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SUMMARY. This note contains twa oxamples, concerning independont obervations from a

fixed population of real valuos, where inaxi of the poy
fupction slo noL convoergo, as 1l snnple size tends to infinity, 1o the actun! dimribution funelion.
Such examploa are of intereat sinco in previously published examples of the failure of tho mathod,
tha ostimoted distribution, if it oxists at all, doos convergo 1o the sctusl ono.

The maximum likelihood (m.).) method catimates the entiro population distri-
bntion from given data, even if the statistician is interested only in somo purticular
paramioter, i.e., some functional of the population distribution. It therefore scoms
interesting nnd appropriate, if not logically nccesanry, to enquire whether the metho i
consistent in tho senso that, in increasing samples of independent ohservations from a
given population, the estimated distribution converges, in a given intrinsic xenso,
to the actual ono, According to this viewpoint, the consisteney of the m.l.
cstimate of a particular parameter or sct of parameters (o.g., a set specifying tho popu-
Iation distribution) is a subsidiary problem, dotermined mainly by such non-stochastic
questions as whether thoe paramoters of interest are identifiable or whether they are
continuous functionals of the populationdistribution.

Wald’s famous proof of the consistency of m.l. estimates (Wald, 1949;
cf. also Kiefer and Wolfowitz, 1956} can casily be formulated 80 ns to yicld
regularity conditions sufficient for consistency in the senso described above.
Howover, the need for regularity conditions, oxcept in so far as thoy guarantee
the existence of m.). estimates, is not clear from tho examples in the litcrature (Basu,
1955; Kiofer and Wolfowitz, 1956; Jecom and XKraft, 1056). In some of theso
examples, the likelihood function is unbounded, #o that m.). or even approximate
m.l. estimates do not oxist. In the others, where in.l. or approximate m.l. estimates
do exist, it can Lo shown that the cstimated distribution converges to the actual
distribution in the strong sense that, with probability one, the estimated probability
of any event in tho sample space of a singlo observation tonds, unifermly in events,
to tho correet probability. It scems to the writer that in such cxamples the m.l.
estimate can hardly be claimed to bo inconsistont, since the claint must be based on
convergonce definitions remoto from statistics, or on tho fuilure of tho estimated value
of a discontinuous functional to converge to tho population value.

The two oxamples that follow exhibit m.l. estimates that fail to convergo
to the population distribution even in the woakest of intrinsic sonses. In both
oxamplos, & single observation from the population is denoted by X, and X takea real
values, For dofini it is und 1 that a soq Py, Py, ... of probability
distributions of X ‘converges’ to a probability distribution @ if P, (X € ) Q(X <)
at every continuity point of tho Intter diatribution function as k— co.
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Examplo 1. (The continnous case). Supposo that it is known only that X
is distributed according to somo @ such that

aQ = bz, § flez =1, . )
whero f is continuoua and
0 /i) g2 . (2)

for 0€ = . Given u independent observations on X, say X, X,,...and X,,
it is clear that P, is an m.l, estimate of @ if and only if dP, = f(x}dz, where f, is
continuous and satisfies (1}, (2) and

J{Xy=2fori=1,2,..,n w3

Tho inconsequential requirement (3) is antisfied by many inconsistent catimates and
also by somo consistent ones. 'The verification is omitted, Tt might appear at first
sight that m.l. estimation fails here hecnuso the set of alternative distributions of X
is infinite dimensional, but it ia csy 1o construct versions of tho same example
in which tho set in question is only countably infinite.

In tho preceding example, the m.l. principlo provides no indication of the actual
distribution. In tho following one, tho principle provides a definito but ultimately
misleading indication.

