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SOMMARY. A simplo reduction formuls is obtained for the probability angnl of & multi-
variato normal distributi The dorivation involves only ok rosultsinp ity theory. The
formuls obiained can bo used in g ility integrals of ivariste normal distri of
ordor k when thoss of onder k—1 are readily lvllllble‘ Aa examplo is worked out illusirating the use of
the formula.

IxTRODUCTION

In so far aa statisticions ofton assumo many populations to be multivariate normal,
tho evaluation of the probability intogral of the multi pormal di is of
upoclll importauce. While this has beon dono for univariste and bivariato normal

the ion to lati of higher orders presonts considorable
difculties. For provious work on thu problem roforenco may be made to David (1853),
Placket (1954), Moran (1056) and Das (1956).

NoTaTioN AND PRELIMINARIES
The vector valued random variable X = (X,, X,, ..., X,) will bo said to have the
density function n,{(#; Z) if it has the tiveri normal distribution with means
= (fty, Bys -1 pty) 80d dispersion matrix T = (o)
il E) = (20)PR | B [ exp {—fo—p) 27 r—p)}-

.4 will denote the matrix {¢,,—0,0ufo) with the i-th row and column doloted. For ecalar
“,

Fl8) = (10 Bay con g Fiars ooos Py)FHU—RNBris ooy Brart® Brart® ons Bpi)
whore S = 0n/0u.
Givon X;= 8, Xy = (X}, curp Xicys Xgags vy X,) in distributed according to the
density function u,_'(/l.,(u). Z4).
TRE NEW METNIOD
The problom is to evaluate integrals of the form

bbby
[ [ In,(p,E)dt and [ [ [ nslp; 2z, )
w o a u
f[ n,(ﬂ,x)dznl [ ny{u—a; Tz e ()
a g
b - e
and, [ o |y Epz = [ | Aoy Ere . @
- - [ °
whore
6= (ay ey} 80d b= (Bprrby) - @
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Therofore we need consider only integrals of the typo
- ®
1= [ e[ matas B, )
L] .

We now observe that / is the probability that U = min (X, ..., X,) is grester than
or equal to zero. If f{u} is the probability density function of U,

I= [ fludw. )
[]

To derive the prcbability density function of U, we employ the following simple
srgument. Tho event that U lies in the interval (x—du, u) can happen in p mutually exclu-
sive ways. Eithor X, lies in the interval (x—du, u) and Xy, X, X, ..., X, aro all greater
than u or X, lies in the interval (x—du, ) and X;, X;, X, ..., X, are all greater then « or
X, Lics in the interval (u—dw, v} aad X,, X, X, Xy, oo, X a7e 2l greater than u and 20
on. Thus,

100 = 37 { [ et Z e Jrmgr i exp (—toppra )

1a) .
whero drg = dry o drgy 2y oen d2y.

If all the variances ay's ave equal and all the covariances oy's are equal and also
= g o=, (T) will take the simpler form

Ji6) = 2o 327 oxp {(— (e~ 20 [ o [ 2y Gt Bolry . (9)

There are also obvious simplifications when some of the simple or partial correlations are
om0,

The evaluation of the density function (7) requires only a knowledge of the probabi-
lity integral of multivariate normal distributions of order p—1. Thus (6) may be regarded

8 & sort of reduction formula. VWhen probability integrals of normal distributi oforder
k are mdxly l"llllblo, formula (6) may be used in conjunction with mothods of
to probabilityintegrals of order k+1 and, withmore labour, of order k4 2.

'muu with the tables now available, probabilities for distributions of order thres and four
may be evaluated without much difficulty. We also feel that (6) may be profitably used to
extend existing tables of tho probability integral of the bivariate normal distribution
(Pearson, 1931). This will require only the ordi of the dard univariate normal curve
at sclected points and the area undor this curve bolow these ordinates. Extensive tables
for these are available in several places (Pearson and Hartloy, 1054 ; U. 5. Dept. of Com.
meree, 1953),
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The examplo given below will holp to clarify some points.

Examplo: e shall ovaluate

I ]n,(ﬂ;!)dx‘dxldr, - (8

I=

oy

for the coso pwm 0, 0, =0pymoOy =1, 03=0y =0} =0, =0y =03, =00
(Wo wizh to omphasizo hero that our method is applicable whatovers and I), Formula
(8) in this case bocomes

I'=3 { ffiadu - (0)
1]

whero

(3—2x .375x,x,+z§)] drgdry .. (10)

T
/'("".["LGu—(.svs)iﬂ =P |~ =3

and Silu) = (@2n)leeen, )

Jiu) = fi(w) . fu) was calculated for u = 0,.2, 4, ..., 4.2 from values of f,(u) taken from
Knr! Pearvon'’s Tables for Statisticians and Biometricians, Part 11, and valuca of fy(x) taken
from Biomelrika Tables. Weo usud Weddle's rule to calculate tho integral of f(x) from 0 to
3.6 and Simpson’s three-cighth’s rule to ovatuate the integral from 3.0 to 4.2. Of courso
any other convenicnt method of numerical integration could havo been adopted.

The contribution to (9) by the integral of f(u) from 4.2 to o remaina to bo assessed.
From tables we find that f,{u) < 0019 for y 3> 4.2. Theroforo,

| swau < 0020 [ (em-te*du = 00190000138 = (25107 ... (12)
(% 41

This we regard negligible. Thus the value of tho integral from 0 to 4.2 may be taken as an
approximation to the value of the integral fron zero to infinity. In general, we can alwaya
replaco the upper limit of integration in (6) by & suitablo finite number A which will give
results of sufficient accuracy. For the problom of our examplo, tho result obtainod by 1his
mothod was

1= 271907 o (13)
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Wo now comparo this result with the one givon by the formula

(2n)Sr| M I [- [- oxp {(—e M1} dx = 1‘03"(—Pn)+°°8"(;’Pu)+¢0!"(—l>p_)—_ﬂ
CINC I

14

where ) is the matrix (p;) . ()3 = Pys = py; = 1) Plocket (1934). Formula (14) gives the
valuo .27554 which differs from result (13) by about .0035. This much of differonco was
expected sinco, in evaluating f(u) for various values of u, only linear interpolation was used
with regard to tho correlation cocfficient.
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