THE FAMILY OF ANCILLARY STATISTICS

By D. BASU
Indian Statistical Institute, Calcutta

SUMMARY, Though tho marginal distributions of tho ancillary slatintics aro indopendent of
the parsmotor Lhey aro not uxcless or il i A sot of ancillarica may i iso the
whole of the information contuined in tho sample. A claxsification of tho ancillueice in torma of tho partisl
order of thoir information content is attetapted hero.  In general thore sro muny maximal ancillarios.
Amang tho miaimal uncillarics there exists a uniquo Inrgeat ono.  When thoro oxists a complote aufficient
, tho problem of trucking down the maximal and minimal ancillarics beoomes greatly simplified.

1. IsTrRODUCTION

An ancillary! statistic is one whoso distribution is the same for all possible
valucs of the unknown parameter. A statistic that is not ancillary may bo called
‘informative’. The classical cxample of an ancillary statistic is tho following :

Example (n): Lot X and Y bo two positivo valued random variables with
the joint density function

Y
fzy=c¢ 0, 2>0,y>0,0>0.

Hero P =XY is an ancillary statistic. Tho maximum likelihood ecstimator
T = VY]X of @ is not a sufficient statistic. However, the pair (F, T) is jointly
sufficiont,

Tho above examplo shows that though an ancillary statistie, by itself, fails to
provide any information about tho parameter, yet in conjunction with another statis-
tic—which, ns we shall presently sco, need not bo jnformativo—may supply valuable
information® about tho parameter. In the following cxamplo wo have given &
family of ancillary statistics that aro jointly equivalont to the wholo samplo.

Example (b): Let X and Y bo indopendent normal variables with unknown
means § and unit standard doviations. Iloro X—Y is an ancillary statistic. It is
commonly bolioved that every ancillary statistic (in this situation) is necessarily a
function of X—Y, That, however, is not truo.

Lot
X-Y if X+Y<e
F,=F(X, 1) ={
Y—X if X+Y2e¢

whero ¢ ja o fixed constant,

! Tho namo "ancillary' is duo to Fisler (1025). The nomo "distribution.freo’ is also in uso and
porhaps would lhave been moro approprinto in tho presant context.

3 800 Fishor (1950) for & discussion of how tho ancillary information may (according to Fisher)
be recaverod.
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Since X—Y and Y—X aro identically distributed and each js indopondont
of X4 Y it at onco follows that F, is indepondent of X+ ¥ and has tho samo distri-
bution sa that of X—Y. Thuas, F, is ancillary for each ¢. Consider now tho family
{F}, —0 < ¢ <, of ancillary statistics. For fixed X nnd Y the differont salues
of F, (for varying ¢) aro either X—1¥ or Y—X. Tho valuo ¢, of ¢ whero F, changes
sign (F, does not ehango sign only if X—¥ = 0 and that is a nuil event) is the value
of X+ Y. Thus, given F,(X, Y) for all ¢ we can find X+ ¥ and X—Y. Henco, the
family {F,} of ancillary statistics is oquivalent to the wholo samplo (X, ¥). The
countablo family {F} whero ¢ runs through tho sot of rational numbers is easily scon
to bo also oquivalent to (X, ¥).

Tho author (Basu ; 1955, 1958) has shown that, under very mild restrictions,
any statistic indepondont of a suflicient statistic is ancillary and that the converse
proposition ia also true, provided the sufficiont statistic is completo,

In Example (b) the statistic T = X+Y is a complete sufficient statistic.
A statistic F can, therefuro, bo ancillary if and only il F is independent of T, The
following ia a genoral mothod for constructing statistics indopendent of T, Start
with any ancillary statistic F, In general, thero will bo many moasure-preserving
transformations of F (i.e. & mapping ¢ of tho range space of F into itsolf such that
#(F) and F are identically distributed). For each real ¢, defino a measure-preserving
transformation g, of F, Then, take the statistic 9. (F). Subject to somo measurability
restrictions, p (F) will bo indepondent of T' and honce will be ancillary. In Examplo
(b) wo took F=X—Y and g, (F}=F or —F according as t <cor > ¢.

If a statistic F is ancillary thon every (measurable) function of F is also anci-
lary. The statistic Fy is said to include {or bo moro informative than) the statistic
Fy if Fy ean bo expressed as a function of Fy. In this case we write F, D F, or
F,C Fy. Two statistics aro snid to bo equivalent if each can bo expressed as a func-
tion of the other.

