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SUMMARY. In this papor mudifications of many of the sclootion procedurcs commionly adopted
in practico, namely, rqunl probability aampling, varying probability sempling, stmiified sampling snd
multi-stago wmpling have been proposed, which, whils rotaining Uhe form of the usual mtio cetimator,
maks thyn unbissed. For many of tha situationa commonly mel with in prctice, thia modiflention of &
givon sampling schemn consista emontially in firt selecting one unit with probability proportionnl to
ita value of the it ingin the i of tho mtioand then the remaining vnite in the
samplo nocording ta the original schemo of aampling. Tho oxpressions for unbinsed varinnco catimators of
tho unbinsed mtio catimatons have been given for some of the more important sewpling scheres, Further
the selection and estimation procoiluroy which provide unrhinwd ratio cstimntors in the cneo of & certain
genoral elass of population parsmelers togotlier with the exprowsions for its sampling variance and variance
estimators haves alao been considered,

1. INTRODUCTION

As the relationship botween two characteriatics is usually of much interest,
estimation of ratios of ccrtain population parameters has become quito important in
a large number of surveys. Tho mothod of ratio estimation ia also boing nsed to
estimate population totals, since & ratio estimator is moro efficient than the con-
vontional unbinsed estimator under certain circumstances not uncommon in actual
practice. The usual proceduro of using tho ratio method in estimating any population
ratio or total has been to tako tho ratio of unbinsed estimators of the numorator and
the denominator and in tho lattor case multiply it by the populntion total of the
supplomentary variate taken in the denominator. . A dissdvantage of this method
is that the estimator so obtained is binsod for many of the selection procedures
commonly adopted in surveys. Further a completely satisfactory (at loast to the
presont authors) troatment of the crrors and binses of a ratio estimator is not yot
available. For small samples, at least, the bias is not Likely to bo small.

In recent years attempts have been mado to give soloction and estimation
procedures which provide unbinsed ratio estimators. Lahiri (1051) has givon a method
of selecting a sample with probabjlity proportional to its total sizo (pps) (sum of tho
sizes of the units in the sample) which is easentially similar to his method of selecting
a unit with pps, namoly, of solecting & unit with equal probability and including that
unit in the sample if a number choson at random from ono to an uppor bound of the
units js less than or equal to the sizo of the sclected unit, By ‘size’ here is moant the
valuo of the supplomentary variate undor consideration. Obviously this method
avoids the need for plotoly ting all possibl ples and finding their
total sizes and the cumulated sizes. Once o samplo is choson with pps it is easy
to obtain an unbiased ratio estimator. Tho disndvantage of the selection proceduro
givon by Lahiri is that it involves rejection of some draws,
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Midzuno (1952) and Son {1952) havo indopendently givon a aimplo proceduro
for obtaining a samplo with pps. Their mothod consists in solocting ono unit with
pps and tho rest with equal probability without repl from tho ining units
of tho populntion. It may bo observod that Lahiri's mothod of sclocting one unit
with pps could profitably bo used in tho selection proceduro given by Midzuno and
Sen,

In the cnso of stratificd sampling Lahiri has pointed out that his mothod could
&
bo applied to select & samplo with probability proportional to }Jl N, 2, whero £ is tho
P
number of strata, N, tho numboer of units jn the s-th stratum and 2, the s-th stratum
samplo moan of the supplomontary variate undor considoration with a viow to got
an unbinsed ratio estimator. Des Raj (1054) has given tho expressions for tha vari-
anco and an unbipsod variance estimator of the ratio estimator in tho caso of a
multi-stago design whero tho samplo of first stago units is solocted with pps.

So far the sclection procedures providing unbiased ratio estimators have been
given only for simplo designs and that too for a very restricted class of paramoters,
In tho next few sections, modifications of many of the seloction procedures commonly
adopted in practico, namely, oqual probability sampling, varying probability sampling,
stratified sampling and multi-stage sampling, have beon given which, whilo rotaining
the form of tho usual biasced ratio ostimators, mako thom unbinsed. The expressions
for the unbiased variance estimator for some of tho more important cases of ratio
estimators are also given. Further the scloction and estimation procedures for obtain-
ing unbiascd ratio estimators in the case of a cortain general class of population
parameters together with the exprossions for the sampling variance and tho variance
estimator are given in tho last fow sections.

