EXPRESSIONS FOR THE LOWER BOUND TO CONFIDENCE
COEFFICIENTS

By SAIBAL KUMAR BANERJEE
Indian Statiatical Inastitute, Ca'cutia

SUMMARY. A kwor bound to the probability of sample extimate plus (ond minus) i times
{t > 1) cutimate of sampling ervor covering the population mean (or total) is derised for samplos from non-
normal populstions, Extonsiona of tho result to tho cuso of ratio estimates and multiziags designs sre
also considerod.

1. IsTRODUCTION

Esti of sampling varianco of cati indi variability of the estimato and

if the paront population is normal, sample estimato z, plus {snd minus) f-times estimato of
pling orror covens population mean m in a per cont of the cases whero x is defined as

L
\/n—l'B

A a
For & samplo from a non.normal population if m is an ealinAulo of m sl Fim)computed

from samplo readings) an estimato of sumpling varianco of m, an exprossion for tho lower

‘.
bound to tho probability that y;l;!;IJv(m) covers m, may bo of somo intoreat. In a paper

(Banerjos, 1936) it was shown that if z,, 2y, ..., 7, bo & sample of xize n drawn atrandom
with roplacomont from & population with mean m and Bycocefficiont By, then, for ¢ > 1,

(‘« ~ 2 1
prob. |z2—m) St Ty >
’l n—
+l+(l’ l)’{n—- + }
An extension of the result to tho caae of pps ling in ified multistago design may bo

of somo interest, Somo of tho oxtensions are mdmml below which aro all based upon

& simplo lemma. It is seen that the rolo of B, in sampling with equal probability is taken

over by a eimilar parametor in eampling with unequal probability, Stratified design intro-

duces further paramoters. Tho caso of ratio estimato {simplo ratio for singlo stratnm, and

combined ratio for & strata) is also touchod up without assuming bivariate normal distribution
2.2 M,

of y and 2. A ‘probability’ inequality in R (.;_ = popul ratio to ho esti ’)
T

of thy same form ns Ficllor's inoquality is derived. An extension to multistage design ia

also indiented.

Ll Lemma: Let ${r,, 2y... 7)) be a funclion of p stochastic variates such ihal
E{$}> 0 and E{g*} exiat,
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Thon
(Efon?
prob. { ¢>o] > e (LLD
12. Proof: Lot a varinto y bo defincd as
y=1 i $50
=0, il $<0

Obvivusly ¢y o

or, Eldy) > L)

or, Byt 3 (E@P, (- £} > 0)

or, E{¢Y) E{y®) > [E{9y))t > [E@) (Schwerz's incquality)
or. prob (¢ 3 0) = £y} EEN

By
2. OSE BTRATUM TIP3 SELECTION

2.1. Lot there bo o finite pupulation consisting of N unils, Let g donoto variate
value y of thei-th unit. Lot n unita bo sclected with roplacement from N units, with probabi-
lity proportional to some measuro of the units. Lot py, py ..., py denoto the probability for
the different units to Lo selected in a particular draw.

2.2, Lotz, bo an cstimate of population total 3! as built up from #-th selocted unit,
Obviously

%
2, = &
B
if tho &.th sclected unit happens to bo the i-th unit of tho population.
23. Lot us defino a function L of estimators z,, 2y, ... 2, and J and &(1 > 1) as

L= "_3 =2y - 230)
26—
whero A= ”; ond § = 2%,
n—1 n

2.4. It ¢an bo easily shown that
EQy=2 1
_A
Eu-apy =2

E(}) = _"n"'n‘”' + '.2‘:‘.1"""

. e 240)
E(Ns=21p] = "_-1‘1”;3_" +£‘

Efle—} = ﬂ}""’ + 3;1}‘
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whoro A= % p.( !;‘_‘u )l

and By = ! ’,‘ (y‘i)

Wo havo accordingly
A
-(i-1) 2
E(L)= (1-1) a

- (242)
. » n-:s
Y e 5 (=]
From (LLI), (23.1) and (2.42),
|
prob. {L 30} > n_;‘
r (ﬂ_" {_l 'H}
23 2 1
or, prob.{l+ Asx >,___} > = e (243)
" * + +(n l\'{n—l+l}

25, Tablo I lelow gives numerical values of tho lower bound to tho probability
I+% >H D "% for £ =3 and samplo size » = 4, 6,8, 10, 12, 20, 30, 50, 100 for dif.

foront By—values.

