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INTRODUCTION

Logicians and philosophers have always talked a
great deal and written meny books about the logic of discovery
or the theory of induction, Nevertheless it sometimes seens
that what Mark Twain said about the weather, namely, that it is
something that everyone talks about but no one does anything
about, might be applied to the logic of discovery so far as
sclentists are concerned. In the light of this situation there
is every reason 1o ask the question: Why should an engineer
think about the logic of discovery? In what follows, I shall
try to answer this question. I shall try to show why it is
that some of the recent developmentis in the theory of rational
induetion give promise of getting engineers out of many of the
pitfalls of loose reasoning into which they have fallen and of
making it possible for the first time to establish ways and
means of securing economic control of quality of manufactured
produet.

To clear away any doubt about the practical importence
of this question, let us comsider a few specific instances Dbe-
fore entering upon the general discussion. Let us start with
the problem of sampling involved in the inspection of the
quality of materials, It might be thought that the best way
of avoiding the sampling problem is to meke & one hundred per
cent inspection. However, there are two ma jor reesons why this
cannot be done. 1In the first place, it is not economical and
in the second place, a one hundred per cent inspection cannot

be given where the test is destructive.



As an example of the latter case, we as a company
buy approximately two million dollars worth of steel strand
per year, one of the most important properties of which is
tensile strength. Such strand often comes in lengths of
5,000 £ft. wound on a single reel. The practice in such a
case 1s to cut a 24" piece from the exposed end of the reel
and to make a tensile strength test on this piece. A question
that the inspector must answer is: What does this single
value tell about the tensile strength of the 5,000 ft. of
strand?

| Now, how does the latest dévelopment in the logic
of discovery influence the answer to this question? It
shows something very importent: it shows that only under
certain conditions does a sample give any appreciable assur-
ance about the quality of material from which the semple was

drawn. These are the conditions of economic control in the

technical sense developed in these Laboratories.

We may take as another problem typical of those of
interest in inspection engineering that considered at a
recent symposium on weldingl. In speaking of the Charpy im-
pact test results, one suthor stated that this test indicates
the ability of engineering materials to absorb energy quickly
and may be used as an indicator of toughness. He also stated
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1. Held at Pittsburgh, March 18, 1931, under the auspices
of the A.S5.T.M.
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that the ductility of the material ihdicates toughness., He
then showed the results given in Fig. 1 to indicate as he
said the correlation between‘impact v?lue and the static
ductility values., He commented thet the correlation is not
very gocod. The real quesfidn is: 1Is there any correlation,
and if so how can we meesure it? We certainly cannot give e
rational answer to this qﬁeétioﬁ without making use of recent
developments in the distribution theory of measures of

correlation.

Fig. 1

It is not alone the poor inspection engineer, however,

that has his worries of this kind. If we attend any scientific
or engineering meeting, we hear papers on the measurement of

this and on the measurement of that, and other papers on the

discovery and meesurement of relationship of one thing to



another. All of us have been present at such meetings when
several in the sudience failed to be convineced that the reported
measurementfwas & satisfactory estimate of the objective thing
to be measured and that the reported relationship was the true
or objective relationship that was sought.

So often under these conditions we hear the ergument
that although & econelusion mey appear theoreticaelly sound,

nevertheless 1t is not consistent with common sense. In fact

you will find it interesting to note in articles and books on
engineering, physics, and science in general, the number of
times an appeal‘is made in just this way to what is called
common sense, Now, if thefe4is anything that can be stated
with great assurance about common sense, it is that it is
not common to any two individuagls. If we as engineers and
scientists wish to justify our conclusions on a reational basis,
we must meet the following question squarely: What scientific
basis have we for measuring the faith that we should heve in
any announced discovery in engineering or scilence?

To keep our. feet on the ground, let us look at Fig. 2

taken from an articlel in the eurrent issue of Metals and Alloys.

What faith are we justified in placing in the various relation-
ships there shown? It is difficult to answer without knowing
the dispersion of the observed values about the indicated points.

Could such results be used justifiably as a basis of economic

l. Thompson, J. G., "Bismuth Alloys", February, 1931.



Fige. 2

control of Bismuth alloys? The answer to the last gquestion
is: No, for reasons that will be given later, .
-As enother illustration, how are we‘to interpret
Fige. & reproduced from a recent bookl on meterials. Are we
to judge from the title of this figure that the tensile strength

of wrought iron is funcetionally related to the temperature of

the iron? If we do, we are‘being misled because as we shell soon
see the évailable data do not satisfy the conditions requisite
for our belief in the existence of such a relationship.

Beginning with the work of John Stuert 11411° - in
particular his five cannons of induetive inference - much

has been done in an attempt to develop a formal scientific

l. Judge, A. W., En ineeringfmaterials, Vol. III, Sir Isaac
Pitman & Sons, ﬂ%a., 1930,
2. Mill, John Stuart, System of Logic.
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method of induction or diseoveryl.