For many of tho sitnations commonly met with in practice, tho modifica-
tion of a given sampling schomo referred to above which provides unbiased ratio
estimator consista essentially in first sclecting one unit with probability proportional
to its valuo of the varinte occurring in tho denominator of the ratio and then tho
remaining units in tho samplo according to tho original schemo of sampling, For
many of the sampling uchomes considered in this paper it might bo expected that in
largo sarplea tho bins of the convontional ratio estimator is unlikoly to bo largo,
since the form of tho ratio ostimator is tho samo in the case of tho biased and tho un-
biased ratio estimators and the sample bascd on the original aampling schome and that
on the madifiod schomo could be mado tho same but for a differenco of ono unit at the
most.

In this papor the estimator and its varianco estimator havo beon given in the

caso of cstimating tho ratjo R = ;}\: whore ¥ and X aro tho population totals for two

charactors. The ratio cstimator and its varianco estimator for estimating Y can be
obtained by multiplying tho corresponding cstimators in tho caso of ostimation of R
by X and X respoctively,
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2. FQUAL TRODABILITY BAMPLING

In tho case of unsiratified unistage sampling with equal probability without re-
placement, ns has beon montioned carlier, Midzuno and Son havoe suggestod tho
method of selecting ono unit with probability preportional to x{ppx), whoro z s tho
valuo of the variato occurring in the denominator of tho ratio and the rost of tho
n—1 units in the samplo from the romaining N—1 units in tho population with
equal probability without replacoment. Tho probability of gotting & particular samplo
& by this approach is given by

1 =z
Pls) = (—V) ¥
n
whoro 2 and X are the samplo and the population means wspectively. Honco the
estimator

. (20)

A= _g_ . (22)

whero § is the sample mean of the variate y is an unbiased estimator of the ratio
R = Y/X. Though this estimator resombles the uaual ratio estimator in tho caso of
equal probability pling without rep} t, this is unbiased whilo the lattor

{8 not. An unbiased estimator of the variance of R given in (2.2) is given by

» N—l %
¥ 2 Y
T2 T

T mz¥ (2.3)

PRy = R

It can bo scon that the officicncy of the unbiased estimator given in(2.2) will be greater
than, equal to, or less than that of the corresponding biased estimator according as

P (-'7_’,:) E 0. - (24)

z

The modification of the proceduro of sampling with equal probability with
replacement which provides an unbiased ratio estimator would bo to solect one unit
with ppx, replaco it and then soloct the rest of the (a—1) units from the whole popula-
tion with oqual probability with roplacomont at each draw. Vith this selection proco-
duro tho ratio estimator givon in (2.2) is unbinsed for estimating the population ratio
R, since the probability of getting a particular samplo in this caso is

1 2
Pl = - LR e (25)

=1

whero A; is the number of ropotitions of the i-th unit and v is tho numbor of distinct
units in the samplo. The pling and an unbiased varianco estimator of
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ratio eatimator in this enso would Lo different from thoso in the caso of sampling
with equal probability without replacoment. The varianco cstimator ie given by

Eam-1yi+2Eaa
iy A 2 E NN
n(n—1)xz

In the caso of sampling with egual probability systematically, an unbinsed ratio-
estimator could be obtained by considering each unit as mado up of n sub-units with

e (28)

each sub-unit of the i-th unit having the size -}—(”' and sclecting one sub-unit with ppx

and the other sub-units in the samplo systematically proceeding cyclically with
the sub-unit sclected first as the random start and N as tho sampling interval. The
probability of getting a particular samplo s is given by

Pla) = } v (27)