Example (¢) : Lot X,, X,, ... X, be n indopondont observations on a normal
variablo with mean 0 and s.d. unity. Then each of tho n—1 statistics

Fy=X,—X), Fy= (X,—X,, X,—X,

oo Fpoy = (X, =Xy, X, ~X,, ... X,—X,)
is ancillary and
FCFHC..CFuy

Tho two ancillary statistics F,_, and F = (X,—X,, X;—X,, ... X;—X,) aro easily
soen to be equivalont.
From Example (b)it is obvious that F,_, docs not include all ancillary statistics.

An ancillary statistic 3/ is said to bo ‘maximal’ if there exists no non-equivalent
ancillary Jf* such that Jf (C 3[*. Thus, given any ancillary F, either it is maximal
or there exists an ancillary F* D F. CGivon any ancillary F, thero exists (Theorem 2)
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a maximal ancillary M D F,. In general thero exists many non-equivalent maximal
ancillarics. A typical proporty (Cor. to Theorom 4) of a maximal ancillary ) is that,
for any ancillacy F not included in M, tho pair (M, F) is informative,

A minimal ancillary ia ono that is included in every maximal anciflary, Among
tho class of minimal ancillarics there existe (Theorem 5) a wniquoe largest one G,
In the absonce of a botter name wo prefer to eall @, the laminal ancillary. @, includes
every minimal ancillary and s included in every maximal ancillary. A typical
property (Theorom 6) of a minimal ancillary @ is that, for any ancillary F, tho pair
(G, F) is ancillary,

If thoro exists 8 comploto sufficiont statistic @, then, any ancillary atatistic
F, such that the pair (G, F) is essentinlly equivalont to the whole sample, is shown
(Thoorem 7) to bo essentially maximal. Under some further restrictions, tho laminal
ancillary is shown {Theorem 8) to bo essentially equivalent to a constant.,

In the following scctions we olaborate on tho above sketch of the family-tree
of ancillary statistics. For tho sake of clegance and brovity of exposition wo uso the
Ianguage of sub o-fields. Reference may be mado to Bahadur (1954, 1953) for ox-
cellont expositions of tho sub o-field approach,

2. DerixiTioNs

Let (<0, 8) be an arbitrary mensurablo spaco and lct {Py), 0 ¢ 0 be & family
of probability measures on 8. Any statistic T induces a sub o-field 8. C 8. In-
stead of dealing with statistics it is more convenient (in tho present context) o deal
with tho corresponding sub o-fieldy.

Definition 1: The event A ¢.8 is said to bo ancillary if Py{4) is the same
for all 86 0. Tho family of all ancillary events is denoted by A.

It is ensy to check that the family A4 is closed for complementation and
countablo disjoint unions. However, in goneral  is not closed for interscetion (ie.
A Is not a o-field).

In order to show that tho family 4 in Example (b) do not constitute a o-field,
wo have only to check that

PyIX—Y >0 and F, (X, ¥)> 0] = P, (X—T > Oand X+ ¥ < ¢)

1

=i [ et
-o0

i
which varies with 0.

In Examplo {b) tho Borol-extonsion of & s &.
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Example {d): Lot &2 connist of tho threo points 4, b and ¢ and let the corres-
ponding probability mensures Lo $—0, 1, and 40 reapoctively, whero 0 < 0 < 3
Hero A consists of tho fonr sots &, [6], [a, €] and & and s0 A is & sub o-field of 8.

Drfinition 2: A o-field & is snid to bo ancillary if FC A A o-field that
is not ancillury is ealled informntive.

A statistic ia ancillary or informative g a3 Lhe cor ling o-ficld

Definition 3: Two ancillary sots A and B aro said to conform if AB is also
ancillary. If A conforms to B then wo writo A ~ B. Sinco Py (AB)4-Py{AB)
= Py (d) it follows that A ~ B if and only if A ~ 5",

If A conforpis to overy ono of a soquence of disjoint sots By, B, ... then it is
ensy to check that A ~UJ B..

Definition 4: Lot Ty bo tho family of all ancillary sots B such that B~~ A
for all 4 ¢ A.

Clearly ¢ and &2 belong to Ty, From what we have eaid before it follows
that T, is closed for 1 ation and tablo disjoint unions,

Thoorem 1: The family Ty is a a-field.

Proof : Tt is enough to show that T is closed for intersection. Let B, and
B, both belong to [y and lot A ¢ 4. Frem B, ¢ Iy it follows that B4 ¢ A
From B, ¢ Ty it then follows that B,B,d € 4. Sinco A is an arbitrary ancillary set, it
follows that B,B,e T,

We shall later on sco that the ancillary o-field Ty corresponds to the laminal
ancillary G, that we have referred to in §1.