One of the reasons for considering anew the method
of induction is that within the past few years we heve witnessed
the rapid growth of the statistical concept of physical proper-
ties and physical laws. Whefeas within our memories, physical
properties were thought of as constants, and physicel laws, &s
mathematical or functional relationships, we are now living in

an age when physical properties end physical laws are thought of

1. Within just the past two decades numerous articles and many
books have appeared, Some of the more important contributors
in this period have been Bertrand Russell, A, N, Whitehead,
Jean Nicod, J. M. Keynes, C. D. Broad, H. H. Dubs,

R. J. Carmichael, Sir James Jeans, A. S. Eddington,
Harold Jeffries, W. E. Johnson, A. D. Ritchie, J. Neyman,
R. A, Fisher, and Egon Pearson.



as being inherently statistical in neture.

With the introduction of hﬁis new concept comes the
necessity for a modification of the concepts of causation of the
older logic of discovery in which the canons of Mill and modi-
fications thereof play such an important role. We must come to

appreclate the indetermineteness of causation and the significance

thereof particularly in the economie production of great quantities
of the same kind of material or great numbers of the same kind of
apparatus made in accord with given specifications.

It is perhaps trite to say that without mind there
would be no diseovery. However, this human element depends

1 and environment or train-

upon two things: native intelligence
ing. It 1s therefore of interest to know how the controllable
pert of the human element can best be trained for discovery.

In proceeding we shall limit ourselves to a considera-
tion of two kinds of discovery; viz., constants of nature and

relationships or physical laws,

TWO GENERAT, METHODS OF DISCOVERY

Let us consider the simplest kind of problem in dis-
covery; viz., that of discovering2 an objective fixed magnitude
such, for example, &s the charge on an electron. Juppose Wwe
agree on a method of measurement subject, of course, 10 errors

1. Of course, psychologists are still arguing as to what they
mean by intelligence,
2. We usually say measuring.



of measurement. As an estimate of the charge, we take the
average of several measurements. The question immediately
arises, however, as to how many measurements we should take.
This necessitates some assumption as to the method of approach
of the observed average to the objective magnitude as we in-
crease the number of observations.

It 1s customary to assume in such a case &8s a funda-
mental postulate that, 1f we keep all conditions essentially

the same, the average X of n observed values Xis Xop ooy X

2! i?
!
ooy Xn, approaches the true objective value X as & statistical

limit L, expressed formally as follows:

L T=%. (1)

s
n—>> 0

The significant cheracteristics of such a limit are considered
in some detail in a forthcoming publicationl. All that we
shall do héré is to give an illustrative example meking use of
the observed values of the charge on an electron as given by
Millikanz, The successive points in Fige. 4 give the averages

of 1, 2, 3, 4, e, n of Millikan's observed values of the

charge on an electron, Note that as we proceed to the right

l. Shewhart, W. A., Economic Control of Quality of kanufactured
Product, to be puBITsEea by D. van Nostrand Company.

2., Millikan, R. A., The Electron, University of Chicago Press,
1817.




Fig. 4

the observed oscillation in the poinys rapidly tends to de-
crease, and as we say, the average approaches a statisticel
limi% characteristically different, of course from a methe-
maticel one,. 'If the observed average approaches the true
velue in accord with (l), we can say that, in general, the
more observations we take the more likely it becomes that
our observed average differs by less than some preassigned
value ¢ from the true value .

In other words, under these assumptions, we can getl
a relatively good picture of the increase in information
accruing through an increase in the number of observations.

It is true, of course, that this estimate rests upon still

further assumptions as to the nature of the distribution of
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errors of measurement. Without any other assumption, however,
than that the statistical limit (1) epplies, we may say that
the standard deviatioh of the average decreases inversely as
the square root of the number of observations. The important
point in this connection is that the significance of increase
in sample size n depends upon one little word if, in the sense
that increasing the size n of sample assures us in the statis-
tical sense that we will get eloser and closer to the true
value ¥ as n is increased if +the same essentiel conditions
are maintained so that the average X satisfies the condition
of a statistical limit end gg}ﬁhe statistical limit is the
true value X’. In other words, we ﬁéy say that, if there 1s
no constent or systematic error, we can get some indication of
the significence of increase in sample size.

At this point, the important question naturally
arises: How do we know that we have succeeded in eliminating
the constant and systematic errors? The answer is that we
never know, In other words, the férmal machinery of the
scientific method for this case, resting as it does upon the
assumption of the existence of a statistical limit, fails to
give us assurance that we are getting closer and closer to the

truth unless we start with certain kind of data.
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To get good data the humen element must enter,
Scientific method offers no formal program for getting the
proper kind of data. In the lest analysis, even in this
simple case, the results of the application of scientific
method aie personal in character.