A )
TALLE !, LOWER BOUND OF IROBABILITY OF THE INEQUALITY ';+'.’.I‘_ > A i-'_:_

{valuos workod out from (3.4.3) taking ¢ =3)

samplo sizo 8 =
Bavelue 4 ) 8 10 1z 2 3 50 100
ny @ ® (0] (&3] 6) (U] 8 8 10)
1.0 0.727 0,830 0.615 0.600 0.0 0.030 0.051 0.5 0.084
2.0 0.615 0720 0.780 0.3 0.89 0.807 0.92 0.1 0.53
XY 0.633 0.00 0.718 076 0703 0.830 0.8 0.023 0.M48
“0 0471 0.587 0.650 0708 0.5 0.623 0.808 0.07 0.037
5.0 0421 0535 0.800 0.051 0.700 0701 084 0.891 0.930

From Tablo 1 it is seen that if B, bo somo thing like 4.0 (or Jess), working with threo

time the sampling orror # + fh/m) will covor the true value in about 70.8 per cent of the
cascs (or moro) if .= 10, If, howover, B, bo 3.0 or less (in pps sampling B, is likely to bo

mnall in general) working again with throo times tho sampling orror z .+ EVV—()) will cover
thio truo valuo in about 76.2 per cout of the cascs or more,
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3. K STRATA rPs SELECTION

3.1, Lat thero bo X finito populations consisting of ¥y, Vy..., N} units, Lot gy
denoto varinto valuo y of tho j-th unit of tho i-th population. Lot us consider a schomo of
sampling whero u; unita aro solecled with replacement with probability proportional to somo
measro of tho units from the i-th population (i = 1,2, ..., k). Let py denoto tho probabi-
lity that tho j-th unit of the i-th population wifl appear in a particular soloction whilosampling

]
for units from tho i-th population. Obviously, ‘Zl py=1{(fori=1,2 ..k

3.2, Let z;, bo an estimalo of population total Jf; of the i-th population as built
ups from tho a-th sclocted unit, smong a; units sclected from the i-th population. Obviously

Yy
Py
if tho s-th selected unkt happons to bo j-th unit of tho i-th population.

3.3. Let us defino a function L of catimators 2, (s =1,2, .8 =1,2...,4)
and M, M,... My and £(> 1) 8s

Lsnzk {z:‘s. z:. } e 330)

=

2 i
i)

g Zw

where A=

and = (i=12..4.

34. Wohave L= Z{n A —(:—JI‘)'} Z"“ Ko=) .o @A)
ot

I3
Heneo BL) = Z e (342)
1

3>

where '\":Z,:P ( '_J") (fori=1,2,..4).

3.5, From (3.4.1)

p=(dirs { Z {a— - .v,)}

'

13
+2(:1.){Z (:.—uo(z.—.u,)} . (5D

(5
whoro = BN "’4 (o= A (for i =1,2, ... k).
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It can bo casily shown
E

2{(3u)}- E[Z'HZ%]

EDLIETED WL LM ENR]

where By =721 w (352)

E {Z 1‘1,} - 1)!2 ".:_:JI = (I‘—])‘{( i‘ » )'—-z. %;} . (353)
o '

K2

1]

T S R L

. (354)

E [{Z.:l, } {Z': (=20 (5=21y) }] 0. o (355)
1 L=l
i

36. From (3.6.1)—(355) it follows

= e[ 324 s (352 V(S0 iy ) +H(22))
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From (LL1), (3.3.1), (3.4.2) and (3.8.1),

prob. (2> 0> O

. @82

with probability equal to or greater than tho right hand moat expression of (3.6.2}.

