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. INTRODUCTION AND Sussiany

In large acale surveys mullistage sampling procedure using different probabilities
of setection for ilifferent units at any particutar atage have been used very often.  [n the
Indian National Sample Survey (NS), fur instance, such & scheme is usedd for aelection of units
within a atratum, 1f in tho first atnge more than one unit is chaken with replacement, the
standard error (of tho etimate of the mean or of 1ho tolal) con he ensily computed from the
variation between the different estimntes that can be computesd, one based on each of the
chosen first stage unit.  However, in order to bo able to develop a ruitable kampling scheme,
we require not merely an estimate of the overall sampling error, but also a8 knowledge of how
the error depencds on the adjustablo parameters at the dispaxal of the rampler, Cochran
(1939) has shown how in the case of multistage simpla sampling this leads to a problem of
analysis of the total variation into different stage voponents.  The curresponding problem
when unita are chosen with different probabilities (but with replucement) at each stage is
dealt with in this paper. Tho total variation is split up into different meaningful compo-
nents depending on the type of sampling nwed, and unbinwwed extimatom for these components
are derived.

2, THE BAMPLING SCHEMES

Here we shall consicler a three-stage aampling scheme, but the method used is quite
general and can be direetly extended for any wumber of stages. We shall further azsume
that in every stage sampling is with replacement and that in the third stage units are chosen
with equal probabilitics. This schemo of pling (with slight iong) waa used for
selection of the ultimate unit (houschold) within a stratum in the first fow rounds of the
Indina National Sample Survey where within a stratum a tehsil rerved as o first.stage unit,
villages within the tehsil os second stage nnits and houscholds within a village as the ulti-
mate third stage unit. Tehsils and villages were chosen with different probabilities, gencrally
proportional to population or arca and houscholls within a village were selected with equal
probabilities. However, sampling was not in general with replacement except in the case
of the first stngo units,

The simplified sampling schemo that we shall consider is as follows :

number of units in

stago ——————————— uelection of sample iv with replacement and
population  samplo probabilitics
fiest N n Py for the i-th first stago unit
sccond A} " Py for the j-th sccond stage unit in the i-h
first stage unit.
third Ny ny equnl
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Sinco the uso of separate symbois for the variate valuo in the eample and in the
population unneccsarily complicates the notation, wo shnll use tho samo aymbol X to
donote the variate valuo for the &-th thind stage unit in the j-th second stage unit in the i-th
first stago unit  The range of 1, j, & will show whether wo aro referring to the samplo or
to tho population. Furthermore, the dropping of 8 snbacript will indicato a summation over
the units in that stage, for jnstaner, Xy will atand for the total of tho variate values for al}

Ny
thind stago unita in the j-th secund stago unit of the i-th first stago unit, thus E To= Xy
1
~ .
Simitarly IE X, =X, and ‘2 X=X
=1 =)

Wao shull conmirler the problens of estimating the gramd-total X,

From considerations of symmetry the following is taken ax the estimato of X

=t 2oLE Ny Py,
nia Paigge Pyny ke

where, of conrse, Xy is tho variate value for the k-th third atage unit in the j-th second-
atago unit in the i-th first-stage unit in tho relected aample.  Obviously ¢ is unbiassed

En=X
and a little computation shows that ita variance is

N

_! +o7
=1 { Z- + o
LYy, X
where o} = TU'{Z x""_‘z#}
dal
L
0 = L)
! ,Z.; By
Ny
o} = ‘SL" Xy
ja Py
.
ot = Al _x2
ie1 P‘

From the practical point of view, however, the numbera n; and n,, are not generally
defined separately for each of the first and sccond stages. There aro threo different ways”
of fixing up tho values of the n's and #y's.  Ono wo may call “equal sampling” at both stages
whero the same number m of sccond stage units are aclected from ench firet stage
unit nd -tho same number I of third stage units are selected from within cach selected
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sccond stage unit. Thoe other method may be called “proportionate sampling” at both
stagos whero n fixed proportion of socond stage units aro sclected within each first stago
wnit and a different fixed propurtion of third stage units within cach selected second stage
unit aro sampled. Variants of theso two methods, with equal sampling at one stage and pro-
portionate sampling at anothor slago are also used, A third mothod is to determine the
values of n; and ny in such & way that tho estimato ¢ comes out as proportional to the total
of all varinte values in the samplo : this is known as “self-weighted™ sampling.

Horo we shall discuss two of these specinl types of sampling.  The first iv equal sampl-
sampling 8t the second stago unel proportionate sawmpling at the third. The other is sell-

ighted pling with equal sampling at tho sccond stage.