What is the praetical significance of this ceconclusion
insofar as it relates to the large quantities of data accumulated
in the production end inspection of the quality of manufactured
product? It is simply this: Unless the data are good in the
sense tﬁat inereasing their number leads closer and closer to
the objective reality, analysis of the data can yield 1little of
value.

In the research labo:atory emphasis is usually laid
upon the quality of the data - not upon the number., In engi-
neering, however, the question most often asked has been:

How meny observations shall be taken? This is indicative of the
misplaced emphasis on numbers of daté irrespective of whether or
not the data are good., It was this situation in respect to in-
spection data that gave cause for the recent developments of
criteria to indicate whether or not the data are good.

Briefly such & criterion essentially consists in meking
use of modern statisticel distribution theory in the establish-
ment of limité within which observed variations in good data mey

be expected to fall. Unless a set of data exhibit technical




control in this sense they cennot be used as a basis of pre-

diction. Without the use of such criteria the results of

sampling ere, in general, non-intelligible., Thus we see the

importance of some of the recent developments in the logic of
discovery,

Let us pass now to a consideration of the other general
method of increasing assurance that a result of measurement is
close to the true objective value. We sh&ll use as an illus-
tration the measurements of the charge on an electron by
different methdds.; Fundementally a given method corresponds
to linking of observed facts through essumed relationships in
such a way that they give an indirect measure of the charge.
Schematically this may be represented as in Fig. 5. The crosses
in the figure represent observed facts. The curves indicate

theoretical relationships involving certain facts and the charge

Fige ©
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on an electron represented schematically as the point to
which all of the lines converge. The more relationships of
this character which give approximately the same value as an
estimate of the charge on an electron, the more faith we heve
in our resultant measure.
It remains, however, to estimate the increase in

assurance with increase in the number of different ways of
" measuring the charge, There is today a iendency to appeal to
probebility theory and to state that one result is probebly
true or more probable tﬁan another, For example, Millikanl
in a recent paper uses in the title the phrase "the most
probable®, One of the important points thet will be made eas
we proceed is that scientific method does not provide any
means of finding the most probable value of a measurement in
the objective sense. Even in the simple case of repetition
of measurement, 1t does not provide & probability that is
independent of an assumption explicitly stated or implied; it
provides no means whatsoever of giving a probability where
various indirect methods of measurement have been employed.

| Hence it is that, although the second process of

discovery unquestionably gives greater assurance than the first

in the sense that agreement of let us say 25 measurements

- e = e = =
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1. Millikan, R. A., "The Most Probable 1930 Values of the
Electron and Correlated Constants",'Physical Review,
Vol. 35, May 15, 1930, pp. 1231-1237.
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divided equally between 5 different methods of measurement gives
greater assurance than 25 measurements by a single method, never-
theless we have no formal method of estimating the inorease in

assurance given by increasing the number of methods of measurement.

NATURE OF RELATIONSHIP

A. Rules

A low order of relationship is that expressed in the
rules of every day experience such as: robins go south in the
winter and return in the spring; a furrowed brow indicates deep
concentration; the good die young, and statisticians are mostly
liars. Such rules are often only partly true - & furrowed
forehead may indicate concentration and it may indicate a
stomach ache. Most of us would not agree that all of the good
die young and at least a few of us will not agree that
statisticlans are mostly liars.

B. Functiocnal Relationship

One of the first results of the development of the
scientific method was the introduction of the concept of an
important kind of relationship; namely, funciional. For exarple,
measurements of pressure; volume, and temperature of gases led
to the conception of an ideal gas in which these three propertics
are related functionally one to another.

Such experimental results have led to the conception
of objective functional relstionships existing between the

nacroscopic properties of physical things expressable in the form
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£{X), Xgp eer Xy oep Xg) = Ou (2)
In most instances the function f is assumed to be continuous
over the assumed range of relationshlip, and the m different
properties represented by the X's are assumed to be such that
if m - 1 of them aré fixed, the wvalues that the other one may
take are determined, the X's being assumed to be mathematically
independents, A simple example of this kind'is the equetion of
state of & perfect gas.

C. Statistical Relationship

Two variables are seid to be statisticelly related
under the conditions: ,

(a) That the observed fraection p of the number of times
that simultaneously observed pairs of values of these two
variables fall within & given area in the plane representing
these two variables, approaches as a statistical limit Lg
some fixed value p', as the number n of observations approaches
infinity, or in other words that

s
n—> @

L, p=72'. (3)
(b) That the frequeney distributions in the array of one
variable are not the same for all of the arrays.
We may represent this kind of reltationship formally

as follows:
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rS(Xl’ ng ..,‘Ii, ooy Xm) = O: (4)
where the significance of fs is that just indicated, being, of

course, different from the £ in (2). The force of condition (a)

is to make constant the probabilityl that an observed set of

values of X will fall within a given element of volume ax,
dXz, 0oy dXi, o dxm, or, in other words, to make the systen

statistically specified in terms of the m different character-
istics., Whereas in the functiongl relationship the X's are
assumed o be independent quantities, this condition is not
satisfied in the statisticél relationship; it being essumed
that the various pairs of values are correlated.