With this probability scheme the estimator given in (2.2) is an unbiased estimator of
R. Tho varianco of the ratio estimator in this caso is different from those of esti-
mators based on equal probability solection with or without replacoment. Since the

loction is being dono syst ically in this sampling schome, it would not be possible
to get an unbiased variance esti of the unbissed ratio estimator from a single
samplo,

It is to be notod that even if the values of tho variate z coming in the deno-
minator are not known for all the units in the population at the timo of selection,
it is possiblo to select ono unit with ppx by adopting Lahiri’s method provided an uppor
bound of the valuea of z which iy not much greater than the maximuwm value is known.
Tho population total of the variate z would he -y only if the population total
Y is to bo estimatod using x as the supplementary variate.

3. VARYING PROBABILITY SAMPLING

Tho ratio of an unbiased estimator of ¥ to that of X basod on ppa sampling
schomo, the sizo being the valuo of o variato z related to both the charncteristics z
and y, js known to be biased for the population ratio R = Y/X. In this soction are
given the seloction procodures which provide unbiased ratio estimators corresponding
to the usual biasod ratio catimators in the caso of sampling with pps with roplacement,
Ppe without rep). t and pps sy ically.

The modification of the pps itk repi acheme ists in sclccting first
one unit with ppx, roplacing it and then sclecting the reat of tho (n—1) units from the
wholo population with ppz with replacomont. Tho probability of gotting a parti-
cular samplo ¢ by this proceduro is givon by

nll"lp:‘ L] :

Py (150 % . (31
Xt ("Z.: m) e
=1
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¥
whoro A and X are as in (2.6) and p; = :,/‘ where Z = .‘.'Iz,. It may Lo vorified that
4 =

in this cazo an unbiased estimntor of R is given by

15
po e . (3.2)
e
k=l i
It may be noted that tho oxpression for tho unbiased ratio estimator is the

samo a3 that of the usua! biased ratio estimator in tho case of pps with roplacoment

sampling.  For jn tho latter coso L & Yrana 1 £ i ro unbiased estimators of ¥ and
nip rep

X respoctively, OF courso, tho variance and varianco estimator would be differont

in tho two cnscs.

If in the abovo selection procedure the units sampled aro not roplaced before
the next and subsoquent draws, wo got the modified ppe withou! replacement sckeme
which provides an unbinsod ratio ostimator, But in practico, it is difficult to compute
tho cstimate as tho computntions involved aro quite hvavy except in somo special
cases. Two such epocial cases havo boon considered to illustrato the mothod.

(i) ppx and pp: of the remaining (n = 2). The modification of this procodure
consists in selocting first one unit with ppx and another unit from the romaining
(N—1) units with ppz (z being a sizo othor than z). Tho probability of gotting o
perticular samplo & (z, %,)) is givon by

B BN, SR ; S, . (33
Pla) X l—p,+X 1—p, @3

It can bo scon that this procedure provides tho following unbiased estimator of tho
ratio R,

N Y-

Pl( Pg)+p’( D) o4
T — Ty _

1'1“ I’i)‘}‘pl( )

(1) ppx, pp: of the remuining and then equal probabilities. The modification of
this | turo consists in following up the procodure oxplained for caso (i) above by
solecting the rest of (n—2) units with equal probability without roplacemont from the
romaining (N — 2} units in the population. This sclootion procoduro mnkes tho foliowing
cstimator unbiased for tho ratio R

> 25

P

5 On)

=l

. (3.5)
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sinco in this case tho probability of getting a particular samplo s is given by

?,
> (Z )
Ply=t=t o n . (3.6)
x(¥-3
n—

Before giving the selection procedure which provides an unbiased ratio esti-
mator correzponding to tho usual binsed ratio estimator in the caso of pps systematic
sampling, the mothed of eampling with probability proportional to sjzo (say tho valug
of a character z) systomatically will bo briefly oxplained, sinco this has not become,
as yet, well known. Lot Z, 2,... Z, bo the sizes of tho units in the population.

