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SUMMARY. Undor o wnual wuporpapelation sob ups it wax shown by Godsmbo (193%) that
the Morvilz.Thompson ostimator with a dlevign whore 1o incluxion probhilition are sirietly
10 1hn a priori oxpe:tationa will be tho host among all 1ho sirategios vmh conatant aample sizos, whon i)io
supor populution paramotor ¢ is 2. In thix paper it fs poknted out that when g s difforont from 2 thor

oxiab stralogios botler than tho abovo siratogy.

1. INTRODUOTION
Considder a finite populution of N units,
Uy, Ugy oery Mg
We aro interested in estimating the total value, Y of a certain characteristic % for this
population. The value of  for u, ia denoted by Y.
Consider a sample of size two taken without replacement with probabilities
of selotivn being propurtional to
Py P Py o P

X
where Sp=1L
=1

Let wgand u; bo tho units taken in ordor of their draw. Dos Raj (1956) suggested
tho following cstimate for Y :
Ty = dyfytdyly e (L1)
whorye dyfdyg=1,
Y,

d fy==
an =

and = l'/(l—p,)+ Y,
]

(1.1) being an asymmotric estimator can always bo improved by taking tho weighted
mean of differont asy ie cstimators for given lered samplo, tho weights boing
tho corrosponding conditional probabilitios of obtaining the ordored samples given the
unorderod samplo (Halmos, 1946). This ostimato happons to bo (Murthy, 1057)

1 Y, Y,
=1 JXea_+Tn_py . e (L2
L gy {’,' @ P/)+p,(l P,)} (L2)
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Tho variance of this ostimalor is

Y = E LR ot S DR 0.3)
n

P e ] (2 - 1'
We shall call the dexign fugether with tho vatimator (1.2) ax symmutrived
Dea Raj strategy.
Consider the sumpling design, wheroin all tho samples aro of the samo sizo 2.
Let us denoto tho inelusion probability of the s-th unit by m, and the juint inclusiun
probabilities of tho i-th and j-th units by my. Horvitz and Thompson {(1055) suggested
the following estimate of tho population total Y.

Y. Y,
T, =it (1)
Tho variance of this estimate is

V(T = ﬂ —m)+Z Zh—l(nu—n‘ﬂ ). v (L5).

In this paper, we convider designs satisfying
mo=2p e (1.6)

together with the estimate (1.6), and call it the Horvitz-Thompson strategy.

It is casy to noto that there would be situations in which the Horvitz-Chompson
slrategy is better than symmotrised Dos Raj strategy and other situations where
symmetrised Des Raj strategy is botter, for a fixed valuo of (py, py, ..., py)- S0, wo
would tho two strategics under a superpopulation sct up

2, SUPERPOPULATION SET UP
In many practical situntions wo wonld be knowing beforo hand, the values
takon by anothor charaoteristio &2, which is highly correlated with %. (We denoto
tho value taken by @ on o, by X;). Now wo consider tho %/-values as tho values
coming from an infinite population such that tho oxpeoted valno taken by ¥; on w for
agiven value of Xy, is proportional to X;. (Cuchran, 1046). Wo shall donoto the
conditional variance of Y, givon X, by of.

It wns abxerved in tield oxperimonts that V(Y,/X,) is of the form (Mahalanobix,
1944; Smith, 1038)
(21

(Y IX,) = o0X)

Through intuitive arguments it onn bo scon that in all practioal situations, g lies
botweon 1 and 2. Wo nssumo tho a priori distribution sntlafios (2.2) and (2.4).
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In this paper wo will bo comparing tho Lwo stratogics undor this modol, tho
critorion for botterness Loing smallor oxpocted varianco, with

=% . (22)

Hanurav (1962) has shown that when g = 2, tho Horvitz-Thompron strategy is better
than tho symmotrised Des Raj strategy.