A typical observed_éét of data indicating the presence
of a statistical relationship between two variables is that

glven in Fig. 6 showing the scattep,diagram of modulus of rupture
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In the general case, the first step 1s to discover
the set of m variables Xy Xa, ey Xi, ey Xm that specify
thg thing under consideration. - The practical significance of
this general problem is apparent when we note that the complete
specification of the quality of a given kind of raw material
or finished piece of product inherently involves the problem
of discovering and stating some equation of state to be used
s a standard, In the present state of our knowledge, we are
not in a position o do more perhaps than set up conditions
of statistical control of certain quality characteristics.,

A, Functional Relationship

Let us assume that two variables X and Y satisfy
the functional relationship

Y = f'(X, wl, Nag eey Nig ooy Nsl), (5)

where £' is the unknown true functional form end the N'’s
are the unknown parameters&fd be discovered.
The problem of discovery mey be divided into three
steps: B |
(a) Obtain a set of mn pairs of values
s Yoo wes Tyu o0y Ty
X1y Xgy eer Xyo a0 X
from which to discover (5).
(b) Discover the functional form f'.
{c) Discover the values of the 8, parameters.

Let us consider these three steps in the above order.
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Good Data

It goes without saying that the n pairs of velues
should be free from constant and systematic errors of measure-
ment. Far more importent is the fact that all variables other

than X which affect Y should either be eliminated or kept con-

stant,

The important question is: Whet are the factors that
must be controlled and how can we be sure that they have been
controlled in getting an observed set of n pairs of values of
X end Y? Obviously we cannot be sure of our answer to this
'question. Success depends upon our previous experience and
our knowledge of the detalls of the problem in hand. Further-
more, 1t depends upon our intuitive, speculative, and postula-
tional faculties. To & man of long experience in research,
this statement is trife. I fear, however, that when we come to
consider the great_quantities of data representing measurements
of the quality of manufactured product all the way from raw
material to finished product, we shall find that the importance
of this characteristic of gooa daeta is often overlooked. 1In
fact, I have been told by engineers that by taking great masses
of dats, errors and mistakes cancel out, The fact is, of course,
that quantity of date in no way compensates for quallty - errors
and mistakes do not, in general, cancel out. One of the crying
needs in many phases of engineering work is better data and thils
often means that greater emphasis needs to be placed upon the

human element and less emphasis upon the numbers of routine date.
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Functional Form f*

Since we never know f', the best that we ¢an do is
to choose some functional relationship involving s parameters
such as

Y= f(X, 7\.13 7\.2g~oo, 7\.1, ooy 7\.s)c (6)

Needless to say, the function f may nof be and perhaps is not
the true objective ft., Furthermore, it is not likely theat the
assumed functional relationship will involve the same number
of parameters as the objective relationship. In other words,
it is likely that st f s+ For example, it is customarily
assumed that the best known laws of physics are only approxi-
mations to the true laws.

The choice of the funetional form obviously depends
upon the investigator and upon his knowledge of the field in
which he is working., If in an entirely new field, he will not
likely have any & priori basis for choosing a functional forn
before taking the data. If, however, he is working in a
femilier field, he may from a study of available facts and thecry
in this field be led theoretically to try a given functional
form.

Needless to say, it is possible to find a functional
form involving as many parameters as there are observed pairs
of values such that the function will pass through every ob-
served pointl. There is no reason, however, to believe that

1. At least where there is only one observed velue of Y
for a given value of X.



such a function_has mueh physicel significance, if for no
other reason than that it is unlikely that the observed points
lie on the curve of objective relationship.

The chosen functional form mey be of a closed type
involving a fixed number of parameters or it may be of the
open type such as & series of orthogonal functions wherein
the number of paremeters is not fixed. In the latter case
there is involved an additional choice as to the number of
parameters that it is worthwhile trying to discover.

Determination of Parameters

Having decided upon the functional form f and the
number s of parameters to be used, the next step is to choose
the best values for the estimates of parameters., But what
shall we take as the best values? This is an open guestion.

