of order > 1 on 2. DBut for this, a sufficient
condition s that no cigen valuo A 3 1 of 31 should bo & root of unity, (For, if T wero
not wenkly atablo, then thero would oxist & periodio cloment neZ™® for 3 of period
»> 1. It is then not diflicult to concludo that A/ must admit an cigen valuo dillerent
from unity which is, howover, a p-th root of unity.) This condition is wild enough
to onablo us to construct many weakly stablo automorphisms of G,  In fact, wo can
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havo families of weakly stablo automorphisms none of which is weakly mixing. For
example, if M = (my) is an integral-ontried matrix of order & such that my = 1 for
1€ik my=01Tfori>j 1<, i<k and my #0, then tho corresponding
automorphism on G is an antiperiodio weakly stablo transformation which (sco
Jacobs, 1063) is not weakly mixing.

Wo end our discussion of weakly stablo automorphisma of abelian groups with
the following

Theorem 5.2 :  Let T be an automorphism of G. The subspace P of T-invariant
Junctions in £{G) ia spanned by the T-invariant characters in T if and only if T ia
weakly stable.

Proof : Let T bo weakly stable and let {f} bo tho family of non-T-invariant
characters in I, It is enough to prove that ifj=§ ¢fy T]g|t < o, is any T-
invariant function, then f = 0. But this is an immediato oonsofluenco of the fact that
U has only infinito orbits on the sct {f;}.

1€ 7 is not weakly stablo and g is any non-T-invariant character in [ such that
for somo integer p > 1, U?g =g, Ug, ..., UP~'g aro all distinct, then the function
b =g+ Ug+...4+Ug is a non-zero T-invariant function. A is thereforo in P but is
not in tho span of the T-invariant characters.

General case. In the remainder of this scetion wo shall assume that the reader
is familiar with tho elementary theory of representations of an erbitrary compact
group @,

Every aut phism 7' of @ ind in & natural way a mapping n of tho sct
of all irreducible representations of @ onto itself (m ia given by nV = {rV{g)} = (V(T9)}
for every irreduciblo representation V = (F(g)}). If now tho sct of all equivalenco
classes of irreduciblo representations of @ bo indexed by a, then by thoe well-known
Peter-Weyl theorem, to every « there corresponds a (unique) subsp S, of £4G)
(obtained as tho span of tho matrix functions of any representation of type a) such
that £4(0) = @S.. Let & denoto tho family of all 8,’s. Sinco 7 takes equivalent
rcprcscn(ntions‘to cquivalent representations, it in turn induces a mapping which
we shall continuo to denote by 7 of & onto itself. (In fact, n(S,), for every a, is the
image of S, under U, the unitary operator induced by 7.) It is easy to check that the
action of m on & may bo identified with the action of U on T', the set of all irreduciblo
characters y, of G and henco that U mapa T onto itsclf.

Kaplansky (1049) has shown that cven for a non-abelhn group @, the condi-
tions of ergodicity and (weak) mixing are equivalent for automorphisms 7' of G and that
T is ergodic if and only if U has no finito orbits on tho sct of non-constant characters
in T. (Incidentally, this implics that if @ admits ergodic automorphisms and if for
overy positive integer n, p, is the number (possibly infinito) of inequivalent irreducible
representations of degreo n, then p, = 1 or infinity and for n > 2, p, = 0 or infinity.)
Now, losking at this result and Theorom 5.1°, ono fs tempted to concludo that, oven
in this generality, an automorphism 7' is weakly stablo if and only if U has no finifo
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orbitaof order > 1on .  But this would bo rash. For, if 7' ia any inner automorphism
of G, then U is the identity on T' but ne inner automorphism, except the identity auto-

morphism, can be weakly slable. In parlicular no inner aul phism of G can be ergodic.
(If T is any inner nutomorphism of @, then, n(S,) = S, for every @ and hence overy
S, is a (finite-di ional) invariant subsy forU. If T is to bo weakly stable, then

U must bs tho identity on cvery S, and hence on £4G).) The following theorem,
howerver, i truo.

Theorem 5.1 An automorphiam T of G is weakly siable if and only if for every
irreducible represeniation 'V of G, n(V)~V impliecs n(V) =V and U has no finite
orbits of order > 1 on T,

Proof : Let T bo weakly stable. Suppose that V ig any irreducible represen-
tation of @ and is of typo a. If 1V~ ¥, then 8, is inveriant under U and hence U is
tho identity on S.. If now, for every ge @, (v(g)) is the matrix ¥(g), then for all i and j,
tho function v,{g)¢S, and henco is equal to v,(Ty) 0.0. Sinco the functions (v} are
all continuous, v;{7) = v;{Ty) overywhere. It followa that n(V}) = V. The second
part is a conscquence of Corollary 2.1 and tho fact that I ia invariant under U.

