SOME REMARKS ON THE MISSING PLOT ANALYSIS

By SUJIT KUMAR MITRA
Indian Statistical Institute, Caleutla
SUMMARY. Tho analysis of variance of incomplote data from randomised block and latin
square exporimonta ia conxidered ard the oxpected values, under the null hypothesir, of the trcatment
and orror mean squares are oblained. For simplicily, only tho caso of a singlo missing obsarvation is
connidered. The results could bo similarly oxtonded 1o tho cans of multiple miskirg observations in &
more gonersl situation wkers tho null kypotl ais reed not bo true,

1. INTRODUCTION

It is now recognised that the justification of the customary F-test in ANOVA
for designed experiments has to bo sought elsewhere and not in the normality and
independenco assumptions of the observed random variables (an assumption which
is most certainly untrue). Soveral authors (Noyman (1935); Welch (1937); Pitman
(1938); and more recontly Kempthorne (1955); Witk and Kompthorne {1855) among
others) investigntod tho possibility of validating this test as an approximate randomi-
sation test. According to them, the stochastic character of the obsorved variables
is primarily duo to the random assignment of tho treatments to the experimental
units and it ia possiblo (theoreticnlly at least) to wTite down their joint distribution
a8 soon as tho randomisation procedure R is specified. Consider an experiment in-
volving & oxperimental units whore it is desired to compare ¢ treatments. Let
X, (k) be the (hypothetical) yiold of tho u-th oxperimontal unit when it receives treat-
ment ku =1, LN, k=12,..1). The treatments aro said to be equal in
thoir offects if overy plot gives the same yield irrespective of the treatment applied,
ie, if,

X ) = X2 = .. = X0 for u=1,2,..,N. e (L)

Usually however we shall not be interested in establishing such a stringent hypothesis
(1.1) and aro satisfied in detecting deviations from (1.1) only in so far aa thoy imply,
difforences in total yiclds {over all the ¥ units), i.e., in doviations from

LX) =L X2 = =3 X0 - (1)

To what extont this is achioved by the ANOVA F-test in some classionl designs (liko
the Randomisod Block Design, Latin Square ete.) has been rathor thoroughly examined
by all thoso authors and for & discussion on this subject tho reader js referred
to Kompthorne's book (1932). All their resonrches tond to show that tho F-test is
unbiased in a cortain senso, namoly, if (1,1) bo true, both the numerator in Fithe treat-
ment m.s.) and its denominator (tho error m.a.) have the samo expoctod value.  Condi-
tions under which this is true undor (1.2) also aro known. Tho object of tho present
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paper la to demonatrate (in two simplo situations) that this is no longer truo with the
ANOVA F-test when tho yiclds on some of the units, in an otherwise well-designed
oxperimont, aro missing, For computing the oxpectod values wo consider indepondent
ropetitions of R, with the samo sot of experimental units reporting missing yiolds each
time, They aro derived making uso of certain known results concorning the average
values of moan squares in the analysis of such oxporiments with complete data.

2, RANDOMISED BLOCK DESIGN [ONE PLOT MISSING]

Hore the experimental units (plots) are arranged in r blocks of ¢ plots each
and in each block tho ¢ troatments are assigned to the ¢ plots completely at random.
Let X,; (k) bo thoe yiold of the j-th plot in block i, when it rocoives treatment & and x,,
the observed yiold of treatment £ in block 1. For simplicity of discussion we shall
assumo that the Ist pfot in Llock 1 ias missing which under R had reccived treatment
m (itsell a random variable), so that x,, is reported to bo missing. In such a caso
Yates’ method of fitting constants (1933) for estimating the missing yiold leads to tho
following estimate for z,,, :

A B+ T -0
Z, = '(:—1)(1—T) e (20)

whero B = total yield for the (t—1) plots in block 1 for which yiclds were obtained
= 2
AL
T, = total yiold for the (r—1) plots of treatment m for which yiolds wore
obtained m Iz,
ink
@' = total of all tho observod yiclds,
and the ANOVA tablo is obtained as follows:

TABLE 2.1. ANOVA FOR A RANDOMISED BLOCK DESION
(ONE PLOT MISSING)

sources of d.f sum of aquarcs
wvarintion
treatmont =1 (T)m {obtained by subtraction)
error (r=N—=1}=1 (E)m (leliw:l tho orror 8.3, in the completed
duts inscrting 7, for the missing x,m)
3 1
_y- [ VY 1 D g _!i«)
trontrment +ervor re—1)—=1 (T+Em .;‘(I,g ‘:') + El H (x.g 3

Bray s
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Lot (T),, (E), and (T+E), denoto tho sums of squares dua to Treatment, Error
and Treatment 4Error respectivoly computed from the complete data, if z,,, wore
availablo. Thon the following lomma can be easily ostablished.

Lomma 2,1;
(BB = D 5 e
—1 2
(T+EL—(T+E)y = =2 (ma= )
Hence &(E), = &(E)—& [‘%"‘” (x,.—;,,.)'] - (22)
-1 B;
and &(T+E), = &T+E)—& [—‘—(z._—ﬁ)'] . . (23)

Let us now assume that (1.1) is true, i.e.

X 1) = Xy(2) = oo = Xl) = X;; for all (i)

and write
¢y = Xy~X,, where X;. = Tl RI e (24)
In this case
3
(T+E), =Z= (,(,_2) =ITd=r-4 )
l
and (:,_—‘—l) U—-l)f( - ) ”: eh.
Henco (T4E), =T gf, (iéli & = &(T+E),. . (25)
Also since &(T,) = ] X;., we havo
=t
Ela) = 2 (20)
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and hence

: A
1) + V)

A
B(xm—1a)t = (‘1-

o ¢ )
=g=1 ¢}|+—(’_l),(—‘_l), W(T,)

- it e s 39

It is also known that

8(E), = (r=1)t~1)4.

a
Henco &E) = (=114 = oy
and 8(T), = (I—1)4d— '( 7 ¢u+

= 1 d s
where = m‘—_l—)‘i ;‘: e

[PArTs 3 & 4

(27

. (2.8)

(2.9)

(2.10)

The expected values of the treatment mean squara and the error mean square are

shown in Table 2.2,

TABLE 2.2, EXPECTED VALUES OF MEAN SQUARES

IN TABLE 2.1
sources of d.f oxpocted volue of
variation menn squore
- . 1 -
treatment =1 Ay =0 (A ~A%)
orror rer—g do—t
A+ m- Fr=r=n) -4

1 1_ 4
A= e {%;‘ G40 ‘..}

Hence tho F-test would be unbinsed if and only if A* = A'.

Thus if the avorago orror variance in tho (r-1) complote blocks is larger than
tho orror varianeo of the incomploto block 1, wo have A’ > A®, and then the treat-
ment moan square would have a largor expectod value than tho orror mean square.
Consoquently we would expoct a larger proportion of significant F values evon
under tho null hypothesie (1.1), than what wo normally anticipato at the nominal

lovol of tosting.
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3. LATIN SQUARY DESIGN [ONE PLOT MISSING]

Hero N = " and the ¢ plots nro arranged in ¢ rows and ¢ columna. The ¢
treatments are assigned at random to theso plots in such a way that cach treatment
occurs onco in every row and once in overy column, Tho randomisation proceduro
R in a Latin square ia discussod in Fisher and Yatos Tablea (1048). Lot X,{k) bo
tho yield of plot (i, j) (i-th rew and j-th column) when it roceives troatment % and x;,
tho obxerved yiekl of treatmont & in row i. Wo shall assumo that plot (1,1) is
miwsing which under R had reccived treatment m so that z,, is reported to bo missing.
Hero the eatimato for the missing yicld (Yatos, 1030) is computed aa

P _URHICH TH—2G"
nn =oAL . @)
whoro

R; = total yiold for tho (¢~1) plots in row 1 for which yields woro obtained,

Cy = total yicld for tho {{—1) plots in column 1 for which yields woro obtained,

T,, = total yiold for the (1—1) plots of treatinent m for which yiolds were obtained, and
@ = total of all tho obsorved yiclds.