Suppose the i-th unit is mado up of nZ; sub-units, each having the value YA for the

variate y. The procedure of pps systematic sampling consists in sclecting a random
4 .

number from | to Z(:}: Z,-)- Tho sub-unit having that number is solected in the
=1

samplo together with every subsequont Z-th sub-unit. As tho total numbor of sub-
unjts is nZ thore will bo 7 sub-units in tho samplo. Lot the samplo be (z,, 2, ... 2,).
An unbjased estimator of the population total ¥ is givon by

1su . @7
=

@
i

whoro p; = fz‘ It may be noted that this estimator resombles that used in the case

of pps with roplacement sampling. But tho variances of theso two estimators are
different.

Though thoe expected number of repotitions in a samplo for tho i-th unit is
np‘ in both tho pps with roplacement schomo and the pps systomatic sampling, the
of 1 repetitions in a samplo aro difforont, For instanco, in pps with
replncomonc schemo, tho i-th unit may occur 0,1, 2... n times in & samplo of sizo
wheroas in pps systematic sampling it occurs either [#p) or [ap)+1 times. As
the randomisation of the number of repotitions is over a smallor range in the caso of
Ppe systematic sampling than that jn the caso of pps with replacemont, it is oxpectod
that the formor mothod js moro ofliciont than the latter, Furthor the eflicioney of the
estimator based on this mothod could be increased approciably by effecting & suitablo
arrangement of the units in the population befors solection, Being o systomatically
drawn samplo it would not bo possiblo to estimato tho sampling varianco unbiasedly
from a singlo samplo.

Tho modification of the above mothed to provide an unbiased estimator of
R=7
with that as the random start a systomatic sample of & sub-units is solocted procoeding
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cyclically with Z as tho sampling intorval. The probability of getting a particular
sample 8 ia given by

15 3.8
Plo) = zx IS . (38)

This procedure provides the following unbiased estimation of the ratio B

13
~ n
A=l1580 - (39)
1S E
niop,

4. STRATIFIED BAMPLING

Let & bo the number of strata and N, and », bo tho number of units in the
population and the samplo respectivoly for the i-th stratum, For stratified simplo
random earopling without replacemont the modifieation in tho sclection proceduro
for getting an unbiased ratio esti consists of selecting ono unit (say the j-th unit
in tho i-th stratum) from tho wholo population with ppx, (m,—1) units from tho
romaining (¥;—1) units in the i-th stratum and n;, units from N units of the i’-th
stratum (i # {) with oqusl probability without replacomont. Tho probability of
getting a particular samplo » is given by

&
>we

P(s) = }—1[;(—” v (£1)

¢
n

where 2, is tho sample mean in the i-th stratum for the variate . With this procedure
an unbiased estimator of the ratio & is given by

R=t e (42)

An unbiased estimator of the variance of & is given by

Pefy = &'— [Z & Z J&+Z My S e +

x(ZN,z, wnin el

L] ng o omg
+‘§: A’%Z: ZMW:I - (43)
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It uay bo noted that & rosomblos tho binsot combinod ratio estimator of Y. The
moilifications of sampling schomes with other types of designa in tho strata ean bo
givon on similar lines with a view to gotting unbinsed ratio ostimators.

6. TwoO-8TAGE BAMPLING

In tho case of a two-stago sampling dosign with equal probability solection
without roplaccimont at oach stago, tho solection proceduro for providing an unbiased
ratio estimator consists in selecting ono sccond stago unit from the whole population
of sccond stago units with pps. I this socond stage unit is from tho i-th first stage
unit, tho rest of (n;—1) socond atago units to bo sampled from the i-th first stago unit
aro selected from the romaining (N,~1) units there with oqual probability without
roplacemont. Tho rest of tho samplo of (n—1) first atago units is drawn from tho
romaining (Y—1) units with equal probability without replacoment. From these
solected first stago units the roquired number of socond stage units aro selocted with
oqual probability without replacoment. In this caso tho probability of getting a parti-
cular samplo & is given by