Tho family ¥ of anciliary sets is & o-field if and only if every pair of ancillary
sets conform to ono another, i.o. if ¥ =T,

Example (¢): Lot 32 consist of tho five points @, b, ¢, d and ¢ with the
corresponding probabilitics §, 8, 8, }—0 and } —0 rospectivoly, where0 <8 < $. In
this caso Ty consists of the four sets &, [a), [b, ¢, d, ¢}, and & Tho two sets (b, d)
and (b, e] aro both ancillary but they do not conform. Hero _ is wider than Ty and
is not a o-ficld,

Definition 5: Tho ancillary g-fiold , is said to includo the ancillary o-ficld
F (in symbols &, D F, or &, C ) if every elomont of &, is an olemont of &,

The abovo partinl order on ancillary o-fields corresponds to the inclusion
rolationship for ancillary statistics,

Definition 8 : Tho ancillary o-fiehl o/ is snidl to bo maximal if thero exists
no othor ancillary o-field JA® such that J(®* D /.
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Definition 7: The intorscetion of all the maximal ancillary o-ficlds is called
the laminal ancillary.

Tho laminal ancillary is the largest ancillary that is included in all maximal
ancillarics.

3. EXISTENCE AND CHARACTERIZATIONS OF MAXIMAL AND
LAMINAL ANCILLAKIES

Tho follewing theorem iy fundamental.

Theorem 2: Given any ancillary o-ficld F, there exists a maximal ancillary
o-field MDD F.

Proof:  Wo first prove that given any family {}, j ¢ J of ancillary o-ficlds
that are lincarly ordered (by the inclusion relationship), tho Borel-extension & of U &;
js also ancillary.

Cloarly, LJ & contains ¢ and £ and is closed for complementation.  Since
{&) is Lincarly ordered it follows that ) & is also closed for finite unions. That is,
U & is a field of scts.

Since each &, is ancillary, the restriction of Py to {J & is a measure Q that
doos not depend on 6. From tho fundamental Extenzion Theorem of measures
(Kolmogorov, 1933) we know that tho oxtension of Q to & is unique.

It follows at once that the restriction of Py to & is the same for all 9, j.e. &
is an ancillary o-ficld.

Now let @ be the family of all ancillary o-ficlds that include J,. Since corros-
ponding to any lincarly ordered sub-family of @ thore exists an ancillary o-field that
includes overy member of the sub-family it follows from Zorn's Lemma that @ has
a maximal eloment,

Let {40}, i 6 I bo the family of all maximal ancillary o-ficlds. We at once
have the

Theorem 3: A=) A

Proof : Wo havo only to note that corresponding to any clement 4 of #there
exiats an ancillary o-field that contains A as an clement and then apply Theorem 2.

Corollary :  If {L#t)} consisis of only one o-ficld My then A = My = Ty,

Thus, in any situation whero there are non-conforming ancillary sets, the
family {4} has at lenst two members.

In Examplo (d) thero js a unique maximal ancillary. In Examplo {e) there
are exactly two maximal ancillaries namely :

Aty = the o-ficld spanned by [a] and (b, d]
and Hy = tho o-ficld apanned Ly [a] and [b, e].

Theorom 4 : If the ancillary set A docs nol belong lo the maximal ancillary

A then A does nol conform to at least one element of .

251



Vou 21] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [Partas & 4

Proof :  Suppose on the contrary that A onforms 1o every olement of 4.
Conuider the family JA* of sots 4X |J A'Y whero X and Y are arbitrary elements
of (& Cloarly J#(C X* but not conversely.

Since AXUAYy = AU A'Y,
and Uax,y4dr)=A4UuXaU4wry
and Py(AX U 4'Y) = Py (AX)+Py (4'Y),

it follows that JA® is alse an ancillary o-tield.

‘This, however, contradicts the maximality of ..

Corollary :  If K be any maximal ancillary and if the ancillary o-field 5 is nof
included in M then the amalleat o-field containing both M and F is informative.

Theorem 5: () K, =T,

Proof :  8inee every element of I'y conforms (by definition) to every ancillary
event, if follows from Theorem ¢ that Ty C &, for sl 4, j.e. Iy C (N A).

Now let Be() #, and A be an arbitrary ancillary set. From Theorem 3 it
follows that A ¢ .4, for some 1.

Hence B and A are together as elements of some .4, and s0 B ~ 4.

Since A is arbitrary it follows that Be T,

(N #)C T, and so the equality is proved,

Theorem 6: For any ancillsry o-field 5 the smallest o-fild containing both
& and Ty is also ancillary.