Several formal methodsrare available for finding a
set of s parameters such, for exesmple, as the determination
of their values from s observed pairs of velues of X and Y;
the graphical method; the method of zero sum proposed by
Normeh Campbell; and perhaps the most widely used method, that
of least squares which states that the sum

n

| 2
321 rYj = (X5 Mys Mgs wes Mgy ees 7‘5)‘] (7)

shall be made & mininum.
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In a given problem, these formal methods lead to
different sets of values as estimates of the parameters and
we are faced with the problem of determining which one of
the sets 1s the best one in a given case. In the absence of
a universally accepted criterion, the choice of the method
of determining the parameters becomes a matter of opinion.

As an indication of the wide divergence of opinion
about the method to be used, let me quote first what
E., T. Whittaker and G. Robinson say, in general, about the

graphical method in the preface to their book The Celculus

of Observations: "When the Edinburgh Laboratory was established

in 1913, a trial was mede, as far as possible, of every method
which had been proposed for the solution of the problems under
consideration, and many of these methods were graphical.

During the ten years which have elapsed since then, the graph-
ical methods have almost all been abandoned, as their inferior-
ity has become evident, and at the present time the work of the
Laboratory is almost exclusively arithmetical.”

To compare with this opinion, let me quote some recent
remarks of Millikanl which esre in marked contrast to those of
Whittaker and Robinson: "This value of the electron is also that
at which Birge finelly arrives as a result of his survey of the
whole field of fundamentel constants., It is true that he re-
enalyzes for himself my individusl oil-drop readings and weights
them so that he gets from them the value 4.768 + 0.0GS in rlace

1. ZLoc, cit.



of my value 4.770 * 0,005, a result that is so much nearer mine
than my experimental uncertainty that I am Quite content =
indeed gratified - but I may perhaps:be pardoned for still pre-
ferring my own'graphical welghtings, since I thought at the time,
and still {think, that I got the best obtainable results in that
way from my data., The person who mekes the measurements
certainly has a slight adventaege in weighting over the person

who does not, and the graphical method by which I got at my

final estimated uncertainty is, I think, in the hends of the

experimenter himself more dependable than least squares."” In
the same vein as that of Millikan, we have the words of the
late Lord Rayleigh saying that the method of least squares is
a good thing to reed up on and then forget.

Degree of Assurance

Enough hes been said to show that in every step of
the formal process of discdvering a law of relationship, the
human element enters: first in the choice of the data, second
in the choice of the assumed.functional relationship, eand
third in the choice of the method of estimating the parameters.
It is also significant to note that men of the calibre of
Whittaker, Milliken, and the late Lord Rayleigh may choose
differently. Scientific methcd in this sense falls to provide
a universally accepted ultimate criteribn to show that the re-

sult of one choice is better than another.
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In the absence of any ultimate criterion, let us
consider briefly the factors which must influence our assurance
that a given theoretical relationship is approximately the
ccrresponding objective relationship. In the acquisition of
good data, it is obviously necessary for the experimentalist
to be familiar with all relevant facts. For example, if the
measurements involve the determination of & relationship
between two physical properties of & material in a highly
evacuated state, it is necessary that the experimentalist
be familiar with the technique of high vacuum measurements,

Furthermore, a knowledge of available theory plays
an important role. For example, one might investigate the
relationship between pressure and volume of a gas at a given
temperature and thereby come experimentally to & conclusion
that the pressure varies inversely as the volume. However,
the knowledge that this relationship is consistent with
modern kinetic theory tends to increase one's assurance beyond
that given by the observed relationship. In e similar wey,
the knowledge that Newton's laws of motion are, as it were,
first epproximations to more general laws of motion comsistent
with modern dynemical theory, tends to strengthen our assurarnce
in the belief that Newton's laws are approximetions to objective
natural laws. In the last analysis, it is essential that the
theoretical relationship be consistent with all known phenomensa
insofar as possible. In other words, the particular relationships

under consideration should fit into available theory.
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Let us pause t0 note the significance of these results,
If good data depend so much upon the broad training of the in-
vestigator in respect to both empirical facts and theory, whet
reliapnce can we put in a large part of the great quantities of
engineering data taken in a routine way by laboratory assistants,
as so often is the case for example in the inspsection of the
quality of product from raw material to finished article?

B. Statistical Relationship

Let us again start with the case of two Qariables
X and Y, If these are statisticélly related, it follows from
what has been said that there is an objective probability p!
of an observéd pair of values falling within a given interval

dXdY expressable in the foliowing functional form:

p! = f'(X, Y\, Nl' Nz’ eey )\Ii’ ey Nsl)dXdY- (8)

In the last analysis the law to be discovered involves the
discovery of the function f* eand the Sy parameters in (8),
4 little investigation shows, however, that any
attempt to discover the relstionship expressed in this
particular way requires a comparatively large number of ob-
servations of pairs of values oftentimes running into the
thousands. For example, the number of observed points in
Fig. 6 showing the observed relationship between modulus of
rupture and density of specimens of Sitka spruce is not
sufficiently large to meke it possible to discover the

statistical relationship expressed in (8). TVhat is usually
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done in such a case is to express the relationship either in
the form of some coefficient such as the correlation co-
efficient or in the form of a curve of regression 6f the form
Y =o' (X)

giving the expected value of Y for a given value of X,
Good Data

| The first essential characteristic of observed data
used in the discovery of statistical relationship is that
they should exhibit statistical control in the sense that
the observed fraction p fa}ling within the interval aXdy
should approach p' (8) as a statistical limit. Here in the
Laboratorieswe have chosen to eall this conditiom that of
statistie?l control, Important eriteria for detecting whether
or not a giveh set of déﬁagkfé controlled have been developedl.