3. THE EXPEOTED VARIANOES OF THE TWO STRATECIES

Wo can write down tho oxpectod variances of tho two strategios as follows :

E, = ¢(V(Ty) = o3X* \~ pf" 21, ?-_—T—g W (3.0)
Ey = (V{T,) = 02X Tpg (%—p,-)' . (32)

From (3.1) and (3.2}, wo got

1—;— 1
_F. = g'X? £ p3-1 PP = XIS ) )
E—Ey =o'\’ St {zp,z_p‘_pl 2+p,} AXTH . (33

whoro = —P . (34)

-3
=Py

o]

RIS S B
1-p  §2~pi—2;

I
o]~

n

—;—}l:{ 121’1 _2"_?;:'——1—’;}

) o (35
=TS Sl S

4. MaN THEOREMS

In tho soquol it would be undorstood that
PP K Py e (41)

Thoorom 1: In the wsual superpopulation model, the symmeirised Des Raj
siralegy is superior lo the Horvitz-Thompson sirategy when g =1 and inferior when
0 = 2, ezcepl when all the p's are equal in which case the two sirategies coincide.

89
12



SANKHYX : THE INDIAN JOURNAL OF STATISTICS : Senies A
Proof : From (3.3) and (3.5), wo sco that tho differenco in varinnco between
tho symmotrised Des Raj strategy and tho Horvitz-Thompson strategy, £, i3 given
by

PO NI e e ) IR i e ) }
T\ T=pX2=p—p) " (I=p)E=—pi~p))

I S ) /es ) B PR R P

= S i =T 71 —p)—2§~(1—p0)}

____i' - Ppi—2) A2 L= gp,) —0=2( 1 —

=Bl s et {e-si-sira-p} .. a2

_oX o pep) U-p—p) -1
b e (= ey ML - 63
i Sb S )\ 7 S ') - (44)

T e =pli—p)2=p~1))

Theorom 1 follows from (4.3) and (4.4).
Lomma :  For given values of py, py, ..., pyr if the funclion

S apf! (4.5)
where o= %-— ;En _!T:‘_I—I'I
and P> 0(Ep=1),

i8 myative when g = i, then the funclion increases with g al thal point,

Proof: Wo take
PP e S P

It is cloar frum (3.5) that
G€E . SRS HS . Sy

whore ay, ay, ..., a, uro all nogative and a,,; ... uy aro all positivo.

Difforontiating (4.5) w.r.t. ¢ wo got

X .4
Eapft log =2 apf log pyt X apf-tligp,
ful {ap4l
vy
>, 2- u o pet = ".14" log 1

> ( '_l'}'l um!") log

90



ON HORVITZ.-THOMPSON AND DES RAT ESTIMATORS
where the equality sign holds good only if all the p/s ara equal.  Sinco log p, is negative
wo get that when g=g9’

;75 Sapt> 0,

nnless all tho p's aro cqual. Henco the lemma.

Theorem 2: Under the wenal super population model, given py, py, ..oy Py
no! all equal, there is a value for the auper population parameter g, sny g,. where gy lics
behween 1 and 2, such that the Ilorvitz-Thompson straleqy i8 more precise or less precise
(in the expected variance gense) than synomelrised Des Raj's sirateqy according as g > g,
or < g,. When g = g, or p's are all equal the fwo siralegics are equally efficient.

Proof : Theorem follows very easily from Theorem 1 and Lemma 1,

5. NUMERICAL EXAMPLES

Wo ider hero threo populations each consinting of 4 units. Tho values of
tha characteristio ia

population A I ‘2 -3 4
population B -01 20 -30 49
population C  -23 24 26 27

Tho populations woro 80 chosen that in ono 2’s aro modorately spread, in ono ox-
tremely spread and in tho last uniform. Tho officiency of tho Horvitz-Thompson
strategy compared to tho symmetrixed Dea Raj strategy ia tabulated for differont
values of g.

1:0 +0398 *8530 -9088
Il 0482 8762 0990
1-2 0568 +8903 +0992
13 00858 10249 0904
14 0749 9513 0095
15 0843 0805 0097
151 0939 10054 0999
1-7 1:0037 1:0320 1:0000
1-8 1:0130 10001 1-0003
0 1:0236 110870 1:0005
20 1:0336 11470 1-0000
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6. Fr¥aL REMARKS
It wus pointed out by Godambo (1055) that the Horvitz-Thompaon stategy
is tho best strategy whenever the above superpopulation modol holds good and g
takes tho value 2. But when gianearer to 1, evidently thero aro other estimators which
aro better. Wo have to remember that sometimos in practico g comes near to 1
(Fairficld, 1038).
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