.ZNI’t

(‘X:: xfi(3)

where z; §s tho samplo mean in tho i-th sclected first stago unit. This sclection

Pls) = (5.1)

proceduro provides an unbiased estimator of the ratio R = %
ZN.y.
== e {(5.2)

N,
;‘ (&3

The above proceduro could easily bo oxtonded to thoe caso of sampling designs with
moro than two stages, as is shown in the noxt soction,

6. MULTI-STAGE DESION

Tho principlo jnvolved in giving a selection proceduro which provides an
unbinsod ratio estimator in the caso of multi-stago sampling is the samo as in the
casea illustratod ecarlier. That is, one final stage unit is to bo sclected with ppx
and tho rest of the units according to somo probability schemo, For the sake of
simplicity only tho probability schomo whero the units aro sclocted with equal pro-
bability without veplacement at onch atago is considerod horo.

Ono finnl stago unit is to bo solectod first from tho wholo population with
ppx and thon tho rest of tho samplo units aro to bo solected from tho remaining units
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in the universo with equal probability without replacement at each stage. This can bo
achieved as follows. Suppore there are m etages.  Ono first stago unit {i,-th) is to bo
selected with ppx and the other (n—1) unita wilh equal probability without replace-
ment from tho remaining (N—1) unita. From tho first stago unit sclected with
ppPX, one sccond stago unit ia to bo sclected with ppx and tho rest of (ni,—1) units
aro to bo selected from the remaining (Ni,—1) unils with cqual probnbility with-
out replacement. Similarly from tho j-th stago unit selected with ppx one (j+1jth
stago unit is to Lo rclected with ppx and tho other (niyi,,,.i;—1) units aro to bo
sclected  wilh  equal probnbility without replacement from tho remaining
(Xiyiy...y—1) units. (j=0, 1, 2,(m—1)). From tho first and the subsequent
stage nmls selected with equal probability, tho required number of higher stage
units aro to Lo selected with equal probability without replacement. The probabi-
lity of gotting a particular samplo s is given by

Ni, Biyom)

= e (8.1

P m=l [ n " Miigedgey [ Nirizdy @D
xXn nn.. n
gm0 Ltmligal gl R dyensiy
" Péib, e
whero, Fiym) = —_ 2% S

ni,

=1 (=

Ziyiy..dm being the value of & typical final stago unit. In this case an unbiased
estimator of

n

> Wiy gim
1

=] S

Z Ni, - Ziyim)

o (8.2)

whero, §i,(m) has an interprotation similar to that of 2i,(m).

7. A OENERALISED ESTIMATION PROCEDURE

In this section a gencralised procedure for estimating unbiasedly certain types
of parameters applicable to a largo number of sampling designs is given. For the sake
of generality it has beeomo neeessary to uso somo notations which are oxplained below
with suitablo oxamples.

Let &2 denoto a population of finito number of units, say, a universo of N units
Uy 1ty ...ty and A the class of sots & whoso clementa bolong to & In such a set the
BaMO unit may or may not occur moro than onco. Tho class of all point sots and the
¢lnss of all pairs of units belonging to & aro examples of tho class 4.
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Lot tho populati F bo exprossiblo as
F= I f(a) . (1Y)
ard

P

whoro f{a) is a singlo-valued sot function definod over tho class 4 and £ stands for
acd

summation over all sots & bolonging to tho class A. For oxamplo, tho population total
Y ean bo oxpressed as F in (7.1) with « as a point set () and f(x) as y; the valuo of
tho i-th unit for the character y, and Y? can be expresscd as F in (7.1) with a a8 s
set with two units {1, u}® and with f(2) defined as

Jia) = 2uy, a={uw, uw}, {#£j=12..N
=y a = {u, u}, i=12.N

Lot a samplo « bo drawn from the population 4 with probability P(w). This
© again is a sot whoso elements belong to 2. 1t may be noted that tho same unit may
or may not occur moro than onco in . ‘The class of all such sets will bo denoted by
0 which will be the total sample space.