Conversely, let T be such that the conditions of the theorem aro satisfied.
Let Ty be the sct of T-invariant characters in & and & the corresponding subsct of
&. The first condition implies that U is tho identity on every S,e8%,. The second
condition implies that U has only infinite orbits on I'—T, and henco that s has only
infinite orbits on &—&,. It follows that for every function f&S§,65—5, the
functions f, Uf, UY, ... aro mutually orthogonal. A proof similar to that in the
abelian caso (Maitra, 1066) yields tho result that 7 is, in fact, stablo.

Corollary 6.1: T is weakly stable if and only if for every irreducible yepresen-
tation V of @, n(V)~ V implics n(V) = V and U has no finite orbils of order > 1 on
£&4(0).

Corollary 6.2: Every weakly slable aulomorphism of @ is stable.

Wo now have the following generalization of Theorem 6.2°.

Theorem 5.2 ¢ Let T be an aulomorphiam of G. The subspace P of T-invari-
nnl/unc;iona in LAO) it the direcl sum of the 8,'s corresponding to the T-invariant charac-
ters of G in T if and only if T is weakly stadle.

Proof : Lt T be tho sot of T-invariant characters in I' and 5, the set of the
corresponding 8,'s. Let S = @{S,: S.e5,). Wo have to prove that S =P if
and only if T is weakly stablo.

Let T bo weakly stable. If S,s.5, then Uleaves S, invariant and henco is the
identity on §,. Thereforo § C P. Thus, to prove that S = P, it is enough to prove
that if fe$* and is P-invariant then f = 0. Now any f¢§* is (uniquely) of the form
:2/‘. with £, 8,6 F~5,. If fis T-invariant, then Ef, =Z U, n=1,2,.... The

- P
fact that 7 has only infinito orbits on &— &, now implica that for overy f,, there oxists
8 sequenco a; of distinet a’a such that |/, = |, || for all k. Sinco 2:- LI =11t <o,
it follows that f =0,
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Conversely, let 8= P. If V is any irreduciblo representation of @, of typo
a say, such that (V) ~ V, then n(S,) = S, © 8 = P and henco U is tho identity
on S, This in turn implics that m(V) = V. Sinco wo can show that U has no finito
orbits on T'—T, just as in tho abelian caso, an application of Theorem 5.1 yiclds tho
result that 7 is weakly stable.

We show, finally, that tho conjectured generalization of Ialmos's mixing
theorem (sco Section 3) is true for automorphisms of a compact group &.  Tho Cartesian
squaro @ of 0 is again a compact group and tho normalised Haar measure on @ is only
tho product For two subsp 8, and 8, of £,(G), wo denote by S, %S,
tho elosed lincar span in £4(G) of functions of tho typo fi(9) fo(h) with £168; and f,£8,,
Recall that if tho Peter-Woyl docomposition of £,(G) = @ S,, @e 4, then tho Petor-
Weyl decomposition of «&4{G) = @5,, p whero .§.,, = S8,X8p, a feA. Also tho cha-
racter of the oquivalenco class of ref tati corresponding to tho pair (a, 8)
18 %e.8(0, }) = xalg)xs(h). 1t is casy to s that tho Cartesian 8quaro T of an automor-
phism 7 of @ ia an automorphism of G.

Theorem 5.3: An aulomorphiem T of G is weally stable if and only if
J=ux4

Proof : Let J= gx gand f an eigen function with cigen valuo A for U. Then
fla, ®) = f9) (k) is & T-invariant function and hence o.e. section of f is J-measurable,
i0., T-invariant. Taking a suitablo A-scction wo sco that f i T-invariant and 8o A = 1.

If now Z'is weakly stablo, wo know that 7 is weakly stable and by Theorem 5.2,
P(= P¥) is the direct sum of thoso 8,,5'8 which correspond to T-invariant charac-

tera. If tho character y,(g)xs(k) is Z-invariant, thon Xa 08 well as ¥, are T-invariant
and henco the corresponding subspaces S, and 8y aro both contained in P. Thus
PC PXP. Sinco obviously PXPC P wo havo P = PxP, From this it follows
immediately that J= /x.J.

Added in proof : Somo of tho reaults of this paper havo been goneralizod to
somi-groups of transformationa by ono of tho authors,
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