For equal sampling at the sccond stago and proportionate sampling at the third we

have
A =m

ny =¥y,
way. In this coso,

Y_Z P. P‘,Z R

and the verianco reduces to
- AI __1
v =S D4 g0

where d,, B,, €, are independent of ¢, m, # and given by

4,=0
¥ .
= g
5= 7
=t
5
¢ = %_ Eupﬁl_
el = Y

We shall refor to this as tho scheme I of sampling.

In the second scheme of sampling (Schemo II), we have

o =m
1N,
= M
™= BBy

0 that the estimate comeos out es

w1 31 kel

369



Vo 17) SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Pant 4
with variance given by

Ay, B, C,
V(‘)=—;;'+7T’"+[m—'n

whore 4y, By, Cy aro constants independent of I, m, n given by

A,=0a

¥
B> %
-3

N

Ny
Oy= z Z Nyo%

[

80 that 4, = 4, B, = B, but C#C,.  Wo shall write A for 4, or A, and B for B, or B,.

3. THE 5TAGE COMPONENTS OF VARIANCE AND THEIR ESTIMATES
o thus see that in cither of the two schemes of sanapling under consideration the
varianco of tho cstimato depends on only threo s A, B, C; independent of the ad-
justablo constants 4, m, n. Tho cost of the survey naturally depends on the values of {,
m, n. Therefore if estimates of the parameters A, B, and C, are available, tho information
may be of use in planning an optimum survey at a fixed level of cost.

Let ug now examine the naturo of the three parameters. If it were possible to deter-
mine wilbout further sampling tho value X for a first stage unit sclected with probabi.

lities Py, ‘:‘ would provide an unbiassed estimato of X. The p 4 simply
(

the variance of such an estimate, that is A is tho variauce of the (hypothetical) estimato of
X from complete cnumeration of a singlo first stage unit chosen with the probabilities Py
We may thus look upon A as the “between first stage" varianco. Siwilarly 0§ gives the vari-
anco of the thypothetical) esti of X, obtaincd by pletely ing a second
stage unit drawn with probabilities P,. Thus ¢ ‘mensures variation between second stago
units within tha i-th ficst stage unit. Therefore, if the N first stago units wete regarded as
strata and if from tho i-th stratum vPy eccond slago units were chosen with probabilities
P, and each completely enumerated, tho variance of tho cstimate of X would bo simly Bjv
The parameter C; may bo similarly interpreted this way.

Wo now tako up tho problom of cstimating the parameters A, B, C;. We shall
simply obtain unbisssed quadratic esti for these p Certain opti
propertics of theso esti may Lo d 1 from iderations of sy y but
wo shall not enter hero into a discussion of that type. For problems of estimation we shall
consider unrestricted values of n's and ny's.

Lot us write
g o]
1 o -
4=ty (s xu',-;z) whore 2y = Z Xg
=1 1 -1

310



VARIANCE COMPONENTS IN PROBABILITY SAMPLING
Then for fixed fimt and sccond atage uaita

Edg=ct
Hence, if we write Nyl
D

)
= LS~ ¥y
“ ;Z-TEZ
=3
'
then ¢, aad ¢, provido unbinased estimators for €, and Cy respectively.
Now construct
1 Ny
Y= -2z
g 'P" [

iy
ey
'
= _l_(i v y_'.) where y; = ;‘.‘ v
T\ & o = E W
For fixed first stags units  E(s}) = V(y;,).

If first and sccond stage units are fixed

Eyu=_‘;% Fog= L ¥ g

Py n

)
and therefore when second stage units are aliowed to vary, that is.when only first slage
units are fixed

o= 7 ()45 (20

1N
=al+E ( A __1"‘-‘ a:,)
Therefore if we write

1 Ny
wp=a ZPG“

for fixed firat stato unit & w! = o} and conscquently

_1 > [
b=3 Z F
by
provides an unbisssed eatimato for B.

Finally to estimats A construct

1
'.=mm
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Then, for fixed first stago unit,
Fe=gt W

1
ml V(!I.',')

and thercfore for fixed first stage umit

Consequently for unrestricted variations
V)=V (—;"—) + E(V(z)
= ot E(Viz))

Thercfore, if wo write

,,I_—_Fll(‘.i‘ z"—:_’) where z=“‘_2l A

we have

1 2t
a= at—— -
" i Pt

for an unbiassed estimate of 4.
Ve may note in this connection, the well known result that since
.
t= H Z 5
=1
1
aa unbiassed cstimate of its variance is given by ’5‘ but if we are interested in the

separate components of the vnrfnncc, we have lo. compute @, b, ¢; separately. One disad-
vantage of the estimatea g, b, ¢, is that sometimes these may turn out to bo negative.
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