It will bo possible to esti the population p tor F' from the sample
w only if each « contains at loast one sot @ and ench set a is contained in at least ono
o

An estimator of the parameter F ia given by

. I J@)o, )
Fo=ecv

oy . (12)

whero, I stands for the summation ovor all sots « contained in the sample w and
ace

@{w, a) is a function of w and @. This estimator will be unbiased if

z ?(u, a)=1

ude,

where, I stands for the summation over all samples « which contain a, sinco
ude,a’

E(f) = I I fao o)
= I[N P}

An unbiased estimator of the varianco of F is given by

s T
f'(i‘)=1?"_-—--'=--'“a‘)ﬂa‘_)wJ il v (13)
P(w)

* Tha ourlod brackols { ) are used to donoto unordored sots, that is, {uj, wj) and (uj, w;) are
tho same,
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whore, I stands for the summation over all pairs {x, &'} contained in the samplo
aa'cy
w and Plw, , @, a’) is & function of w and the pair (a, a’) such that

E ylwa,a)=1
wdeat

where, T stands for tho jon over all the sampl ining tho pair of sets

wae
(x, a'), sinco

[l )

h Plw) ]
= I f@)f)  Y(w,aa)=FF
ss'ta wrea
Tha caso where g(a, &) is taken as P(wfa), the conditional probability of getting

tho samplo w given that the set @ has beon selectod first ia of interest s in that caso
it is possiblo to verify that for many of tho designs in general uso, this estimator

2‘:" fla) Pw]a) 4
T Fer 4
reduces to tho usual esti of the p . An unbiasod esti of its variance
is given by
. £ f@)f)Plojaua’
P =F'— e d NIl 0) (1.8)

P(w)

where, P(w/x 2’} is the conditional probability of gotting the sample « given that the
units in the union of the two sots @ and &’ have been selected first, Thoe above variance
tor may take tive valucs.

An estimator of the varianco is possiblo only if every sot {(xUx’) is contained
in at least one w and overy w contains at loast ono sot (xUa’).

8. UNDIASED RATIO ESTIMATOR

Tho abovo estimation p lure, an estimator for the ratio R of two parameters
F and @ which can bo exprossed as
F= % fa)
od

G@)= S gla)
ard

where g{a) is anothor singlo valued sot function defined over tho class 4 is given by
I J@glo.q)
. f- gla)gle, @)’
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This estimator will be unbiased if

Plw) ==£-'L__v(1)— . (82)
acd

. I f(xig(w, a)
sinco Ehy=3 e a Mo
e aCe

If gla)'s are cither all positivo or all negative tho above form of P(w) can bo
obtained by first selccting a et a with probability proportional to gla) and then drawing
the rest of the units with somo probability scheme. In this caso the probability of
getting o is

L gla)Plwfa)
Plw) = - R
e

This shows that if in the gencral case ¢w,a) is taken as Pleofa), the estimator given in
{8.1) becomes unbiased for tho ratio

I f(a)Plw]a)
acw

k=% la)Plufa)”

(8.3)

An unbinsod ratio estimator of F is given by F = k. G, . (84)
If P(wja) is independent of the sot a, tho estimator becomes

L

R=tte_ . (85
i “

Plofa) . .
and jf Hal i indopendent of the set o,

Z Salhia)

=, . (8.6
o) 0

An unbineed cstimator of the variance of R i given by

Py LI Jefe)ojaya’)
Ry = R o A . (87)
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It Is possiblo that F and @ can bo oxprossod as sums of sob functions dofined
ovor more than ono class of sots, that v,

=% fix) =
'y

= la= "/.(1') =

For ocach auch expression wo can givo o sampling proccduro providing an unbiased
ratio estimator. From tho point of view of of ionco, it is proforabl
to take that class of sots which contains tho smallor sots. The sizo ol' a sot is judgod
by tho number of unita it contains, Two examples aro given to illustrato tho point.