3.7. If all tho n;'s aro equal to n tho expression for the lower bound takes tho form

¥ w @B
th(nﬁ—s) s | 20 \
- J_ < . _.l_ +1

(Zh)

which is cqual to ———'—~- L . (312)

4 (B-s)+1+m ”,{ o L+ }

ix‘ u Zn {cvm} s

where By = 0=

Sho o)

Tablo 2 below gives numorical valuce of (3.7.2) for K =8; n =4,8,12,10; B, =234,
and C.V.(4) = 0.0, 25.0, 60.0, 76.0, 100.0, 125.0, anil 150.0.
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TABLE 2. LOWER BOUND OF TIIE PROBANILITY

» A
13 & r3 3 4
£i,+r/2: ;”>}.',\I,>L‘E;—:«/.\: M
1 1 1 1 1

FOR A STRATIFIED DESIGN OF 8 STRATA AND 4, 8, 12 AND 18 UNITS
PER STRATUM FOR DIFFERENT VALUES OF CV(»)

{values worked out from (3.7.2) takiog t = 3)

CV(3) valucsns

Byvalue
0.0 25.0 50.0 73.0 100.0 125.0 160.0
(] ) 2) 3) [ (8) ) m
number of units por alentum = 4
2.0 005 901 800 872 848 819 .786
3.0 .880 875 80O .530 865 2769 .72
4.0 838 -850 .692 ] 760 224 078
number of units por stratum = 8
2.0 -3 BT 930 .028 7 003 887
3.0 929 927 019 008 .802 872 849
4.0 .018 .13 .03 888 867 L8142 814
numbor of units per stralum = 12
2.0 033 952 040 L043 030 2027 017
3.0 043 02 .037 029 .08 L0905 889
4.0 934 2032 520 018 001 884 .863
number of units per stralum = 16
2.0 057 057 054 031 JHE 839 0N
3.0 8530 D40 040 D40 2 h21 000
4.0 043 D42 037 B o8 Jpos 8t

From toblo 2 it is scen that for o donfgn containing 8 siraia and n unita per stratum (v 3 4), con-

3 b oA I » ! & s
Adenco statoment of ho form> " e+t of 525D > S bt \/ D 3wl be truo in e
1 1 1 1 1

por cent of tho casca (or mora) if Jy ¢ nnd cocflicient of variation of X valuea bo losa than or equal to
100. If tho number of mirata bo incronsed, othor paramotora remnining tho aame, the probubility (s
Judgod by tho oxpression for the lawer hound) will incroaso,
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3.8. With reapect to etratificd designs having & constant number of n units per
atratum thoreis another mothod of catimation of sampling error and alliod confid intorval
for tho population mean (ur total). This method at times may bo operationally casy and
thus lesa costly in largo scalo tabulations. Henco in this context it may not bo out of place
to dizcuss that methol. Denoting as boforo by 2z, (8 = 1,2, ... n; i = 1, 2,..., k) estimato
of population total J/; as built up from tho a-th selecterd unit from » units relectod from tho
i-th papulation, a sot of estimatore and a function L, may bo dofined as

a, = Sz, w @81)
{=1
3 (o,

L= _"J —(- z.al.)' w (382
n(n—1)
2a,

whoro d== 21

n

It can bo oasily shown that

L
Ery=w-n > %,
1

n
and (BT _ ___‘—_ . (383)
EUD o —a) 3
: +1+( l)'{nTl-H}

whero A;, By and 0 aro as defined carlier in paras 3.4 and 3.7.

Sinco & < 1, comparing (3.8.3) with (3.7.2) it in scon that (3.7.2) will always bo greator than
{3.8.3). Monco if judged only by this critorion (viz. tho expreasion for tho lower bound of
probability of confidenco statement being true) confidenco statement of the form

ey ‘/ Zim ';) is not 1o bo prefeszed over Z ekt \/z A If, bowover, num-

(n
ber of units por stratum is large (something liko 10 or moro) the sccond method may bo
used in preforence over the firat.

4. ONE STRATUM PPS SELECTION R .10 ESTIMATE

4.1 Ono stratum, ppa selection, ratio estimato: Let thors bo a finito population
consisting of N units. Let y;, 2; denoto respoctively variato values of character y and z of
the é-th unit. Let n units Lo selected with replacemont from X wnits with probability pro-
portional to somo measure of the units. Lot p,, p, ... Py donoto the probability for the
differont unita to bo selected fn o particular draw.