Proof - Consider the family of ‘rectangular’ seta X (1) ¥ where X ¢ & and
Y eT, From the definition of [y it follows that all such sets are anciliary and that
they conform to one another. The family of sets that may bo formed by finite uniona
of rectangulur sets form a field of sets and each of them is ancillary. The rest fol-
lows frow the Extension Theorem of Measures.

4. WHEN A COMPLETE SUFFICIENT STATISTIO EXISTS
In general there exist many maximal ancillaries. For instance, in Example
{b) there are uncountably many maximal ancillaries. In order to see this, let us
connider the family {A,} of ancillary events where A4, = {(X,Y) | F(X,Y)> 0}
If ¢ <d, then
Py(dA)=PgX—Y >0and X+¥ <c)+P{Y—X >0 and X+¥ 3 4d)

¢
]
- (= At

i [ ! !’2\/!1 ¢ dz]
which varies with 8.

Thus, the members of tho family {d.} of ancillary sats are mutually non-
conforming. Hence the maximal ancillaries including the different members of the
family are all different.
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Though there may oxist many maximal ancillorics, it is not, in gencral, ensy
to prove tho maximality of a particular ancillary. Howover, in tho situations whero
wo havo a comploto sufficiont atatistic, it is rather easy to demonatrato tho maxima-
lity of a Jargo clasa of ancillaries,

The following property of comploto sufficient statistics is usoful* Hore
wo stato and prove thoe rosult in terms of o-fields.

Lemmn (Basu, 1855): If @ C 8 be a boundedly complete sufficient o-fild
and A any arcillary event, then A i& independeni of Q.

Proof : Lot ¢ = P(A|Q) be the conditionnl probability of 4 given 2. That
is, ¢ is & @-measurable function such that

PfAQ)= | ¢dPgforalldcnandGe Q.
[

Sinco @ is aufficient, it follows that » may bo chosen to bo indopondent of 0. Also
tho sot of z's for which g(z) lica outside the intorval (0, 1) is of zero-mensuro for each
Ocq.
Taking @ =& wo have
Py (4)= [ ydP, forallfcq.
£

Sinco Py (4} is indepondent of 0 and ¢ is @-moasurable, it follows from the bounded
completencss of & that ¢ = Py (A) almost suroly forall 06 .

P, (40) = [ viP,
= P, (4)P, (G) for all O 1 and GeQ.
That is, A is indepondent of all Te &
Before proceeding further we noed a slightly wider definition of maximality for
an ancillary o-fiold.
Definition 8: Tho two 8-moasurablo sots A and B aro said to bo essentially
oqual if
P, (ADBy==2 Py (AB'\J A'B)
=0 for all 0c 0.
Definition 9: Two sub o-fiolds &, and ; aro said to be cssontially equivalont

if corresponding to any sot belonging to one of thom there exists an cssentially equal
sot belonging to tho other.

Definition 10 : Any ancillary o-field that is cssontially equivalont to s
maximal ancillary is called ossontinlly maximal,

Thoorem 7 : If & be a boundedly complete sufficient o-field then any ancillary
& such that the Borel-exiension of &) & is essentially equivalent lo &8, is essentially
maximal,

t Boo Bau (1858) andd Hogg and Cralg (1936] for sorma othor intoresting sppications.
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Proof: Lot o/ bo a maximal ancillary including & and let 3f be an arbitrary
element of o#f. For proving the cxsentinl maximality of & wo have to establish tho
existonco of an Fy ¢ & such that Fy is exsentinlly equal to J7.

Lot &° Lo tho Borel oxteneion of & | ) @. Sinco 8* ia essentially equivalent
to 8, there exists an ) * € 8°® such that )/ is cscentinlly equal to 3.

Since M & M D) & and M ¢ ix essentinlly equal to 3/, it follows that J/® js an
ancillary sot conforming to overy F e . Clearly, tho two measures P and Q on &,
defined by the relations P(F) = F(F) and Q(F) = Py (M*F), are both independent
of 0.

Therefore, tho conditional probability function

dQ
= . =
v =Pl ir
is independent of 0.

Thus, ¢ is an F-measurable function on & such that

Py (M*F) = [vdP, for all Osn and Fe&.
7
Let F and G bo typical elements of & and g respectively, Sinco Fis ancillary

and & is boundedly complete sufficient, it follows (from the Lemma) that & and & are
indepondent.