(n) Tho population total X can bo oxpressod in tho follawing two ways

X_ZA,—S '-l
1)

where § stands for tho summation over all sots of a distinct units. In this caso the
formor is to bo preferred to the latter becauso in the former only ono unit is to bo sclocted
with ppx whoroas in thoe latter case n unita are to be drawn with probability proportional
to their total size,

(b) The population variance o = Z (z,~2)" where £ =y Z X; con

again be expressed in the following two ways

o=y i .(_xl,-.s Z.:(z,—t)'

n -l

1 ,
=gt S'lr—z)
Where S stands for tho summation over all sots of n units, £ is the samplo mean and
8’ stands for the summation over all sots of two units.  Horo tho latter is to bo proforred
to the former bocause in tho lattor caso only two units as compared to  units in tho
former caso aro to bo selected with probability proportional to their moasure of sizo,

al
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It may bo verified that all the cases discussed in earlior sections aro particular
cases of tho generalised unbinsed ratio estimator considored here, Tho proceduro
oxplained above will be illustrated by applying it to tho question of gotting an unbinsed
estimator of tho regression coefleient,

9. REGRESSION COEFFICIENT

£ (¥ -NX-2)
— =1 . we (9.)

¥ x—2
{=1

The tor and the d i can bo expressed as follows

F=y i 3 (Y= Y)X X))

t=l I

N
Py SR

i=1 1>t

2'—-

Thus the parameters F and @ aro sums of sot functjons defined over the class of sets
g only two el In the terminology of section 8,

f@)= 3 (Y —=TXX-X)

o) = 5 (XX

where a js a set containing two clements,

The selection proced ists in selecting & pair of units with probability
pmpomonnl to (X —X;p nnd the rest (n—2) umts with equal probability without
t from the g (N—2) units. The conditional probability of getting

the samplo w given that the pair (i, j) is sclected first js

Plafif = Lo - 02
n—2,

This is indopendent of the pair of units solccted first.
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Henco an unbiased estimator of # is given' by
. 43; . E‘ Wi~ y¥e )
S £ (-
[ i
£ (y~Nz—
2 (% ~FXz—2)

‘é (x—2)*

ie. p=

where 2 and g are the sample means, The variance and the variance estimator can
bo got by reforring to section 8.
For sclecting one pair of units, with probability proportional to (X,—X,)8,
the following procedure may bo adopted:
(i) two random numbers should be selected from 1 to N. (say, ij)
{ii) & pair of random numbers should be sclected from 1 to Max. | X,—X|
(=rango of z);
(31i) if both these numbers are less than or equal to |.X,—X,| the pair (5, 5}
is accopted, othorwise it is rojectod;
{iv) if & pair is rejected, tho operation is to be repeated starting from (1).

It may be noted that unbiasod cstimators of p® (square of the correlation co-
efficient of z and y) and g, ( = ’.'i can bo got by selocting a sot of four eloments
i
first with suitable probabilitics and the rest with any probability scheme,

10. TWO-PRASE SAMPLING

For estimating the parametor F' unbiascdly using a ratio estimator with
gla) as supplementary information, it is necessary to know the value of . If the
value of @ is not known in advance anil if it is ensior and less costly to obeerve g(a)
than f(a), then a two-phase design may be used to get an unbiased ratio estimator of
F.

Tho procodure consists in sclecting a large sample S from the whole population
with eome probability schemo and observing the valuo of g{a) for all sets aed which
aro contained in 8. A samplo w is drawn from S by first solocting & sot acd with
probability proportional to g{a)P(S/a) and then sclecting the rest of the samplo with
some probability schemo. In this caso an unbiascd ratio estimator of F js given by

I PSR PeiSa) E_ aeIPSh)
R T Ly

PS)
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whero P(w/8,a) donotes the probability of sclecting the samplo w from 8 given that
a wos solocted first in the procoss. This probability refers to tho second-phase
sampling.

Tho authors wish to thank Prof. D. B. Lahiri and Dr. D. Basu for thoir
constant encouragemont and advico,
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