It m#& be shown thet each of the two variables must

satisfy fhe condition Qf,statisfiéal control. Hence through
the application of thasé.arit¢ria, we may determine within
closer limits than has hereto?ore'been possible whether or
not a given set of data are~g§dd‘in.the sense that'they may
be used in the discovery Offﬁhe statistical relationship.
These contributions of theg@ébo:atories constitute a definite

important step in the discovery of statistical relationship
by making it possible to get good data to begin with.

- em e @ e e
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1. These are described in full in the book Economic Control
of guality of Manufactured Product, loc. cit., herealter
relerred to &as E.C,.
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Discovery of Relationship

There perhaps would be little question as to whether

or not a statistical relationship existed for the data of
Figs 6+ Let us therefore consider the data shown in the
scatter disgram, Fig, 8. Is there a relationship in this
case? The question is not easily answered at least by obser-
vation. It is beyond the scope of the present paper to go
into the #arious methods of testing for the existence of
relationship. We shell, however, go far enough to indicate
the inherent difference between the test for a statistical

and that for a functional relationship.

o 1 2 B3 4 5 8 7 8l Rigul? T
Variable X -
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Since observation of the data in Fig. 8 would
lead us to believe that the regression is linear if there
is a correlation, we shall consider here only the use of
the correlation coefficient r as a measure of this relation-
ship, it being recalled that this coefficient is given by

the following expression:

- ZA o)
Xy

where x =X - X, y=Y - T, o, is the standard deviation of

X, and'cy is the standard deviation of Y. Of course, the

- objective value r' is zero if there is no correlation but

linear regression, However, even though the objective velue
r' of correlation coefficient be zero, the observed value of
r need not be zero. Injfagl it will be distributed about

zero. In other words; %haiﬁqint to be considered is that the
answer to a questioh as te whéﬁher or not the observed corre-
lation r in a given cese*is significant must be considered in

terms of the distribution func{ion

" thterun) =g -

B
of the observed aorrelation coefficient expressed in terms of
the objective value f' of the correletion coefficient and the

b @

sample size n, In the particular case in hand, the observed

correlation r is .0727. A knowledgecof the distribution

function (10) for the case r' = O shows that an observed value
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of r as large or larger than .0727 may be expected to occur
approximately 11 times in every 100. In other words, we could
expect to observe a value of r as large as ,0727 & large
fraction of the number of trials even though no correlation
exists. What shall we conclude in such a case?

In the flrst place it should be noted that an eppeal
to the use of distribution theory enebles us to test an hypothesis
that the observed correlation coefficient came from a universe
having a given value of r', It does not, however, tell us any-
thing specifically about whether the assumed universe is the
objective one, Furthermore, our conclusion as to whether or
not a given value of r is significant, depends upon what limits
we set on the correlation coefficient. The answer to our
question is therefore inherently indeterminate.

What we find in an ettempt to discover whether or
not two things are statistically related by means of the
correlation coefficient is inherently the same &s that which
we find if we try to use any other available test - the best
that we can do isvto measure the likelihood of & given hypothesis
but this is not a direct answer to our question.

Estimate of Parameters

Just as there are mgny ways of estimating the pare-
meters in the functional, so also are there meny ways of esti-
mating those in the statistical relationship. FPossibly we

would be justified in saying that there is comparatively little
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basis for choosing between the different methods of estimation
in the case of large samples, except that some are far more
efficient than others, and for this reason should be used in
order to reduce the cost of the investigation by minimizing

the number of observations necessary to attain a given precision,
For the case of small samples, as we usually have in engineering
work, the problem of comparing the verious methods becomes much
more complicated, It may be shown1 thet under these conditions
it is essential that we use certain methods for estimating the
parameters, particularly in connection with the conditions which
we meet in the measurement and inspection of the physical proper-
ties of raw materials and manufactured product. In other words,
the formal part of the theory in fhe case of the statistical
relationship limits the choice much more than it does in the

- corresponding case of the discovery of the functional relatlion-
ship.