4.2, Lot z, and 1, bo respoctively estimates of population totals 3f, and Af, of
character y and z as built up from the #-th sclocted unit. Obvionsly

X

m

if tho a-th selected happens to bo tho i-th unit of the population.
134
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4.3, Lot us dofine a function L of cstimators z,,2q, ... za, 9, Wy s 10, 80d X,
and 3/, and £t > 1)as

= n(:%l) [Z {z,—l?u-,_(z—lmr) }‘1 — (¢~ Ry BRTERN

=2 { N a2 yT R, |-t~ poy - 132
Ss, £ w
where Rui{:.;1=.‘n_z ;u?;=ln_w;
£ £ w,-mp £ o, o
l,=‘—ﬂ_l—'.§.. ——.r\/lk,— T

4.4. Treating z,—Ric, as a variate and taking mathematical oxpectations of L
and L¥ it can bo shown that probability {L > 0} > P,,

1

whero =. . (4D
Bz, 1w)—-3 ©
=t a )
¥
Safue)
whoro Byfz, w) = -~ . (44.2)
Z J-—th
Pi
Henca wo bave from {1.1.1), (4.3.1) and (4.4.1),
”ﬂ{},+m‘,\,-m\/x—,i} > (s—Ri o (443)

with probability greater than (or equal to) P,

4.5. Following Fieller {1040) “confidenco limits™ for R can bo derived from (4.4.3).
In briof tho method may bo indicated as under. From (4.4.3) 8 quadralic oguation in R
and a quadratic inequality in & can bo dorived aa undor :

Quadratic equation : ]P(m‘—pl,)—2R(le)—pr\/xi)+(;'—pl,) = (4.5.1)
Quadratic inoquality 1 R{@*—pX)—2R (:5—prvVAA)H'—ph) € 0. ... (452)

whoro = %

Actual numerical values of R which sutisfy (4.5.1) for clurily of exposition, may bo
considered undor threo heads ¢

@) @—ph.>0; () F—ph,=0; () @P-pl, <o
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Fur (a), roots of equation (4.6.1) are real as tho discriminant

D = 4{(:@—prvV AP~ @ —ph )t~ pA))
= L1 {(PHC g — Cra)+ {1~ PCeul(Con+ 0y 2Cral} > 0
whoro Cu =-;‘ 3 Ce= é" H %;fg-
Ueneo from (4.6.2) limita for R aro
RCREA, e (453)
whoro R, aud R, aro tho roots of (4.5.1) such that R, > R,.
For (b), limits for R are derivablo from tho relation
B—ph, & 2R:o—prVAN). e (45.49)
Under {c) thero can ariso the sub-casce
(1) #—pX, >0
(e2) —pA, <O,
For (e.1) o discriminant of the eyuation (4.5.1) ia positive and a3 such if R, and By
be tho roots of tho equution (4.5.1), limils for R will Lo
R B or, Rp Ry e [$5.5)
where R, and R, will satisfy the relation
Ry> 0> R, e (45.0)

For {c.2) depending upon the numerical values of ¢ and r for given s—p}, and
B*—p}, tho discriminant will bo

oither  {c.21)  positive
or, (0.22) negativo.

For (o.21) fimits for R witl ho uf tho nature (4.6.5). For {c.22) sy tho routs of (4.5.1}
will bo imaginary any numerival value of R will satisfy (4.5.2) and us such lmits for B
derivable frum (4.4.3) will bo w > R » —oo0,

4.6. Limita of tho naturo (4.5.5) aro practically nsoless and considering the very
mnturo of tho limits, the limits derivablo from (4.4.3) cannot strictly Lo called confidonco
limits. Such limitations, however, apply oqually to tha bi-variato approach of Fiolier as
woll,

5. K STRATA PP3 SELECTION COMDISED RATIO ESTIMATE

5.). K strata, pps solection, combined ratio catimato: Lot thero bo A finito popu-
Intions consisting of X'y, Ny... Ny units. Lot yyy, 7y denote respeetively variato values of
character y and 2 of tho j-th unit of tho i-th population. Let us considor 8 schomo of ssmpling
whero n; units aro solectod with roplacoment with probability proportional to somo moasure

1308
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of tho units from tho i-th population (i = 1,2, ... k). Lot p;y denote the probability that
tho j-th unit of the i-th population will appear in a particular solection whilo sampling for
unite from tho i-th populstion,

Ni
Obviously S py=lfor(i=12..K).
b=y
5.2, Let 2, and 1w, bo respectively esti of population totals 3, and M;,

of charactor y el 2 of tho § 1h population as built up from tho a-th solocted unit among
n; units seleeted from the i-th population.  Obviously