'j ¢dPy = [ (p Lp) Lo dPy (L and Ly are characteristic func-
o £ tions of F and G)

= [ (r Lp)dPy | LodPy (- Fand & are independent)
& @
=P, (M*F) P, (G) . (@
Again, sinco M * ~ F it follows (from the Lemma) that M *F is indepondent of G.
r£ Lye dPy = Py (A*FQ) = Py (}*F) P, (G). w (B
From (a) and (f) we have
[ (9—ye)dPy = 0forall FeFond Ce Q.
so
Since 9 — DLy, is G°-measurablo it at once follows that
{ (p—Lye) dPy = 0 for all Be B°.

Therofore, for each O ¢ Q, p(r)—Lye. (x) = 0 for almost all 2,
Lot Fy = {z|p(x) = 1}. Clearly Fy, € & and ia essentially equal to M*.
Sinco 3* is osscntially equal to Jf the Theorom is proved.
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In Examplo (b), X+ Y is a completo sulticient statistic. Also for any fixed ¢, the pair
(X471, F,) is equivalent to the mmple (X, Y). Hence it follows that every F, is
un cxsentinlly maximal ancillary. In Examplo (c), the ancillary F,_, together with
tho compluto sufficient statistic X;+ Xy+...4+-X, is squivalont to the whole sample
and, therefore, fx cxsontinlly maximal. A large number of similar situations aro
covered by Theorem 7.

Having partinlly settlal tho question of maximal ancillaries Jot us turn our
attention to the laminal ancillary.

Tho laminal ancillary is tho largest ancillury o-field that is included in alt
maximal ancillarics. From Theorem 5 wo have that tho class Ty of ancillary ects
€ that conform to ovory ancillary set s the laminal ancillary.

Lot A bo tho family of sots that nro cssentinlly oqual to cither tho empty
sot ¢ or the wholo apaco &8 That is, A js tho family of all scte £ such that Py(E)is
elther =0or =1 for a)l Oen. It is casy to check that A js a o-ficld and that
ACT, The following theorem covers a number of important cascs,

Theorem 8: If the following conditions are sulisfied then To= A,

i) & is an essentially mazimal ancillary.
ii) There exists an informative set @ whick is independent of .
iit) For every F e such that 0 < Py (F) <1 there exists F* ¢ & such that
PyF*) = P, (F) and Py (FF*) < Py(F).

Proof :  Let C be an arbitrary cloment of Ty, Wo have to prove that P, (C)
=0 or L. If possible let 0 < Py (C) < L
Now, & is essentinlly equivalent to a maximalancillary and C belongs to every maximal
ancillary. Hence, thero oxists Fe which is cssentially equal to €. Thus, F conforms
to every ancillary set and 0 < Py (F) < 1.

Let G and F* satisfy conditions (i) and (iii) respectively and Ilet
A=GF|)G'F*, Sinco G is independent of &, wo have

Py (d) = Py Q)P (F)+ Py (C')Py (F)

=Py (F){Py (Q)1+D, (3')]

= P, (F).
That is, A is an anciilary set.

Now
AF = GF)G'(FF*)
and, thercfors,
Py (AF) = Py (G)P, (F)+ Py (Q"\P, (FF?)

= Py (FF*)+P, (G)[Py (F)— Py (FF*)].
Lot us noto that Py (FF*) and Py(F)—Py(FF*) aro both indepondent of ¢ and that the
Inttor is not zero.  Agnin sinco @ is informative Py(G) js not indopendent of . Honco
AF is informativo, which is a contradiction, Thoreforo, Py(C) = Oor 1,i.0. CeA,
which proves the thoorom.
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1f tho conditions of Thoorem 7 aro satisficd then & and any informative G ¢ @
sntisfics conditions (i) ad (ii) of Theoron 8. We have then only to check whether
condition (jii) i satisfied or not. 1f the restriction of Py to & bo non-atomic then
it is very easy to sce that condition (jii) is also satisfied.

In Examples (b) and (c) the (essentiaHy) maximal ancillaries havo continuous
(non-atomic) distributions and 8o Theorem 8 holids.  Most of tho familiar casos where
a comploto sufficient statistic oxists fall under tho abovo category.

Erample (f) : Let X bo a singlo observation on & normnal varjablo with mean
zero and standard deviation ¢, Hero X? is a complete sullicient statistic.

{—l of X <0
1 ifX»o0

Lot Y=

Hero the pair (Y, X?) is equivalent to the wholo samplo X.
oo Y is an essentinlly maximal ancillary.

The sub o-ficld genorated by Y consists of the four sets ¢, {(—o0, 0), [0, o)
and & Condition (iii) of Theorem 8 js clearly satisfied. Therefore, the laminal
ancillary Ty is the samo as A.
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