Degree of Assurance

It is customéry to try to make use of probability
theory in measuring the degree of assurance that we have
attained in a statistical ihﬁéstigation. This theory is
closely tied up with the theory(of causes and is naturally
1inked with the name of Bayes through the theorem which beers
his name. We cannot do more then indicate the nature of the
limitetions involved in trying to derive from probability

theory a measure of the assurance of a given hypothesis.

le E.C., loc. cit.
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A careful survey of probability theory shows that
the best we can hope to do is to measure the likelihood that
some function of a set of n observed values will have a value
lying within & specified renge upon the basis of the assumption
that the observed sample has been drawn from some kind of a
universe., This is true even if we meke use of a posteriori
probability. Our conclusion is limited, therefore, by the
choice of hypothesis that we make., Hence, probability theory
does not provide a basis for calculating the probability of
a given hypothesis as compared with all others even in the
case of statistical relationship. It appears that the best
we can hope to do is to determine how likely a given set of
data is in respect to a certain function of this set of deta
based upon one of an indefinitely large number of possible
hssumptions.

C. Empirical Relationship

As already noted, the empiricel relationship may bve
either quasi-functional as that of the growth curve or the
time series, or it may be quasi-statistical as that of the
relationship between modulus of rupture and specific gravity
of various kinds of woods shown in Fig. 7. In general, we
have no definite, recognized, and accepted method of irying
to discover relationships of this kind beyond that of finding

some empirical curve or smoothed set of data in the case of
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the quasi-funetional relationship. For the quasi-statistical
relationshlip, there is no available method for making use of
the theory of probability even in calculating the likelihood
of the observed set of data based upon a given hypothesis.
The methods of smoothing end fitting empirical curves in such
instances do not contribute much to our assurance of & given
form of relationship beyond that suggested by the observed
data.

It is of interest to consider again the observed
empirical relationship between modulus of rupture and specific
gravity of different kinds of woods. In the publication

already referred to, curves are.given as shown in Fig. 9.
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Whet can be the significance of these curves? Certainly they
have no significance in the sense of indicating functional
relationship because it is apparent that no such relationship
exists. In the second place, they cannot be curves of regression
except in the case of repetitions as nearly as possible of

tests on the seame number of pieces from each of the total number

of speciesl.

SURVEY OF R6LE 0F JUDGMENT IN DISCOVERY

It will have been notedfthat the applicetion of the
scientific method in discovery involves a human choice at
every step. For example, in the discovery of a functional or
statistical relationship, the followlng choices must be made:

l. Choice of data.
2+ Choice of functional forme.

3s Choice of number of parameters at
least in certain cases,

4, Choice of method of estimating
parameters,

To a certain extent this field of choice is & kind of
methodological No-Man's Land.

History of science shows, however, that the dis-
coverers of the past have, in general, been those broadly

trained in the particular field of discovery of their choice.

1. True, a regression curve with any degree of nicety might be
fitted to this set of points just as well as one could be
fitted to the corresponding set of points, Fig. 6, represent-
ing the observed relationship between the same two physical
factors for the case of Sitka spruce. In the first case,
however, the curve would have no apparent physical significence
whereas in the latter case it would have.
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They have been those familiar with the status of experimental
theoretical results in their particular field. The importance
of theory in helping one to choose the right thing to be dis-
covered is illustrated by the fact that several elements in
the periodic table have been looked for and found because
their existence was suggested by the blank spaces, So it is
that many of the discoveries of science have been suggested
by theory.

Furthermore, it is of igterest to note in reading
the history of science that impor;ant discoveries heve usually
come only after the investigetor has surrounded himself for a
considerable period of time with thé fects bearing upon the
subject and during this period has kept these more or less
constantly in mind. It is true, however, history also indi-
cates that many of these discoveries have only come after
the investigator has dropped the search for a time more or
less comp}ete;y from his conscious consideration. In all cases,
however, it appears that the preliminary conscious attention
to the facts in hand is essential.

For fear that some one might falsely conclude that
the Tormel parts of the scientific method do not add much
sssurance in any case, we need consider enother example. In
many branches of science, we often find cumulated frequency

distributions plotted on some kind of probability paper. If
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the data so plotted lie on a straight line, it is concluded
that the universe from whieh the data likely came is functionally
of the form of that used as a basis for the grid of the paper,
Figs 10 gives one such plot for a series of 15,050
meesurements representing efficiencies on as many telephone in-
struments of a given kind. What conclusion would you draw? Do
the points lie sufficiently close to the line to satisfy you
that the objective frequency distribution is such as to give &
straight line? If you answer yes, your eyes have misled .you,
for it can be shown by analytical methods that it is very un-
likely that the objective universe is one of the same functional

form as that used as a basis of the gridl.