2= y, "‘u—,;‘;

if the -th sclocted unit happens to bo tho j-th unit of the i-th population,

5.3. Lot us defino o function L of estimntors z,andwy, (6 =1,2,...0; i =1,
2, .. k) and My and M, (1=1,2,... %) and £#{t> 1) as

L=g ‘Z :' —-
(=

e (53.1)

¥ —b— Rlw—
=FZ;I{Z ::(n:(l-: -Tn) {Z :—R(ZW‘)} - (532)

1] 13 I3 1
=p ‘_Z% {x,ma,,_m.\l NN }_{ >u-rYy ® . (533)

=1 =1

n
Xy,
where gy = 24—y = Rey, — M) § W = ot
i
®g ng
L 2, X owy,
y=wlo =l
n n
% (20 — &) % (g — T
e = P2y Rl s = el ;
=1 m—1

13
E 2yq W0;— i, XM
WA, - Bl 5
m= z i,
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6.4. It can bo oadily shown that

&
E(L) = (01—1) ZASEAL e B4

I3
Aduy) _
it E(lh =i l),{ Z )(u;) ?; n? ,‘({ :“'J}
u,
( . n: )

13
Axu;)
2 "Z o)

F T +1 . (542)
(E=1 (z Aug) )
whero — (M — R }’ e (543)
Zm {5 —ar - r g}
and ey
By = e (5d)
{Auap
Henco from (L.1.1), (6.3.3), (5.4.1) and (5.4.2),
prob. (L3 0}3 Py,
where Py= (Bl _ ¥ 1
e Z"_’("IL (By—3) R
ng 2 2
L Flgtn)l
O3 N (P
rel n n;
(545

5.5. Wo havo from (5.3.3) and (5.4.5)

A ¥ 3 N
.- {"‘-+R’ i g‘,\} A l;.}>{ Z u-R Z By e (351)

with probability greator than {or oqual to) P, whoro P, is given by (5.4.5). From (5.5.1)
limits for B can Lo derived on tho same lines aa discussod earlier for the caso of u singlo stratum.
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6. EXTENSION TO MULTISTAQE DENIONS

6.1. Ono stratum, two stago design, pps solection : Lot thoro be a finite popula.
tion consiating of K first stago unita, wheoro tho i-th unit containa N¢sccond stago units. Lot
% denote valuo y of the j-th socond stago unit of tho i-th first stage unit (j=1,2,..., N,
i=1,2,..4). Lot us consider a two stago sampling schemo whoro n first stage units aro
sclocted with replacoment from & first units with probability proportional to somo measuro
of the unita. Lot p,, py. ... P4 donoto tho probability for the different first stago unit to ho
seleeted in & particular draw, Within each solocted first stage unit lot us scloct n, or ny
oF ... ny second atago units (nccording as the aclectod first atago unit happens to bo tho st or
2nd. or k-th first stago unit) with replacemont with probabifity proportional to somo
measuro of tho second stage unita. Lot pyy donota tho probability that the j-th second stage
unit (of tho i-th first atago unit) having variato valuo yi; will appear in a particular sclection
while sampling for sccond stage unita aftor tho s-th first stago unit has boon selecterd

N
G=12.Nyim1,2.. k. Oviouuly’Elp,,= L for i=1,2..k
-1

6.2. Letz, bo an catimato of population total 3 as built up from the a-th solected
first stago unit. Obriously,

n
U 70!

e e pdd)

if tho a-th acloctod firet stage unit happens to bo tho i-th first atago unit and snd gy
Yican +-+ Yuniy happen to bo y-values of n; selected second stago unit within the i-th first stage
unit,

M and At > 1) o8

6.3. Lot va define a function L of estimators z,,z,, 2,

. il(x,—l)' . 631)
" —G— . (63,
Let T (x— ) (

whero

(6.4.1)
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where By(z) for tho scheme of sampling conwidored is givon as ‘7""((‘1))).‘, whero
a2

= T 4 X g Sl i)
parm T 314 oy S (s
@ S et | Do (2 )
0 Ll e ) (3o’
# g (5 Eom (o

when )/, slands for total of y.valucs of the i-th first stage it i.o. M =l.
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