Example 2. (The discreie case). In this examplo, (i} X is confined to the
non-negativo integers j = 0, 1, 2, ...ad inf.; (ii) tho set of alternativo distributions of
X is & countably infinite set (P, Py ..., P}, whero

i P,=P,;
Jim Py R

{iii) for each n =1,2, ... and any sct X,, X,, ..., X, of nsample valucs, tho (or an)
m.]. estimato exists; and (iv) no matter what the actual distribution of X, any
sequence of m.l. estimated distributions converges to Po; moro precisely, if

hy = h (X}, Xy, ..., X,) i8 tho least index k such that P, is an m.l estimato based
on the first n observations, then

P [lim b, =)= e (B)
-
for each k=1,2,...,00, whero P{)denotes tho probability mensure on tho space

of infinite sequonces X, X, ... when X is diatributed nccording to P,.
Let

= log log log ({j+a)
o= |

for j = 1,2,... whero a is n constant such that a; is well-defined and positive for
iz 1, eg. a=27, Noxt, let

ny = bftj-+a)log (j+a))” -
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for j = I, 2, ... whero b is choson so that

>0, D m= % . (8

Delino
34 for j=0
Po(X =j)= e (9)
m; for j>0
and for cach k=1,2,.. define
Ii—d, fur j=0
PN =j)=q m for j>0,j+k .. (10)

Vi for j=k

where dy = \/ig—m,. . (11
Sinco 0 < d, < § and d,—» Vus k=0 by (8), it ia clear from (8), (9), (10) and {11)
that Py, Py..., Py is n sct of distinct probability distributions, and that (1) holds,

Now let X;, X,, ... be a scquenco of independent and identically distributed
abservations on X. Foranyn = 1,2,... let f;, = f,.(X,, ..., X,) denote the frequency
of the ovent {X =7} in tho first n observations and let L (k) = L(X|, X,..., X,[k)
be tho logarithm of tho likelihood function. Then, for k < o0, wo have

Ly (k) — L(00) = fo, log [1—(4d:f3)]+ (1) log (1fm,), -~ {12)

by (9) and (10). Let

Y, = max{X,, X, ..., X.}. o {13)

Sinco f,, =0 for all j> Y,, it follows from (12) that L,(k) < Ly(e0) for all
k> Y, Consoquently thero exists an A such that Lk} = sup,{L(k)}{i.0. an m.l,
ostimato oxists), and thero must ho such an k jn tho set {1, 2,..., Y., ). Let 4, bo
the smallest maximizing k. Wo procced 1o show that (5) holds. It will bo shown,
incidentally, that

P [h, € X, for nll sufliciently large n] = 1 e (M)

foreachk = 1,2, ..., 0. Itisinterosting to noto that (14) holds ovenif &, is tho kergest
maximizing index, so that tho distribution P, to which all m.L estimales convergo,
is comparatively unattractivo to the m.l, principle, oven when Pa itself obtains,

Choose and ixa k = 1, 2, ..., or 0 and assumo henecforth that X is distributed
according to Py Since ¥, 00 with probability 1, since fj, > 1 forj = Y,, and sinco

tog { ,,l,‘ ) > log G+a—tog () e 118)
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for j > 1 by (6) aml (7), it follows from (12) that

im i L(Y) = L) im ing [ 108 Ya
h.nl.;l’lf { et } > h,'.‘l.:,'r{'T} e {10)

with probability one. Now ot M Lo an arbitrary positivo intoger. It follows from
(12) that

L) —=L,(0) v
Lo _.} <X . (7

nnx {
1<iQM

whero .V is n constant depending only on M.  Supposo for the moment that

. log ¥,
mm)[.'l'.':o{og—n}=°°]=" . (18)
It will then follow from (186), (h) and tho definition of h, that, with probability ono,
M < h & Y, for all sufticiently largo n. Sinco I is arbitrary, this will cstablish
(5) and (14).

1t remains thereforo to verify (18). For any z 3 1, lot m, be defined by writing
= instead of § in (6) and (7). Then m is o deerensing function of z.  Henee we have

(19)

. 5 3 b
= di=mt
x> " .‘,. % = Yog Togla 1)

ivs

for all z» 1 if k=00 and for all 2> k if & < oo, by (9) and (10). Letc bea
constant, 0 < ¢ < 00. A straightforward computation wsing (19) shows that

S APl Ya<al= (X< <o . ()
"=l Lo

Hence, by tho Borel-Cantelli lemma, log ¥, > en for all suBiciently largo », with
probability ono. Sineo ¢ is arbitrary, (18) is established, and this complotes tho
verification of the examplo.

In conclusion, tho writer wishes to thank his sssociates D, Basu, C. R. Ruo,
and V. S. Varadurajan for several discussions and helpful suggestions.
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