The ANOVA table is obtained as follows :

TADLE 3. ANOVA FOR A LATIN SQUARE (ONE PLOT MISSING)

sources of df. sum of squaros

variation

troatmoent. ()] {T)m (obtained by subtrsction)

error (#=1}{t=2)=1 (E)w (obtained as tho crror n.s. ia the comploted

-

Lotin Squero inscrting z,m for the missing x,m)

trostment forror  (f—1)1—1 {T+E)m (oblsincd as the (treatmont+error) s.0.
in the corapleted Lalin Squarv insorting Ty for
tho missing )

- - IRHC =0
L S et

Let (T),. (E), and (T'+E), bo the sums of squares duo to Treatment, Error and Treat-
mont + Error rospoctivoly puted from the pleto latin squaro if z,,, wero avail-

able. Thon tho following result holds :

Lemma 3.1:

(B (B = L= o e

g=1
‘i

(T+E),—(T+E)u = Era—F)
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Hence &(E), = &(E),—& [(_‘f_l%(.ﬂ (’1-—;1-.)']

8T+ E) = 87 +E)—8] W o —5,1 ).

Let us now assume that (1.1) is true, i.e.

X,(1) = X(2) = ... = X1} = X, for all (i, )
and write eg= Xy—X,—X,+X..,
where X =!zx, x,='vx, x.=1zx,
L e A A

Ag before it can be casily seen that

I

Ty —E gy = ([—i')A” ey

and that (T+E), =3 Z ef = (t—1)24 (say).
[
Honco (T+B), = 5 el [21)2 & = &T+E),.
i
4 13 -
Also since &T,,) = Z ZX; R= th ¢y = ¥ X
=2 jm2 (=2

and ¢’ =ZZ X,;, we have
(i1

8(a1n) = Fin
and hence 8Ty~ %1 = (Fim—Fin)*+ V(2 —-’;m)

“ ey VT,

T - (t— )’(t 2%

It is known that

1 L8
V(T)=__22e(,

t—2
where ey =Xy—X;— X+ X
=t sx,x-="'tx.x=_1 2x
":‘—1!-% i "=l—l¢.1 i "—?:l 2 i
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It is also knowa that

&(E), = (t—~1Xt1—-2)4. . (38)
Henco &(E)n = i~ 1)t—2)d — ‘(',“_‘1;’ h- AL T
and 6(1')_=(:—1)A_u_"”, Aty . 310
N
whero A= = }; :2. et

The oxpected values of the corrosponding moan squares are shown in Tablo 3.2.

TABLE 3.2. EXPECTED VALUES OF MEAN 8QUARES
N TABLE 3.1

sourcrq of df. oxpectod valuo of moan square
vasiation
treatmont -1 T By D)

[

1 .
srror n-%u+1 Aty mn(:i‘—ﬂ)

1 .w o
A= g 52~ )
Honce the F-test would be unbiased if and only if 4* = 4",

4. CoxcLusioN

Unless tho exact nature of the process, by which an observation is missed,
i known, it is difficult to make any further comments on the missing plot analysis.
It may bo worthwhilo to note in this connection that if one plot is missed at random
from all tho availablo plots, the bias dissppears in both the cases considered in this
paper.

‘The bias which we noticed in this paper possibly affocta the test of equality of
treatment offects only in so far as the customary use of the porcontage points of tho
variance ratio distribution for judging the significance of tho computed value of F
will either overcstimato or underostimate the lovel of tho randomisation test. When
the numbor of missing obsorsations is relatively small, this distortion may be only
of minor importance.
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