VARIABLE X

o= EREEE R

E
PROBABILITY

l. Goodrich, Re. De., "Straight Line Plotting of Skgw Frequency
Data", Transactlons of American Society of Civil Engineers,
Vol. 91, p. 1, December, 1927.
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LOGIC OF DISCOVERY IN RELATION TO
PRODUCTION ENGINEERING

Thus far we have considered the problem of discovery
as an object in itself with a view to indicating the relative
importance of the human element and the formal steps of the
scientific method in the process of discovery. Let us now
consider briefly the problem of doing what we want to do time
and time again as in the production of large numbers of the
same kind of things.

We can only touch here upon some of fhe fundamental
elements of this problem. In the first plece 1t is essential
that we adopt certain standards or specifications on the
qualities of materials and finished products. In most instances
it is true that the gualities of units of the same kind or the
gqualities of materialékof the same kind are inherently statistical
in nature in that no matter how hard we try to meke things with
the same quality or to choose pieces of the same kind of meterial
all having the same quality, we may expect to meet with failure.
Loocked at, therefore, from the viewpoint of control of & given

quality X, it is reasonable to believe that there are some limits

within which veriations in this quality should be left to_chance

provided we are not to waste time unnecessarily in looking for
trouble when it is reasonable toO believe that we cannot find

it.
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It is in this connection that the recent developments
in the application of statistical theory gilve promise of being
of great economical importence in that they eneble an engineer
to set limits on a quality or on eny statistic 8 of that quality,
Fige. 11, such that the variations within such limits should be
left to chanece, The retional basis for establishing these limits
is discussed in detail elsewherel. The interesting thing is that
they can be set so that over a long period of time they will in-

sure economic control.

@
-

Successive Samples of n

- In the more general case, the quality of the material
for all practicel purposes depends upon & set of let us say m
physical end statistically related characteristics Xl, X2, ceoy
Xy
a stetistical equation of state represented symbelically in the

ooy Xmo The standard of quality in such & case is inherently

form

le E.C., loc, cit.
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Assuming that it is essential to contégl each of the m
characteristics, it is simply necessary to establish control
1limits for each of the m variables, It is also possible and
often desirable to establish similar limits on the correlation
coefficients between the pairs of the m different quality
characteristics, In the case of each of the qualify character-
istics'or correlation coefficients so treated, a deviation out-
side. of the economic limits indicates the presence of causes
of variation which should be eliminated.

It is interesting now to look egein at the relation-
ship between strength 6f wrought iron end température shown in
Figo, 3. BSuppose we were assigned the problem of producing
wrought iron controlled in respect to the relationship indi-
cated in this figure. This problem is analogous to many that
we experience in the production of materials and apparatus of
one kind or enother., In the firs¥ place experienced men in
the production.field of wrought iron inform me that it 1s very
unlikely that two pieces of the material would give exactly
the same relationship as shown in the above figure, The
guestion therefore arises as to what we should consider eas a
controlled product in respect to this particular quality.

In the light of what has been said, this problem
reduces to an extension of the simple one of controlling a
given quality characteristic about the expected value as

illustrated schematically in Fig. 11. After we have done



everything feasible to eliminate causes of variability other

than those which should be left to chance, it is reasonable to
expect that the values of strength corresponding to a given
temperature would be distributed in some statistical distribution
about some expected value different, in general, for each value
of temperature. In fact, it is quite possible that the expected
values of these frequency distribution functidQs would lie on
some curve such as that shown in Fig. 3.

The suggested method of control in this case is to
establish limits through the aid of Criterion I described ebove
for each temperature in %hich we are interested., The general
case is illustrated schemeatically in Fig. 12, showing only one

of the several sets of linitse.

VARIABLE Y

Fig. 12
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Incidentally it is of interest to note that the method
of presentingfdata by means of a smooth distribution or by a suc-
cessive series of points indicating only the average values of one
variable Y corresponding to another variéble X as shown previously
in connection with the properties of Bismuth alloys, is quite un-
satisfactory from the viewpoint of control because it does not give

any basis for establishing tentative limits of the type illustra-

ted in Figo iz.

CONCLUSIONS

Cur brief survey of the field of scientific discovery has
tended to emphasize the importance of the human element and of ex-
perience and treining in discovery. It has indicated the way in
which a knowledge of the formal processes involved in the scientific
method may be of material assistance to the experim&htalist in lay-
ing proper emphesis on each step of discovery in a particular case.
One very important thing which cannot be stressed too much, because
of its engineering significance, is that the customary emphasis on
number of observations is in many instances entirely misleading.

Passing to the problems‘involved in the production of
controlled gquality® in menufactured product, attention has been
directed to the eéonomic significaneé of recently developed criterie
for indicating the presence of causes of variation which should not
be left to chance., It is extremely significent that these criteria
can be established in a way such that in the long run they serve

to guide inspection effort at any stage in the production process

from raw material to finished product in an economical way.

W, A. SHEWHART'S COLLECWSG - RS 24 mﬁm
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